
Formulas of Gravitational Curvatures of 

Tesseroid Both in Spherical and Cartesian 

Integral Kernels

1 School of Geodesy and Geomatics, Wuhan University, Wuhan, China

2 State Key Laboratory of Information Engineering in Surveying, Mapping and Remote Sensing,      

Wuhan University, Wuhan, China

European Geosciences Union General Assembly 2017 
Vienna | Austria | 23–28 April 2017 

Xiao-Le Deng1 (xldeng@whu.edu.cn) and Wen-Bin Shen1, 2 (wbshen@sgg.whu.edu.cn)



C o n t e n t

1

2

3

I n t r o d u c t i o n

M e t h o d

E x p e r i m e n t s

4 C o n c l u s i o n



1   Introduction

Ø Gravitational Curvatures (GC)

• Spectral domain: Tóth and Földvàry (2005); Tóth (2005); Casotto and Fantino (2009); Fantino

and Casotto (2009) ; Fukushima (2012a; 2012b; 2012c); Hamác ̌ková et al. (2016) ; Šprlák et al.

(2016).

• Spatial domain: Šprlák and Novák (2015)

(Hamáčková et al. 2016; Šprlák et al. 2016; Šprlák and Novák 2016a)



1   Introduction

including GC ?
GP&GV&GGT 

• Kuhn (2003);

• Heck and Seitz (2007);

• Asgharzadeh et al. (2007);

• Wild-Pfeiffer (2008); 

• Tsoulis et al. (2009);

• Grombein et al. (2013; 2014; 2016);

• Deng et al. (2016);

• Shen and Deng (2016);

• Kuhn and Hirt (2016)

Ø Gravity Effects of the Tesseroid
(Gravitational Potential; Gravity Vector; Gravity Gradient Tensor)



2   Method

ØFormulas of Gravitational Curvatures of the 
Tesseroid in Spherical Integral Kernels

(Tóth 2005; Tóth and Földváry 2005; Casotto and Fantino 2009; Šprlák
and Novák 2015; Šprlák et al. 2016; Šprlák and Novák 2016a, 2016b)
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Fig.1 The tesseroid
(Modified after Kuhn (2003))



2   Method

ØFormulas of Gravitational Curvatures of the 
Tesseroid in Cartesian Integral Kernels
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l Gauss-Legendre Quadrature approach (GLQ)

(Asgharzadeh et al. 2007; Wild-Pfeiffer 2008; Li et al.

2011; Hirt et al. 2011; Du et al. 2015; Roussel et al. 2015;

Rexer and Hirt 2015; Uieda et al. 2016);

Ø Different numerical approaches both in 3D and 2D forms

2   Method
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l Taylor Series Expansion approach (TSE)
(Kuhn 2003; Heck and Seitz 2007; Wild-Pfeiffer 2008;

Deng et al. 2016; Shen and Deng 2016; Grombein et al.

2013, 2016);

l Newton-Cotes Quadrature approach (NCQ)

(Wild-Pfeiffer 2008);



Ø Analytical GC formulas of a homogeneous spherical shell

3 Experiments
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Ø Comparison of time cost between Spherical and Cartesian Integral Kernels
3 Experiments
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Fig.3 Relative time histogram of GC ( Dxxx for a;  Dxxy for b;  Dxxz for c; Dxyz for d; Dyyx for e; Dyyy for f; Dyyz for g;  Dzzx for h;  Dzzy for i; 
Dzzz for j)  for Spherical (blue column) and Cartesian (red column) Integral Kernels with 3D TSE zero-order, second-order and fourth-order approach.

 Dxxx xxyD xxzD xyzD yyxD

yyzDyyyD zzxD zzyD zzzD



Table 1 Comparison of computation time cost (%) using 3D TSE approach with different order (Zero, Second and Fourth) for

Spherical and Cartesian Integral Kernels to evaluate the average time cost information of GC, which are listed as t ( ),

respectively. All values are in percentage form with respect to the computation time cost (unit: s) of the second-order spherical

integral kernels.

3 Experiments

Name
Tesseroid (Spherical) Tesseroid (Cartesian)

Zero Second Fourth Zero Second Fourth

t ( ) 5 100 1094 2 46 566Dijk

Ø Comparison of time cost between Spherical and Cartesian Integral Kernels

Dijk



3 Experiments
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Fig.4 a GC approximation errors in Log10 form with 3D/2D TSE (blue triangle), GLQ (red circle), CNCQ (green square) and ONCQ (black
pentagrams), the unit of GC is m-1 s-2; b GC histogram of CPU time percentage by 3D/2D TSE (blue column), GLQ (red column), CNCQ (green column)
and ONCQ (black column) with respect to 3D TSE second-order GC formulas

Ø Comparison of precision and time cost for Cartesian integral kernels with different 
numerical approaches (3D/2D TSE, GLQ, NCQ: Closed NCQ and Open NCQ)



3

Fig.5 a Graphic of approximation errors in Log10 of GP, GV, GGT and GC by 3D TSE zero-order approach for 
Spherical Integral Kernels with latitude variation from equator to North Pole; 

b 3D TSE second-order approach for Spherical Integral Kernels; 

Experiments——Influence of the latitude on GP, GV, GGT and GC



3 Experiments——Influence of the latitude on GP, GV, GGT and GC

Fig.5 c  3D TSE zero-order approach for Cartesian Integral Kernels; 
d 3D TSE second-order approach for Cartesian Integral Kernels 



3 Experiments——Influence of the latitude on GP, GV, GGT and GC

Fig.5 e 3D GLQ with nodes (1, 1, 1) approach for Cartesian Integral Kernels; 
f 3D GLQ with nodes (2, 2, 2) approach for Cartesian Integral Kernels;



3 Experiments——Influence of the latitude on GP, GV, GGT and GC

Fig.5 g 3D CNCQ with nodes (2, 2, 2) approach for Cartesian Integral Kernels; 
h 3D CNCQ with nodes (3, 3, 3) approach for Cartesian Integral Kernels;



3 Experiments——Influence of the latitude on GP, GV, GGT and GC

Fig.5  i 3D ONCQ with nodes (2, 2, 2) approach for Cartesian Integral Kernels; 
j 3D ONCQ with nodes (3, 3, 3) approach for Cartesian Integral Kernels;



3

Table 2. The approximation errors ranges (from minimum to maximum) and standard deviation (S.D) in Log10 form for GP, GV, GGT and GC in Fig. 5, where the unit of GP, GV, GGT and 

GC are m2 s-2, m s-2, s-2 and m-1 s-2, respectively. 

Name 
GP ( Vδ ) GV ( zgδ ) GGT ( xxMδ ) GGT ( yyMδ ) GGT ( zzMδ ) GC ( xxzDδ ) GC ( yyzDδ ) GC ( zzzDδ ) 

Range S.D Range S.D Range S.D Range S.D Range S.D Range S.D Range S.D Range S.D 

Fig. 5a  [-2.1, -0.8] 0.3  [-9.2, -6.3] 0.7 --- ---  [-16.4, -11.7] 1.2  [-17.6, -11.4] 1.3 --- ---  [-22.5, -16.6] 1.4  [-23.0, -16.3] 1.5 

Fig. 5b [-9.6, -4.2] 1.2 [-16.4, -9.2] 1.7 --- --- [-22.0, -14.3] 1.8 [-22.1, -14.0] 1.8 --- --- [-28.3, -19.0] 2.3 [-28.2, -18.7] 2.2 

Fig. 5c [-2.1, -0.8]  0.3 [-9.2, -6.3] 0.7 [-16.0, -11.7] 1.1 [-16.4, -11.7] 1.2 [-17.6, -11.4] 1.3 [-22.7, -16.6] 1.4 [-22.5, -16.6] 1.4 [-23.0, -16.3] 1.5 

Fig. 5d [-9.6, -4.2] 1.2 [-16.4, -9.2] 1.7 [-23.2, -14.3] 2.0 [-22.0, -14.3] 1.8 [-22.1, -14.0] 1.8 [-29.7, -19.0] 2.5 [-28.3, -19.0] 2.3 [-28.2, -18.7] 2.2 

Fig. 5e [-2.1, -0.8]  0.3 [-9.2, -6.3] 0.7 [-16.0, -11.7] 1.1 [-16.4, -11.7] 1.2 [-17.6, -11.4] 1.3 [-22.7, -16.6] 1.4 [-22.5, -16.6] 1.4 [-23.0, -16.3] 1.5 

Fig. 5f [-9.9, -4.6] 1.2 [-16.2, -9.5] 1.6 [-22.8, -14.6] 1.9 [-22.8, -14.6] 1.9 [-22.4, -14.3] 1.7 [-28.8, -19.3] 2.0 [-29.2, -19.3] 2.2 [-27.6, -19.0] 1.7 

Fig. 5g [-1.8, -0.5]  0.3 [-8.9, -6.0] 0.7 [-15.7, -11.4] 1.1 [-16.1, -11.4] 1.2 [-17.3, -11.1] 1.3 [-22.4, -16.3] 1.4 [-22.2, -16.3] 1.4 [-22.7, -16.0] 1.5 

Fig. 5h [-9.8, -4.4] 1.2 [-16.6, -9.3] 1.7 [-24.5, -14.4] 2.0 [-22.4, -14.4] 1.8 [-23.0, -14.1] 1.9 [-29.5, -19.2] 2.3 [-29.1, -19.2] 2.2 [-29.0, -18.9] 2.1 

Fig. 5i [-2.7, -1.5]   0.3 [-9.8, -6.9] 0.7 [-16.6, -12.3] 1.1 [-17.0, -12.3] 1.2 [-18.2, -12.0] 1.3 [-23.3, -17.2] 1.4 [-23.1, -17.2] 1.4 [-23.6, -16.9] 1.5 

Fig. 5j [-10.2, -4.8] 1.2 [-16.8, -9.7] 1.7 [-24.0, -14.9] 2.1 [-23.0, -14.9] 1.8 [-24.4, -14.6] 2.0 [-30.5, -19.6] 2.3 [-29.1, -19.6] 2.2 [-28.3, -19.3] 1.9 

	

Experiments——Influence of the latitude on GP, GV, GGT and GC



4 Conclusion

l The GC formulas of the tesseroid both in Spherical and Cartesian Integral

Kernels are derived in spatial domain.

l The advantages of GC formulas in Cartesian Integral Kernels are concise in

forms and efficient in numerical calculations; moreover, they can avoid the polar

singularity problem.

l GLQ approach is recommended for the practical application of GC.



Thanks!
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