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In recent years, the Northern Hemisphere has suffered several dev-
astating regional summer weather extremes, such as the European
heat wave in 2003, the Russian heat wave and the Indus river flood
in Pakistan in 2010, and the heat wave in the United States in 2011.
Here, we propose a common mechanism for the generation of per-
sistent longitudinal planetary-scale high-amplitude patterns of the
atmospheric circulation in the Northern Hemisphere midlatitudes.
Those patterns—with zonal wave numbers m = 6, 7, or 8—are char-
acteristic of the above extremes. We show that these patterns
might result from trapping within midlatitude waveguides of free
synoptic waves with zonal wave numbers k ≈ m. Usually, the qua-
sistationary dynamical response with the above wave numbersm to
climatological mean thermal and orographic forcing is weak. Such
midlatitude waveguides, however, may favor a strong magni-
fication of that response through quasiresonance.

atmospheric dynamics | mid-latitude Rossby wave trapping

The summer of 2003 was highly exceptional in the Northern
Hemisphere (NH) (1–4). Its remarkable feature was a per-

sistent “blocked” circulation pattern over Europe (1–4). Anom-
alous heat reigned for much of the summer over a large part of
Europe, reaching the highest temperature anomalies in Swit-
zerland, northwestern France, and southern Germany. Schär and
colleagues (2004) (3) proposed that the observed climatic
warming trend (i) shifted the probability distribution of summer
temperatures toward warmer values and (ii) widened this prob-
ability distribution so that extreme values become much more
likely, possibly as the result of a positive feedback between tem-
perature and soil dryness. We note that a shift and widening of the
probability distribution due to global warming almost certainly
will lead to a marked increase in the frequency of extreme warm-
season events (5–7). However, even when the warming trend
found in the data is fully taken into account, and if an increase in
SD of 50% is assumed, the extreme temperatures and duration
of the summer 2003 heat wave still would be highly unlikely. For
example, a return period of 100 y was estimated by Luterbacher
et al. (2) for the European region. In the meantime, several other
unusually strong regional summer extremes already have occurred
in recent years that make it questionable that only a purely sto-
chastic mechanism of extremes is at work (8). The global obser-
vations attest that these extremes, such as the Russian heat wave
in 2010 and the record heat wave in the United States in 2011,
persisted over nearly the whole summer— which is not inherent
in ordinary blockings with a characteristic e-folding time of about
5–7 d—and were in fact of hemispheric scale: a stable anomalous
atmospheric circulation pattern enveloped the whole NH (4, 9-14).
Here, based on daily National Centers for Environmental

Prediction–National Center for Atmospheric Research (NCEP–
NCAR) (15) reanalysis data, we highlight that the NH midlatitude
quasistationary meridional velocity during the aforementioned
regional summer extremes was characterized by unusual high-
amplitude wave patterns with zonal wave numbers m= 6, 7, or 8.
The latter might result from trapping of quasistationary free waves
with zonal wave numbers k≅m within midlatitude waveguides,
leading to a quasiresonant amplification of the above wave
numbers m as described in sections I and II.

I. Quasiresonance Hypothesis
Generally the large-scale midlatitude atmospheric circulation is
characterized by (i) traveling free synoptic-scale Rossby waves
with zonal wave numbers k≥ 6 propagating predominantly in the
longitudinal direction with the phase speed c≈ 6− 12m/s, and (ii)
quasistationary planetary-scale Rossby waves with c≈ 0, fre-
quency ω≈ 0, and various zonal wave numbers m as a response
of atmospheric circulation to quasistationary (e.g., climatological
mean) spatially inhomogeneous diabatic sources/sinks and orog-
raphy (16–28). The quasistationary component of midlatitude free
synoptic-scale waves with k≈ 6− 8 normally is weak, with the
magnitude of the meridional velocity less than (1.5–2) m/s (26,
27). Below, k and m will denote the zonal wave numbers, respec-
tively, of free synoptic waves and quasistationary planetary-scale
Rossby waves mentioned above. Our hypothesis is that during the
extreme summer events considered, certain persistent high-
amplitude wave structures evolved in the field of the large-scale
midlatitude atmospheric meridional velocity (hereafter, V ) to which
the quasistationary component of free synoptic waves with k≈ 6− 8
made an exceptionally large contribution. These structures may
arise from changes in the midlatitude zonal mean state. Namely,
when the indicated changes lead to latitudinal trapping within
the midlatitude waveguides of quasistationary free synoptic waves
with k≈ 6− 8, the usually weak midlatitude response of wave
numbersm= 6; 7, and 8 to quasistationary thermal and orographic
sources/sinks may be strongly magnified through quasiresonance.

II. Methods: Planetary Wave Quasiresonance Theory
In our study, we use a linearized nonstationary, nondivergent,
barotropic vorticity equation on a sphere (23) at the equivalent
barotropic level (EBL). Taking into account the assumed height
[500–300 hPa, (20, 24)] of the EBL, we write this equation in a
quasigeostrophic approximation as follows (see also Eq. S1a):
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In Eq. 1, t is time; λ is longitude; φ is latitude; Ω and a are the
earth’s rotational angular velocity and radius, respectively; ~

T is
a constant reference temperature; Δ is the horizontal Laplace
operator on a unit sphere; α= u=acosφ is the atmospheric cir-
culation index, where u is the zonally averaged zonal wind at the
EBL; hor is the large-scale orography height, αor = uor=acosφ,
where uor is the zonal wind at the zonally averaged orography
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The key idea:

a good zonal waveguide is conducive to
large Rossby wave amplitude



Waveguidability of idealized jets

§ idealized Gaussian jets

§ numerical simulations

§ Result: good waveguidability for
strong and narrow jets

Manola et al. 2013

Waveguidability = propensity of a background state to lead to Rossby
wave ducting in the zonal direction

Manola et al 2020



Waveguidability ßà background flow

background flow: no jet = no waveguide
à Rossby wave activity refracted away from the NH midlatitudes
à no chance of quasi-resonance

Idealized model setup in the
barotropic model:

§ local forcing (yellow circle)
§ background flow: solid body

rotation
§ Rossby are refracted towards

the subtropics
Wirth 2020



Waveguidability ßà background flow

background flow: strong jet = good waveguide
à Rossby wave ducted along NH midlatitudes
à potentially a chance for quasi-resonance

Idealized model setup in the
barotropic model:

§ local forcing (yellow circle)
§ background flow: strong jet
§ Rossby are ducted in the

zonal directionWirth 2020



Theoretical concepts
for a zonal waveguide



Wave guide theory 
Why do strong narrow jets serve as zonal waveguides?

There are two rather different perspectives/frameworks: 

Sharp gradient in PV(f) Ray tracing / WKB theory
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FIG. 1. Instantaneous isentropic PV gradient on 1800 UTC 24 Dec 1999 (shaded, units 1026 PVU m21). (a) On the 320-K isentrope, 2-
PVU PV contour and wind speed (contours 50, 70, 80, 90 m s21) overlaid. (b) South–north cross section at 308W. Vertical coordinate: u;
PV isolines [1, 2 (bold) 3, 4, 5, 6, 8 PVU]; and 50, 70, 80, 90 m s21 isotachs (dashed) overlaid.

FIG. 2. Mean winter (DJF) isentropic PV gradient for the 15-yr period 1979–93 (ERA-15 data). (a) On 320 K with wind speed (contours
30, 40, 50 m s21). (b) Cross section at 758W; 30 and 40 m s21 isotachs (dashed) overlaid. Same as Fig. 1, but note the difference in scale
and magnitude.

These inferences suggest that the band’s structure,
allied to its temporal persistence and streamwise length,
marks it out as an important tropopause-level dynamical
feature and a possible waveguide in a variety of flow
settings. Two such settings are (i) the transient response
to and interaction with a juxtaposed meso- or synoptic-
scale vortexlike anomaly and (ii) the quasi-steady re-
sponse to lower-level planetary-scale stationary forcing.
The motivation and rationale for considering the first

setting arise from the ubiquity and amplitude of such

anomalies. For example Fig. 3a, which shows the PV
distribution on the 320-K surface for the same instant
as Fig. 1, pinpoints the presence of meso- and synoptic-
scale positive PV anomalies (features A, B, and C) and
a negative anomaly (E) that are all in the vicinity of the
=uPV band. [Some anomalies (D and F) are removed
from the band]. In contrast, for the second setting the
effect of the low-level orographic forcing would only
be evident at higher elevations as an anticyclonic vor-
ticity pattern, and there is a hint of such a signal in Fig.

Isentropic PV gradient

Schwierz et al. 2004
Martius et al. 2010
Platzmann 1949
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Waveguide through sharp gradient in PV(f)

A sharp latitudinal 
gradient in PV 
serves as a zonal 
waveguide

Schwierz et al. 2004



Waveguide in the ray tracing framework 

over the corresponding episodes of the extremes and the
(37.5–57.5)°N latitudinal range (SI Text, section A.3). According
to Eq. 2, quasiresonance conditions i–iv held also for the synoptic
wave numbers k≈ 6− 8 during the most destructive phases of
all other regional summer extremes mentioned in section III,
within appropriate waveguides (SI Text, section A.3). By con-
trast, based on Eq. 2, only one TP existed in the midlatitudes of
the NH for the free synoptic waves with k≈ 6− 8 during the pe-
riod of August 1–15, 1993 (Fig. 4), thus preventing the occurrence
of waveguides for these k and, by this means, violating qua-
siresonance conditions i–iii.
Similar calculations using Eq. 2 suggest that all extreme

months discussed in section III (as well as June and July 2012,
Fig. S3) with the amplitude of monthly component m= 6; 7, or
8 about 1.5 SD (Fig. 3 A–C) meet the quasiresonance conditions
i–iv within the relevant midlatitude waveguides. The respective
monthly quasiresonant Fourier amplitudes< ~

A
mon
m > ; computed

using the same procedure described for calculation of < ~
Am > ; are

in agreement to within ð0:5− 1Þm=s with the monthly amplitudes
marked by squares in Fig. 3 A–C (SI Text, section A.3). [We recall
that the latter were calculated directly from monthly NCEP–
NCAR reanalysis data (15) on V at 300 hPa, averaged over the
(37.5–57.5)° N latitudinal range.]
Requirements i–iii correspond to a condition of negligibly small

dispersion and absorption of the wave energy at the waveguide’s
lateral boundaries. This implies that Eq. 3 and its solutions
<

~
Am > and <

~
A
mon
m > for the considered free waves are valid only

within rather narrow waveguides (channels) and in their close vi-
cinity mentioned above. Hence, these solutions do not hold for
the quasistationary free synoptic components k≈ 6− 8 with
only one midlatitude TP, because of a pronounced meridional
dispersion of the wave energy and absorption/reflection at a CP

(19–23). Observational data and numerical solutions to Eq. 1
(see, e.g., refs. 18, 20, 26, and 27) suggest that, in this case, the
midlatitude amplitudes of quasistationary wave number 6 do not
exceed ð2− 3Þm=s, whereas wave numbers 7 and 8 possess even
lower amplitudes there. On the other hand, our calculations of l2
using Eq. 2 testify that most (about 70% of) Julys and Augusts
with low to intermediate amplitudes for all three wave numbers
m= 6; 7, and 8 (44 mo altogether) exhibit only one midlatitude
TP for k≈ 6− 8, thus violating quasiresonance conditions i–iii. In
this regard, the above-mentioned August 1993 depicted in Fig. 4
is a representative example for 31 of 44 mo. For the remainder of
the above-specified set of months (13 members), conditions i–iii
are satisfied and, hence, two midlatitude TPs exist. Requirement
iv fails, however, rendering the quasiresonance Eq. 3 and its
solutions< ~

Am > and< ~
A
mon
m > not applicable to those months.

V. Comparative Assessment of Contribution from Intrinsic
Natural Variability and Quasiresonance to the Amplitudes of
Wave 6, Wave 7, and Wave 8 Patterns
An important question is what role the change of A

~Ort

m on the
right-hand side of Eq. 3, due to intrinsic natural year-to-year
variability, plays in comparison with the role of quasiresonant
amplification. Might this variability be a reason for the large
amplitude of the studied wave numbers during the extreme
months? Our calculations attest that the magnitude, ~

A
Ort
m;v, of the

year-to-year variability of ~
A
Ort
m normalized by its 1980–2011

climatology, ~
A
Ort
m;cl, was for allm= 6; 7, and 8 in the ð37:5− 47:5Þ°N

belt less than 20% and 17% in most Julys and Augusts, respec-
tively (SI Text, section A.5 and Fig. S4). All the quasiresonant
Julys listed in sections III and IV (Fig. 3 A–C) are within this
majority of months, and only one quasiresonant August, 1984,
does not enter the above majority of Augusts, for m= 6. This
means that the main contribution to the strong amplification (by
a factor of 3–4) of the amplitudes of the above wave numbers
during the months with regional extremes, except perhaps Au-
gust 1984, does not result from intrinsic natural variability, but
rather from the considered quasiresonance mechanism. This
implies, in particular, that we can estimate the values of ~

Am for
extreme months in Eq. 3, with the aforementioned accuracy
using the climatological value of ~

AOrt
m;cl on the right-hand side.

VI. Quasiresonance and Deceleration of Synoptic-Scale Free
Waves
As mentioned above, Eqs. 2 and 3 and their solutions are valid
only in the case of quasistationary free synoptic waves with low
values of the frequency ω and longitudinal phase speed c=ω=
ðM=cosφcÞ, where φc is the central latitude of the considered
midlatitude belt. To check the applicability of this quasista-
tionary approximation to the observed slow components of wave
numbers 6, 7, and 8 (monthly mean and 15-d running means), we
created movie 4 shown in ref. 33. This movie demonstrates the
15-d running means, ω15, of ω (in radian per day) for the lon-
gitudinal phase of the Fourier components of the meridional
average over (37.5–57.5)°N of the meridional velocity at 300 hPa
with zonal wave numbers 5− 8 for June to August of each year
within the 1980–2011 interval, based on daily NCEP–NCAR
reanalysis data (15). Movie 4 reveals that the above 15-d running
means for Julys and Augusts are rather small (less than 0.4 rad/d
in magnitude) and vacillate in close vicinity to zero for all years.
The corresponding magnitudes of the phase speed, c15, are less
than 3 m/s, which is inherent in quasistationary planetary waves
(27). Hence, the above-mentioned assumption of quasistatio-
narity of the 15-d running means of free waves with k≈ 6− 8 is
valid for all Julys and Augusts in the 1980–2011 period. How-
ever, the quasiresonance months with extreme character might
show lower values of the c15 magnitude compared with non-
resonance months. This would attest that additional deceleration
of the studied waves in the extreme months had to occur to put
the quasiresonance mechanism into operation. To check whether
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Fig. 4. Latitudinal distribution of the square of the “stationary wave
number” (the left y axis, dimensionless; see text for more details) at 300 hPa
for the most severe episodes of the European summer heat wave (July 31–
August 14, 2003) and the Elbe/Danube flood (August 4–13, 2002) compared
with that for the period August 1–15, 1993, without weather extremes.
Abscisses of points of intersection of any of the above-mentioned curves
with any horizontal line k (the right y axis) mark the latitudinal positions of
the TPs for the wave with zonal wave number k. A pair of solid (dashed)
vertical arrows mark the latitudinal boundaries of the widest (narrowest)
waveguide during the relevant event, and the solid (dashed) horizontal
arrows show in the right y axis the lowest (highest) value of k in the re-
spective group of quasiresonant waves.
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indicates a waveguide at that
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Symmary: two wave guide theories 

Sharp gradient in PV(f) Ray tracing / WKB theory

y q(y)

zonal ducting if PV(f)
has sharp gradient

zonal ducting if Ks(f) has a local
maximum bounded by two

turning latitudes
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 3. Diagnosing the (zonally symmetric) background state for three different cases: solid body rotation (top row), a weak narrow jet with
UJ = 10 m s�1 (middle row), and a strong narrow jet with UJ = 40 m s�1 (bottom row). In each case the left column shows the meridional wind
profile ui(f), the middle row shows bM(f), and the right column shows the dimensionless stationary wavenumber K̂s(f), where the negative values
(shading) represent minus the imaginary part of K̂s.

the straight line s = const. Let us, for illustration, consider
a wave with s = 4. Figure 3c then indicates that for solid
body rotation there are two turning, one at 60�N and one
at 60 �S . This is consistent with our numerical solution
from Fig. 2a which shows wavelike behaviour throughout
most of the domain. By contrast, both cases with a jet
superimposed (Figs. 3f and i) indicate that waves emanat-
ing from a source at 45�N encounter two turning latitudes,
one at 50 �N and another one at 35 �N . In passing we
note that the strong jet case displayed in the bottom row of
Fig. 3 feature regions with a negative meridional gradient
of absolute vorticity and, hence, of bM (Fig. 3h). This
opens the possibility for barotropic instability (Charney
and Stern 1962), which we do observed in our numerical
simulations.

The jet scenario is particularly interesting in the present
context. Whenever there are two turning latitudes (l = 0)
separated by a region of wavelike propagation (l > 0), ray
tracing arguments predict that Rossby waves packets os-
cillate between the two turning latitudes as they propagate
eastward. This means that they are effectively trapped be-
tween the two turning latitudes and, thus, ducted in the
zonal direction. In other words, WKB theory suggest that
the existence of two turning latitudes is tantamount to a
perfect zonal waveguide. In fact, this seems to be broadly
consistent with our numerical solution shown in Fig. 2b,
where the majority of the wave signal is ducted in the
zonal direction: the corresponding function K̂s(f) shows
the existence of two turning latitudes for any wavenumber
1  s  7, stradeling a wavelike region in the core of the
jet.



Diagnosing
waveguidability

in the barotropic model



Barotropic model on sphere
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resonance would imply that small changes in the proper-
ties of the jet and its associated waveguidability can entail
large changes in the Rossby wave amplitude. This possible
scenario provides ample motivation to understand waveg-
uidability as thoroughly as possible.

A key argument in the work of previous authors to sup-
port the theory of quasi-resonance was based on Wenztel-
Kramers-Brillouin (short: WKB) theory which allows one
to diagnose the refraction of ray path along which the
waves propagate (Lighthill 1967). In this theory, a zonal
jet turns into an efficient waveguide if a region of wavelike
propagation in the neighborhood of the jet is straddeled
by two so-called turning latitudes on either side of the jet,
where a suitably defined “refractive index” turns zero. Not
surprisingly, the existence of two turning latitudes plays
a crucial role in the analysis of the above quoted papers
in their attempt to connect observations with the theory
of quasi-resonance (e.g., Fig. 4 in Petoukhov et al. 2013,
Fig. 2 in Petoukhov et al. 2016, Fig. 1 in Kornhuber et al.
2016).

The basic tenet of WKB theory is that the scale Dw
of the wave must be much smaller than the scale Dbg on
which the background flow varies, i.e.,

Dw

Dbg
⌧ 1 . (1)

Unfortunately, this assumption is often violated in connec-
tion with Rossby waves. For instance, in the analysis of
Kornhuber et al. (2016), the two turning latitudes are sep-
arated by about 10� ⇡ 1000 km (see their Fig. 1), which
corresponds to Dbg ⇡ 330 km; but at the same time the
wavelength of the waves in question (zonal wavenumber 7
at midlatitudes) is on the order of 4000 km, which means
that Dw ⇡ 650 km. In this situation, the relation (1) is
grossly violated and one would not expect WKB theory to
be applicable at all.

This state of affairs motivates the current work, in which
we investigate the waveguidability of midlatitudes jets in
an idealized modeling framework and analyse, in particu-
lar, the validity of the WKB approximation. Our approach
is partly based on the work of Manola et al. (2013), but
with modifications and extensions in a number of ways.
Key to our analysis is a forced-dissipative model config-
uration which allows a meaningful definition of waveg-
uidability. We will see that the existence of two turning
latitudes is a poor predictor for waveguidability. Instead,
it turns out that in our framework a better proxy for waveg-
uidability is the strength of the meridional gradient of po-
tential vorticity. To the extent possible we try to under-
stand our results by analysing the underlying equations,
which is facilitated by the idealized nature of our model.

The paper is organized as follows. First in section 2
we present our model, its configuration, and our method
of numerical solution. Section 3 then reviews the rele-
vant theoretical concepts, before our results are presented

in section 4 and compared with the theoretical concepts.
Section 5 seeks a deeper understanding of the numerical
results through reference to the linearized equations, and
finally section 6 gives a short summary and our conclu-
sions.

2. Model configuration and numerical solution

We consider non-divergent barotropic flow on the
sphere in a forced-dissipative configuration. In our analy-
sis we focus on the stationary part of the solution, which
is obtained by removing transients through temporal aver-
aging. Key model variable is absolute vorticity q, which
plays the role of a potential vorticity (short: PV) in the
barotropic model. It is given by

q(l ,f , t) = 2Wsinf +z , (2)

where

z (l ,f , t) = 1
acosf

∂v
∂l

� 1
acosf

∂
∂f

(ucosf) , (3)

is relative vorticity, v = (u,v) is the horizontal wind, l is
longitude, f is latitude, t is time, a is the Earth’s radius,
and W is the angular velocity of the Earth’s rotation. The
dynamics are determined by the the following equation

Dq
Dt

=�lr(q�q0)+F , (4)

where D/Dt = ∂/∂ t+v ·— denotes the material derivative,
lr is a damping rate,

q0(f) = 2Wsinf � 1
acosf

d
df

(u0 cosf) (5)

is a zonally symmetric backround field of PV, and F rep-
resents the forcing. For later reference we note that

1
a

dq0

df
= b (f)� d

adf


1

cosf
d

adf
(u0 cosf)

�
(6)

with
b (f) = 2W

a
cosf . (7)

The forcing is implemented as pseudo-orographic forcing
with a rather local orography, i.e.,

F = div
�

f0v f h
�

(8)

with f0 = 10�4s�1, v f = (u f ,0),

u f (f) =Uf cosf (9)

(using Uf = 15 m s�1 ), and with a Gaussian-shaped orog-
raphy

h(l ,f) = h0 exp

 
� (l �l0)2

2s2
l

� (f �f0)2

2s2
f

!
, (10)

Forced-dissipative
model configuration

§ F = local orographic forcing (local RW source)
§ Relaxation towards zonally symmetric

background state q0(l)



Background state
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FIG. 1. Latitudinal profiles of the background zonal wind u0(f) for
the strong narrow jet case (solid line) and for the pure solid body rotation
case (dashed line).

downstream of the source the individual troughs and
ridges develop a strong NE-SW tilt and the wavetrain
crosses the equator and disperses into the Southern Hemi-
sphere (Hoskins et al. 1977; Hoskins and Karoly 1981).
At the same time, the wave signal is damped with in-
creasing distance from the wave source, which is due to
the our relaxation term in (4) involving the coefficient lr.
The cross-equatorial propagation implies that some 180�
downstream of the Rossby wave source, the wavetrain
is found in the Southern Hemisphere, and the Northern
Hemisphere is practically void of any wave signal at these
longitudes.

By contrast, the solution for the strong jet case (Fig. 2b)
indicates that the majority of the wave signal remains in
the Northern Hemisphere midlatitudes, and only a rather
small fraction of the wave signal follows a great circle
into the Southern Hemisphere. This behavior is consistent
with the notion that a strong narrow jet acts as a waveg-
uide (Manola et al. 2013). As a consequence, in this case
the majority of the wave signal 180� downstream of the
Rossby wave source is still found in the Northern Hemi-
sphere midlatitudes. Later in section 4a we will use the
striking difference in behavior between these two contrast-
ing scenarios in order to define a quantiative measure of
“waveguidability”.

3. Theoretical concepts

Before we do so, however, we will in this section re-
view well-known key concepts for the analysis of station-
ary Rossby waves and their propagation in a spherical do-
main. This will help us to interpret our results in the sub-
sequent parts of our paper.

First, the equation of motion is linearized about the
background state q0(f), yielding the following equation
for the (small) perturbation q0 = q�q0

✓
∂
∂ t

+u0
∂

acosf∂l

◆
q0+ v0

dq0

adf
= S0 , (16)

where
S0 =�lrq0+F . (17)

Note that the forcing F is now assumed to be small and,
hence, a perturbation term. Expressing (as usually, ref???
) the perturbation variables q0 and v0 in terms of a pertur-
bation streamfunction y 0, this becomes
✓

∂
∂ t

+u0
∂

acosf∂ l

◆
—2y 0+

∂y 0

acosf∂l
dq0

adf
= S0 ,

(18)
where —2 is the two-dimensional Laplace operator in
spherical coordinates.

For further progress is turns out convenient to perform
a coordinate transformation corresponding to a Mercator
projection of the sphere onto a plane (see Hoskins and
Karoly 1981; Hoskins and Ambrizzi 1993), by defining

x = al , (19)

y = a ln
✓

1+ sinf
cosf

◆
. (20)

This transformation is valid everywhere except at the
poles; it transforms (18) to the following equation
✓

∂
∂ t

+uM
∂
∂x

◆ 
∂ 2y 0

∂x2 +
∂ 2y 0

∂y2

!
+bM

∂y 0

∂x
= S0 (21)

with
uM =

u0

cosf
(22)

and
bM = cosf dq0

adf
⌘ dq0

dy
. (23)

Assuming uM and bM to be constants, one can look for
plane waves of the form

y 0(x,y, t) = ŷei(kx+ly�wt) (24)

where k and l are the wavenumbers in the zonal and merid-
ional direction on the Mercator projection, respectively,
and w is the angular velocity. Note that k relates to the
dimensionless zonal wavenumber s through

s = k a . (25)

Perturbations of the form (24) are solutions of (21) if the
following dispersion relation is satisfied

w = uMk� kbM

k2 + l2 . (26)
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pole such that at some point the expression on the right
hand side of (29) turns negative leading to a turning lati-
tude close to the pole. The crucial question in our context
is whether or not there is a second (more equatorward)
turning latitude which prevents the general equatorward
refraction and forces the ray path back into a more zonal
direction. The latter scenario would be equivalent to a per-
fect zonal waveguide. It is this prediction from WKB the-
ory that led previous authors to systematically search for
the occurrence of two turning latitudes stradeling a region
of wave propagation. Interestingly, this prediction is not
supported by our numerical simulations, as we will show
in the subsequent section.

PV front

Another school of thought associates a midlatitude
zonal waveguide with the existence of sharp meridional
gradients of PV (Schwierz et al. 2004; Martius et al. 2010).
A highly idealized model that represents this idea would
be a zonally oriented front of PV in the basic state sep-
arating two regions with a completely homogeneous PV
distribution each (Platzmann 1949; ?). Note that the ideal-
ization made in this model is opposite to that in the WKB
approximation: a PV front is equivalent to a discontinuous
jump in the background PV, while the WKB approxima-
tion assumes the backgroud state to vary very gently.

The background flow associated with a PV discontinu-
ity is a westerly jet with a cusp-like peak at the latitude
of the discontinuity. Solutions of the linearized equations
can be found which are wavelike in the zonal direction and
evanescent in the meridional direction like

y 0 = ŷe�sgn(y�y0)k(y�y0)ei(kx�wt) , (32)

where we assumed Cartesian geometry for simplicity,
where sgn(....) denotes the sign-function and the other
symbols have their usual meaning. The resulting disper-
sion relation (see, e.g., Schwierz et al. 2004) of these inter-
facial waves is similar (albeit not identical) to the disper-
sion relation of Rossby waves on a b plane; in particular,
both types of waves have a westward phase propagation
with respect to the basic flow. More importantly, however,
these interfacial waves are can only propagate in the zonal
direction, and their amplitude is expontially damped away
from the PV front. This is consistent with the idea of the
paramount importance of PV gradients for the existence of
a Rossby wave. It transpires that in this model a zonally
waveguide is given to the extent that the PV distribution
shows a zonally oriented sharp PV gradient separating two
regions with near-homogeneous PV distributions on both
sides of the sharp gradient. As we will see, our numerical
solutions turn out to be broadly consistent with this idea.

4. Investigating waveguidability

Based on the theoretical background sketched in the
previous section, we now define “waveguidability” in the
framework of our numerical model, explore it systemati-
cally for various background flows, and compare the re-
sults with predictions from WKB theory.

a. Definition of waveguidability

As argued before, solid body rotation can be considered
as a reference background flow in which the wave propa-
gates along a great circle from the Northern to the South-
ern Hemisphere. As a consequence, wave activity ema-
nating from a local Northern-Hemispheric Rossby wave
source can be expected to be located almost entirely in the
Southern Hemisphere some 180� downstream (in longi-
tude) of the source region. We interpret this scenario as
the lack of waveguidability, and our diagnostic (to be de-
fined below) should certainly reflect this by producing a
very small value.

These considerations motivatated us to use the follow-
ing method to quantify “waveguidability”. Introducing
wave enstrophy of the stationary part of the solution as

E (l ,f) = 1
2
(q⇤)2 (33)

where q⇤ = q� [q] is the deviation of absolute vorticity
from the zonal mean and the overline denotes the time av-
erage, we define a probability density function as

P(f) = 1
N

Z l2

l1
cosf E (l ,f) , (34)

where a downstream sector is given through l1  l  l
with l1 = 180� and l2 = 270� and where N represents the
normalization factor to guarantee that

R p/2
�p/2 P(f)df = 1.

Note that our definition of P includes a factor cosf in or-
der to account for the variation of surface area with lati-
tude. In other words, the function P(f) quantifies the like-
lihood to encounter wave enstrophy E as a function of lat-
itude in the downstream sector [l1,l2]. Fig. 4 shows this
probability density function for our two background pro-
files from Fig. 1. Apparently, for solid body rotation most
of the wave enstrophy in our downstream sector is found in
the Southern midlatitdes, consistent with Fig. 2a. On the
other hand, for the strong narrow jet, a large fraction of
the wave enstrophy remains in the Northern midlatitudes,
which is consistent with Fig. 2b.

The probability density function P(f) is now used to
define waveguidability W as the probability to encounter
downstream wave enstrophy in the northern midlatitudes
at f1  f  f2, i.e.,

W =
Z f2

f1
P(f 0)df 0 , (35)
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120 V. Wirth: Waveguidability of midlatitude jets

Figure 6. Dependence of waveguidability W on (a) jet strength UJ (with �J = 5� kept fixed) and (b) jet width �J (with UJ = 40 m s�1 kept
fixed). The red squares (connected by a thin red line) represent the values of W diagnosed from the numerical solutions. The solid blue line
represents the prediction from ray tracing theory using zonal wavenumber s = 4. The blue shaded area indicates the uncertainty of the ray
tracing prediction associated with the fact that the numerical solution does not have a fixed single zonal wavenumber (see text for details).

Figure 7. Zonal Fourier spectrum of v averaged over 30–60� N, for (a) solid-body rotation, (b) a weak narrow jet with UJ = 10 m s�1, and
(c) a strong narrow jet with UJ = 40 m s�1.

tracing theory is a line which is located somewhere in the
middle of the blue shaded area in Fig. 6. This yields a fairly
steep (albeit not discontinuous) transition in both panels of
the figure, which – again – is in stark contrast with the very
gradual curves obtained from the simulations. But even for
jets where the ray tracing interpretation is unambiguous, its
prediction is still far off the result of our simulations: for
the narrow jet with UJ = 20 m s�1, ray tracing theory unam-
biguously predicts W = 100 %, while our analysis suggests
a much smaller value of W ⇡ 50 %.

It is enlightening to focus on the behavior in Fig. 6a for
20 m s�1  UJ  40 m s�1. Within this range, the numerical
solutions indicate an increase in W from 49 % to 75 %. On
the other hand, the ray tracing prediction is 100 % for all
those jets, and this prediction is unambiguous because there
are two turning latitudes for any zonal wavenumber in ques-
tion. This behavior is due to the fact that within this range of
UJ values the profiles of K̂s(�) are practically independent
of UJ. This, in turn, is related to the fact that for narrow strong
jets the meridional gradient of absolute vorticity is dominated
by the meridional curvature of the background wind field. In
this case the meridional gradient of background PV (Eq. 6)
can be approximated as

dq0

ad�
⇡ �

1
a2

d2u0

d�2 , (37)

and, using Eqs. (22), (23), and (30), one obtains

K̂2
s ⇡ �

cos2�

u0

d2u0

d�2 . (38)

For our Gaussian jet with a fixed width �J, this together with
Eq. (14) yields

K̂2
s

���
�J

⇡ +
cos2�J

� 2
J

(39)

at the jet latitude �J, which is apparently independent of jet
amplitude UJ. This argument explains why ray tracing the-
ory is unable to predict the substantial increase in W when
increasing the jet amplitude from 20 to 40 m s�1. We con-
clude that ray tracing theory does a poor job in predicting the
variability of waveguidability as we vary either the jet ampli-
tude or the jet width.

How does the other theoretical concept, in which the
meridional gradient of PV plays the key role for waveg-
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tracing theory is a line which is located somewhere in the
middle of the blue shaded area in Fig. 6. This yields a fairly
steep (albeit not discontinuous) transition in both panels of
the figure, which – again – is in stark contrast with the very
gradual curves obtained from the simulations. But even for
jets where the ray tracing interpretation is unambiguous, its
prediction is still far off the result of our simulations: for
the narrow jet with UJ = 20 m s�1, ray tracing theory unam-
biguously predicts W = 100 %, while our analysis suggests
a much smaller value of W ⇡ 50 %.

It is enlightening to focus on the behavior in Fig. 6a for
20 m s�1  UJ  40 m s�1. Within this range, the numerical
solutions indicate an increase in W from 49 % to 75 %. On
the other hand, the ray tracing prediction is 100 % for all
those jets, and this prediction is unambiguous because there
are two turning latitudes for any zonal wavenumber in ques-
tion. This behavior is due to the fact that within this range of
UJ values the profiles of K̂s(�) are practically independent
of UJ. This, in turn, is related to the fact that for narrow strong
jets the meridional gradient of absolute vorticity is dominated
by the meridional curvature of the background wind field. In
this case the meridional gradient of background PV (Eq. 6)
can be approximated as

dq0
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1
a2

d2u0

d�2 , (37)

and, using Eqs. (22), (23), and (30), one obtains

K̂2
s ⇡ �

cos2�

u0

d2u0

d�2 . (38)

For our Gaussian jet with a fixed width �J, this together with
Eq. (14) yields

K̂2
s

���
�J

⇡ +
cos2�J

� 2
J

(39)

at the jet latitude �J, which is apparently independent of jet
amplitude UJ. This argument explains why ray tracing the-
ory is unable to predict the substantial increase in W when
increasing the jet amplitude from 20 to 40 m s�1. We con-
clude that ray tracing theory does a poor job in predicting the
variability of waveguidability as we vary either the jet ampli-
tude or the jet width.

How does the other theoretical concept, in which the
meridional gradient of PV plays the key role for waveg-
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122 V. Wirth: Waveguidability of midlatitude jets

Figure 8. Same as Fig. 6, except that here the solid blue line represents the non-dimensionalized �M (see text for details).

Figure 9. Results from the parameter sweep involving 5 ⇥ 9 model simulations with five different values for �J and nine different values
for UJ: (a) waveguidability W and (b) scaled �M (see text for details).

if that region is small enough and if there is another oscilla-
tory region beyond. This is in stark contrast with ray tracing
theory, which is purely local in the sense that the direction of
the ray path and the amplitude of the solution are given by
the local properties of the basic state. The ray path solution
only needs two turning latitudes in order to be completely
confined in the meridional direction, resulting in a perfect
zonal waveguide. By contrast, the mathematical character of
Eq. (44) indicates that there may be situations in which ray
tracing gives misleading results. In particular, the possibility
of tunneling through finite regions of exponential behavior
may explain why our numerical solutions show a weak wave
signal in the Southern Hemisphere even for the strong narrow
jet (Fig. 3b). Incidentally we note that a similar kind of non-
localness is obtained in the framework of PV thinking due to
the elliptic nature of the equation for PV inversion (Hoskins
et al., 1985).

The other question we want to discuss here is why the
PV gradient within the jet is possibly a more appropriate
proxy for its waveguidability. Let us, for the moment, con-

sider the unforced, undamped version of Eq. (44), which
reads

1
cos�

@

@�

 

cos�
@ ̂

@�

!

+

✓
K̃2

s �
s2

cos2�

◆
 ̂ = 0. (47)

For weak damping, solutions of the full problem (Eq. 44)
should locally be close to solutions of Eq. (47). Interest-
ingly, all the information about the background atmosphere
in the latter equation is contained in the dimensionless pa-
rameter K̃2

s = K̂2
s /cos2�. It implies that the solution of this

equation can only depend on the combination of background
fields contained in K̂2

s , and this should lead to a better cor-
relation of waveguidability with K̂2

s than with �M. However,
this is in conflict with our numerical results from Sect. 4.2,
which show a better correlation of waveguidability with �M
than with K̂s. The only possible conclusion is that our re-
sults about waveguidability and their dependence on the
background flow are essentially determined by the forced-
dissipative nature of our model configuration.
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Summary

• Good waveguidability important for large-amplitude waviness
• Previous authors used concepts from ray tracing (based on WKB)
• Problem: WKB assumptions not satisfied in practice
• This work: investigate waveguidability in barotropic framework

barotropic model on sphere, forced-dissipative set-up
diagnose waveguidability by following path of Rossby waves
parameter sweep w.r.t. jet strength and jet width
waveguidability varies very smoothly with UJet and sJet
qualitatively inconsistent with prediction from ray tracing theory
much better correlation with q0y
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Abstract. Ray paths of stationary Rossby waves emanating
from a local midlatitude source are usually refracted equator-
ward. However, this general tendency for equatorward prop-
agation is mitigated by the presence of a midlatitude jet that
acts as a zonal waveguide. This opens up the possibility of
circum-global teleconnections and quasi-resonance, which
suggests that the ability to guide a wave in the zonal direction
is an important jet property. This paper investigates waveg-
uidability of idealized midlatitude jets in a barotropic model
on the sphere. A forced-dissipative model configuration with
a local source for Rossby waves is used in order to quantify
waveguidability by diagnosing the latitudinal distribution of
waviness in a longitudinal sector far downstream of the forc-
ing. Systematic sensitivity experiments show that waveguid-
ability increases smoothly with increasing jet amplitude and
with decreasing jet width. This result is contrasted with the
predictions from two idealized theoretical concepts based on
(1) ray tracing as derived from Wentzel–Kramers–Brillouin
(WKB) theory and (2) a sharp jet with a zonally oriented
front of potential vorticity. The existence of two so-called
turning latitudes, which is the key diagnostic for a zonal
waveguide according to ray tracing theory, turns out to be
a poor predictor for the dependence of waveguidability on
jet amplitude and jet width obtained in the numerical simula-
tions. By contrast, the meridional gradient of potential vortic-
ity correlates fairly well with the diagnosed waveguidability.
The poor predictions from ray tracing are not surprising, be-
cause the underlying WKB assumptions are not satisfied in
the current context. The failure of WKB is traced back to the
properties of the underlying equations, and a heuristic argu-
ment is presented to elucidate the potential of the potential
vorticity (PV) gradient to act as a proxy for waveguidability.

1 Introduction

Rossby waves are a ubiquitous feature of the atmospheric
flow in the upper troposphere (Rossby, 1940; Rhines, 2002).
They can transfer energy and momentum across large dis-
tances and sometimes give rise to teleconnections (Wallace
and Gutzler, 1981; Hoskins and Karoly, 1981; Branstator,
2002). The present paper focuses on Rossby waves in mid-
latitudes, where they may occur in the form of Rossby wave
packets (Wirth et al., 2018).

An important aspect in connection with midlatitude
Rossby waves is the extent to which they are ducted in the
zonal direction. As is well known, there is a general tendency
for Rossby waves to be refracted equatorward owing to the
sphericity of the Earth (Hoskins and Karoly, 1981; Hoskins
and Ambrizzi, 1993); in practice, this holds true to the ex-
tent that the background flow varies smoothly. However, the
existence of a zonal jet may change the situation and lead to
preferential propagation in the zonal direction. The latter sit-
uation is often referred to as a zonal waveguide (Branstator,
2002; Schwierz et al., 2004; Martius et al., 2010; Bransta-
tor and Teng, 2017). An interesting question is as follows:
which properties of the background atmosphere constitute
a strong zonal waveguide? Earlier work of Manola et al.
(2013) suggests that strong and narrow jets are associated
with high waveguidability, although their work does not sug-
gest a mechanistic explanation.

To the extent that the midlatitude background flow repre-
sents an efficient waveguide, this may lead to circumglobal
Rossby waves, which in turn can result in circumglobal tele-
connections (Branstator, 2002; Ding and Wang, 2005; Feld-
stein and Dayan, 2008; O’Reilly et al., 2018). If, in addition,
such circumglobal Rossby waves turn quasi-stationary, this
has two implications: first, weather is synchronized across
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