
Efficient Analytical Upscaling of 
Conductivity Tensor for Three-dimensional

Heterogeneous Anisotropic Formations

Qinzhuo Liao, Gang Lei, Shirish Patil

Department of Petroleum Engineering, CPG, King Fahd University of 
Petroleum and Minerals, Dhahran, Saudi Arabia















Idea
• Optimal coefficient α such that Kanalytical = Knumerical

𝐾𝑏 = 𝐾𝑚𝑎𝑥
𝛼𝐾𝑚𝑖𝑛

1−𝛼

• Assume
Permeability: Gaussian random field
Covariance



Solution
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Summary

• Pros
• Tensor conductivity (include off-diagonal terms)
• Very accurate (reproduce numerical results)
• Very fast (10-100 times faster than numerical methods)
• General (Type, σ2

lnK, ηx, ηy, ηz, θ, φ, ψ, Aky, Akz, Aly, Alz, nx, ny, nz)

• Cons
• Need statistics of permeability/conductivity random field

• More details
• Effect of rotation angle, large variance, upscaling ratio, correlation lengths
• In Liao, Q., Lei, G., Wei, Z., Zhang, D. and Patil, S., 2020. Efficient analytical 

upscaling method for elliptic equations in three-dimensional heterogeneous 
anisotropic media. Journal of Hydrology, 583, p.124560.


