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» All kinds of anisotropy with greater diffusivity in vertical
direction facilitate convection

> There are also anisotropies which inhibit convection in
comparison with isotropic case

» Anisotropies, in particular the strong ones, allow the
preference (or/and existence) of some modes, what is not
possible in the isotropic case

anisotropy = anisotropic diffusion, anisotropic diffusive coefficients,
anisotropic diffusivities
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There is strong belief that the Earth’'s Core is in turbulent state

The Earth’s core is driven into motion by buoyancy forces so strong that the flow and field are turbulent, fluctuating
on every length and time scale, as it is accepted by the most of geophysicists. Traditional approach to turbulence
(see, e.g., Krause and Radler, 1980)

u=ﬁ+u/, B=§+B/

the mean IE is:

o8B o o -
E:'IIOV B+VX((U@xB)+VXE, E=u xB

€ =u' x B/
within suitable approximations and conditions we can say that V x € = —V X (8V x B), therefore

oB 2= — = 25
rr =noV°B+V X (Wx B)+8V°B, "beta-effect”
13

In general, due to turbulence the diffusive coefficients are anisotropic; for instance the buoyancy has a preferred

direction = local turbulence may be significantly anisotropic with respect to gravity direction
VXxE=-Vx(BVXxB)= VxE=-Vx(BV xB)=V.(BVB)

where 3 is a tensor quantity, therefore we can speak about an "anisotropic beta-effect”
or anisotropic magnetic diffusivity, anisotropic 7 tensor (n = 1y + 3)
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Anisotropy in viscosity and thermal diffusivity ‘

Turbulence can cause anisotropy also in viscosity and thermal diffusivity (see, e.g.,
Fearn and Roberts, 2007), therefore it is worth to introduce anisotropy in the rotating
magnetoconvection models; this was done for the first time in the model by Soltis and
Brestensky (2010) and recently it was advanced by Filippi et al. (2019).

These models deals about Rotating Magnetoconvection in horizontal plane layer
rotating about vertical axis and permeated by homogeneous horizontal magnetic field
(Roberts and Jones, 2000), influenced by anisotropic diffusivities, viscosity and
thermal diffusivity.

. : QDQZ%Z lg
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To(3) Bo = Buy

T

—d/2

Model of rotating magnetoconvection with homogeneous horizontal basic
magnetic field in the infinite horizontal unstable stratified fluid layer with
temperature profile, Ty(Z).
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Anisotropic diffusive coefficients in SA and BM anisotropy (partial and full)

Partial anisotropy model by Soltis and Brestensky (2010) with v, k anisotropic
tensors and 7 isotropic tensor, where

Ve 0 0 Kex 0 0 no 0 0
v = 0 Vyy 0 s K= 0 Kyy 0 s Ny = 0 70 0 .
0 0 Uiz 0 0 Fzz 0 0 mo

inspired a full anisotropy model (Filippi et al., 2019) with anisotropic v, K, 1, where
Nzz = No + Bz, Nyy = No + ;Byy) Nzz = N0 + Bzz.

Later, we will speak about another kind of anisotropy, , a partial
anisotropy with v also isotropic.

SA, Stratification anisotropy:

Vzx = Vyy ?é Vzz, Rex = Ryy 7é Rzz, Nex = Nyy = MNzz = 10 and Nzx = Nyy 75 MNzz-
Gravity or/and the Archimedean buoyancy force are dominant

BM by Braginsky and Meytlis (1990):

Vepr < Vyy = Vzz, Koz < Kyy = Kzz, Nee = Nyy = Nzz = 10 and 7. < Nyy = Nzz-
Rotation and magnetic field are dominant

There is “horizontal isotropy” in SA, but not in BM = =

e Y Y H- B
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Heat transport anisotropy

Donald and Roberts (2004) developed a dynamo model which introduces anisotropy
only in the thermal diffusivity. Inspired by them we began to study also another case
of anisotropy in rotating magnetoconvection, we call it Heat transport anisotropy.

vo 0 0 Kex 0 0 70 0 0
v = 0 v 0 , K= 0 Kyy 0 , Mo = 0 no 0 .
0 0 vo 0 0 Kzz 0 0 no

This new simplified model is developed for wider chance to compare the effects of
more anisotropic models.
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Dimensionless governing equations and parameters (partial and full) 1/2

So, in case of partial and full anisotropy we get the following main
dimensionless equations, after using standard procedures

R,0u+zxu=—-Vp+ AV xb) xy+ RIz+ E,Viu
db=Vx(uxy)+V?b, b=V x(uxy)+V;b
qlatﬁzz.wrviﬂ,
V-u=0, V-B=0
where Z = dz, B:BMb and

f_d_d& - AT
i =Uu="2u, t=—=—t, b =2m0p0p, 0 = =00,
d U Mo Rzz
2z s d d2 ~ zzAT
ﬁ:Uu:n u, t=—t= t) 13:20077%/)0]7, 19:77 19
d U =z Rzz
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Dimensionless governing equations and parameters (partial and full) 2/2

R — o _ B]2\4 E. — Vez o argATd _ Rzz
°T 9002 T 20 PR T 000 YT 200k, T BT Ty
0 0PoM0TI0 0 0Kzz o
_ Nzz A= B%/[ ¢ = Rzz
200d?’ 2020p000M2 . Men
Qy = , O = , Qp =
VZZ HZZ T’ZZ

SA anisotropy:
E.Viu=E[(1-a)0.: +aV?u, Vi9=|[(1-a)d.. +a. V],
Vib = [(1 - ay)d.z + o, Vb

BM anisotropy:
E-Viu = E.[(0y = 1)0se + VZu, V30 = (o — 1)Drs + V20,
Vib = [(ay — 1)04z + Vb
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Method of solution in partial and full anisotropy

Further, for simplicity we assume that in partial and full anisotropy:
ar =y =aq, ak =y =apy =«

solution by [ some methods developed J e.g., in Chandrasekhar (1961):
Vv=VB=0=u=a[Vx(Vxwz)+Vxwz] and b =a"2[Vx(Vxbz)+Vx;z]

All perturbations (w,w,b,j and ¥) have a form like
f(z,y,2,t) = Re[F(z) exp(ilz + imy) exp(At)] with a = V12 +m2, A=ioc € C,
F(z) = W(2), 22), B(2), J(2), and /()
If we take some curls of momentum, induction and heat equations, introduce
inverted magnetic Prandtl number p = 7../v.. = R,/E. and we consider the
simplest boundary conditions at z = +1/2, i.e.:

— stress free boundaries: W = D?W = DQ = 0

— perfectly thermally conducting boundaries: © =0

— perfectly electrically conducting boundaries: B = DJ = 0.

2 2 2
2 _ 2 2 2 | mH+alf+m . BM .
K =n"4+a", K _{ 72+ aa? in case of SA anisotropy

qu(x2+,\) 2 K2E (K24+N) (K2 +pN)+m2 A2 72 (K2 +0)?

@:K2+n % = B (KT N (KZ+pN)+m2A o ‘ N
dispersion relations
RA(EG+N) (2 K2[B (K3 4N (KZ4+p\)+m? A2 472 (KG +0)?
(q=K2+X) - E.(K2+XN)(K2+pX)+m2A
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Critical Rayleigh numbers in stationary SA (partial, full ) anisotropy
A=0, 1o = (Ka/K)?

g _ 4+ a®) P KG oI B (@) (L LG
P a? Cp)’ a? C,
where O — E=K2KG+Am? 0 o E2KitAm?
P K @ K
in SA K2 = 7% 4+ aa® and

C E.(r* + a®) (7 4+ aa®) + Am? .
P 7r(772—|—a2)1/2 T

E. (7% + aa®)? + Am?

m(m2 + a?)l/2 (1)
OR;  OR, OR®  OR®
a0, =% 52 =0 wmd 5 =05, =0

we have critical Cp, a® and C.,

a® in case of partial and full anisotropy
respectively thus

1++1
Cpe =1, a? =722, = 71_2—1—7—1—801 nd Cac = 1a,a> = 7°2, (2

by the (1) and (2) it is possible to obtain m. and I,
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| The orientation of the rolls of convection

Roberts and Jones (2000)

mwe... Y.

b/
o
0

B B M B
X
exp (imy) exp (ilx + imy) exp (ilx)
Cross rolls (stationary Oblique roll (stationary Parallel rolls (stationary
convection SC mode) convection SO mode) convection P mode)

v = arctan (%) is the angle between the axis of rolls and the magnetic field B.
l=0=~y=m/2rolls L B, m=0=~y=0rolls | B

graphical results about partial and full , =0 and anisotropy
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Comparison of three different anisotropic diffusions in SA and BM cases

heat transport (h), partial (p) and full (f) anisotropies

isotropic anisotropic
K2N2 172 (K2 2
Raz(K24x) o _ K2NE+n2(K242)
2
h-case = (a2 KG > Nn v,mn K
Np = (K2 + 2\ (K? + pA\)E + Am?
2
0= (243 2 _ K2NZ+n? (K242)
p-case = (a2 KG+X) Np n v,k
p = (K2 4+ X)(K2 +p\)E; + Am?
2
9z (K24 o _ K2N3+n2(K242)
(a2 K2 +X) Ny
f-case = - V,Kk,m

Ny = (K2 + A\)(K2 + p\)E, + Am?

Gz = Rzz/Nzz

some regime diagrams in 3 cases of anisotropy
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AE, Regime diagrams in SA anisotropy (o = 0.1, 10)
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The AE. regime diagrams for steady convection in SA anisotropy in h, p and f cases
compared with isotropy. In the left figure atmospheric anisotropy (Sa), in the right

figure oceanic anisotropy (S0).

...back to comparison
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Anisotropic diffusive coefficients in SA and BM anisotropy (partial and full)

Assumption 1: following anisotropy in the viscosity and thermal diffusivity holds

Vex 0 0 Kax 0 0
v = 0 Vyy 0 s K= 0 Kyy 0 .
0 0 Vyz 0 0 Kzz

Assumption 2: same diffusion in two directions, but a different diffusion in the third one. This is called partial
anisotropy for reasons which will be clearer later. However, in a more general case we need to deal also with the

anisotropy in the magnetic diffusion also due to turbulence
Nex = N0 + Bxx, Myy = M0 + Byys Mzz = Mo + Bzz
We call this situation full anisotropy (Filippi et al., 2019) considering magnetic diffusivity also anisotropic

SA, Stratification anisotropy:

Vzgx = Vyy # Vzz, Rzx = Ryy 7£ Rzz, Nexw = Nyy = Nzz = 10 and Nzx = Nyy 7é Nzz-

Gravity or/and the Archimedean buoyancy force lead the dynamics of turbulent eddies

BM by Braginsky and Meytlis (1990):
Vepg < Vyy = Vzz, Rex < Kyy = Kzz, Noe = Nyy = Nzz = 10 and 7. < Nyy = Nzz-

Rotation and magnetic field lead the dynamics of turbulent eddies
There is “horizontal isotropy” in SA, but not in BM
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Method of solution in partial and full anisotropy

In the next slides, for simplicity we assume that in partial and full anisotropy:
Qp =y =@, Qg =ay =ay =«

We look for a solution by using some methods developed, e.g., in Chandrasekhar (1961): u and B are
divergenceless, therefore

u=0a"2[V x(V xwz)+V xwsz] and b=a 2[V x (V x bz) + V x jz]
All perturbations (w, w, b, j and ¥) have a form
f(z,y, 2, t) = Ne[F(z) exp(ilz + imy) exp(At)]
a=VI24+m2, A=ioc € C, F(z)=W(z), Q®2), B(z), J(2), and ©(2)
[E:Da — RS2+ DW +imAJ = 0,
(D? — a?)[E.Da — RoA]JW — DQ +imA(D? — a?)B = a®>R0O,
(D? —a? =N J+imQ =0, (Do —\)J +imQ =0

(D% —a? = X\)B+imW =0, (Do —\)B+imW =0
(Do —CN)O + W =0.

where ¢ = ¢!, D = d/dz and D, is equal to D2 — al2 — m2 and D2 — od? — am?
for BM and SA types of anisotropies, respectively.
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Regime diagrams in Sa anisotropy, a < 1

Anisotropic diffusivities effects in Rotating Magnetoconvection study
Enrico Filippi1 (enrico.filippi@gmail.com)

f e

AE, diagrams for several cases of Sa anisotropy compared with isotropic case
0.35
0.30-. — fullSa@=0.001 .
A - partial Sa @=0.001 ", N
— full Sa @=0.01 P
- partial Sa @=0.01
0.25 . full Sa @=0.1
- partial Sa @=0.1
— full Sa @=0.5
- partial Sa @=0.5
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Regime diagrams in So anisotropy, a > 1
SO(100

AE, diagrams for several cases of So anisotropy compared with isotropic case
l‘.l SC(lm

20

P(l)
P(1000)
$1000...10004 @=1000 100,
4
\
4
\
4

100

a=10
—— full So anisotropy a=1000
150 ¢

a=1
partial So anisotropy @=1000
— full So anisotropy a=100
..... partial So anisotropy @=100
\ —— full So anisotropy =10

partial So anisotropy @=10
10

isotropy

...back to rolls
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AFE,-Regime diagrams in BM anisotropy
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The regime diagrams for steady con¥ection in various cases of partial and full BM
anisotropy in two different A-axis scales. For comparison cases of isotropy, o = 1, and
of strong Sa, a = 0.1, are added; there are three asymptotes at A — oo, represented
by the dotted vertical lines, for six SO/P lines for « = 0.1, 0.5, 0.9.
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