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Type of a partial differential equation

For more information the reader might consult

a textbook on partial differential equation. A good

source is the book shown to the left. 
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Here y is the streamfunction in the x-z plane.

Stratified flow U in the x-z plane:
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Atmosphere

Ocean

Typically, for the atmosphere we assume a stationary mean flow and the equation can be reduced to

Obviously, this equation is elliptic.

Typically, for the ocean we assume a zero mean flow but tidal oscillations with frequency w and then

the equation can be reduced to

Obviously, this equation is hyperbolic for l2 > 0.
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Solution for the atmospheric model
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Solution for the oceanic model
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In contrast to the elliptic atmospheric model, the oceanic

model is NOT invariant with respect to a rotation of the

coordinate system

Oceanic model for a frame rotated with the angle  q:
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Wave focusing is a consequence of this non-

invariance:

Extreme case: focusing in a 

closed and tilted domain

leads to the formation of a 

wave attractor, i.e. a 

singularity in the velocity

field.

U. Harlander, I.D. Borcia, A. Krebs. 

Nonnormality increases variance of

gravity waves trapped in a tilted box. 

Geophys. & Astrophys. Fluid Dyn. 

DOI:10.1080/03091929.2018.1549660, 

2018. 
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Summary

Typical solutions of the atmospheric case are stationary wavpackets for

which the mountain shape determines their structure.

For the oceanic case wave beams are typical. This is due to the fact

that here an infinite number of waves exist that all have the same 

frequency. Superposing such waves gives the beam structure. Such a 

superposition is not possible for the simple stationary atmospheric flow

case. 

Whereas the Helmholtz equation (atmosphere) is invariant with respect

to coordinate rotation, the Poincare equation (ocean) gives rise to new

terms when the coordinates are rotated. In the rotated system, wave

focusing is generic and has been observed in numerical and

experimental data.
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Outlook

In the discussion so far we pointed out that the type of the boundary

value problem tells us a lot about the solution we can expect. In 

geophysical fluid dynamics this does not only hold for gravity waves but 

it has relevance in a broader context.

For rotating flows in closed containments we also find mode like 

solutions and solutions governed by wave beams. In the literature it is

not sufficiently discussed why we can find such differences in cases

that seem to be close.

On the next slides we will give examples.
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Left we see a meridional section of

a rotating spherical shell. Such a 

geometry has a large relevance for

many geophysical problems. The 

results shown come from

experimental data when the rotation

of the spherical shell is modulated

by frequency wlib and modulation

amplitude elib. Obviously, the flow in 

the shell is dominated by beams

formed by a superposition of inertial

waves. This situation is similar to

the oceanic gravity wave case

considered before.

More details can be found in

M. Hoff, U. Harlander, and C. Egbers. 

Experimental survey of linear and non-linear 

inertial waves and wave instabilities in a 

spherical shell. Journal of Fluid Mechanics, 789, 

589-616, 2016. 
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The pattern below result from a similar experimental setup. This time a horizontal 

equatorial plane is displayed. In contrast to the experiment before, the inertial waves

are not excited by a modulation but by rotating the inner sphere and the outer shell

differentially. Hence the waves result from an instability of the driven shear flow. 

Obviously, the pattern we see correspond with smooth wave modes and not with

beams. This situation is more similar to the atmospheric gravity wave case considered

before.

M. Hoff and U. Harlander. Stewartson-layer instability in a wide-

gap spherical Couette experiment: Rossby number dependence

J. Fluid Mech. (2019), vol. 878, pp. 522-543.
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Conclusion

It is constructive to interpret solutions of boundary value problems with

a view on the type of the underlying PDE. This seems to be a rather

straightforward or even a trivial step. However, the consequences of

such a change in type for the solutions in the case of confined fluids

can be rather dramatic. 

Typical but very different patterns of flows in seemingly close situations

can be better understood taking into account the properties of

hyperbolic boundary value problems that are not so well studied in 

literature.

U. Harlander and L.R.M. Maas. Two alternatives for solving

hyperbolic boundary value problems in geophysical fluid 

dynamics. J. Fluid. Mech., 588, 331-351, 2007. 
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Thanks for attention!

Thanks for support by

and


