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2 / 9A Non-Hydrostatic, Non-Rotating, Weakly Non-Linear Bousinesq Theory

Dtv = −∇p + ezb

Dtb = −N2w

0 = ∇ · v

I Lw ∼ Hw (non-hydrostatic)

I large scale mean flow:

ε2 = Lw / Lmf

I no rotation f = 0

I constant stratification

u(x , t) =
∞∑
k=0

εkU(k)
0

+ <
∑
β

∞∑
n=1

εne iφβ/ε
2

U(n)
β

I superposition of waves

I weak wave amplitudes

I wave oscillation on (T0,X 0)

I interactions on (T1,X 1)

I modulation on (T2,X 2)

cf. Achatz et al. [2010, 2017]; Wilhelm et al. [2018]



3 / 9WKBJ Expansion: Non-Linearities

∂TYβ ∼ YγYδe
i(φγ+φδ−φβ)/ε2

+ Yγ
∗Yδe

i(−φγ+φδ−φβ)/ε2

+ Yγ
∗Yδ
∗e i(−φγ−φδ−φβ)/ε2

∆φ

ε2
=

(
∆φ

ε2

)∗
+ (∂T2∆φ)∗︸ ︷︷ ︸

=−(∆ω)∗

(T0 − T ∗0 ) +
1

2
(∂2

T2
∆φ)∗ (T1 − T ∗1 )2

I defines resonance conditions: ω1 = ω2 + ω3, k1 = k2 + k3

I non-linearities persist only near resonance, i.e. where ∆ω ∈ O(ε), ∆k ∈ O(ε)

I define: 0 = R(x , t) =
|ω2 + ω3 − ω1|

ω2 + ω3
with ω1 = ω(k2 + k3)



4 / 9WKBJ Expansion: Two Regimes
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exact resonance
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z

off-resonance

R=0 R=R*

R=R*
I constant, hydrostatic mean-flow

I dispersion and polarization relations

I eikonal equations
(both regimes)
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exact resonance

t

z

off-resonance

R=0 R=R*

R=R*

I linear wave propagation

0 = ∂T2Aβ +∇2 · (cg ,βAβ)

(off-resonance)
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exact resonance

t

z

off-resonance

R=0 R=R*

R=R*

I wave interaction equations

(∂t + cg ,z,1∂z)w1 = A1w2w3e
i∆ϕ

(∂t + cg ,z,2∂z)w2 = A2w1w3
∗e−i∆ϕ

(∂t + cg ,z,3∂z)w3 = A3w1w2
∗e−i∆ϕ

(near-resonance)



4 / 9WKBJ Expansion: Two Regimes

exact resonance

t

z

off-resonance

R=0 R=R*

R=R*

I wave interaction equations

(∂t + cg ,z,1∂z)w1 = A1w2w3 g(R)

(∂t + cg ,z,2∂z)w2 = A2w1w3
∗ g(R)

(∂t + cg ,z,3∂z)w3 = A3w1w2
∗ g(R)

where g(R) is a spectral box window

(near-resonance)



5 / 9LES - WKBJ Model Comparisons: Total Wave Energy Densities

k̂2,3 = 0.1

m̂2 = 10

u0 = 1m s−1

high res. LES WKBJ ray tracer

not shown: sinusoidal background shear



6 / 9LES - WKBJ Model Comparisons: Properties of Individual Wave Trains
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7 / 9LES - WKBJ Model Comparisons: Varying Wave and Mean-Flow Amplitude
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8 / 9Summary

I weakly non-linear, Boussinesq, WKBJ theory

I three scales

I two scaling regimes: off-resonance / near-resonance solution

I spectral passage through resonance

I simplification: parametrize dephasing as spectral window

I comparison WKBJ ray tracer and LES

I varying ∂zu0, α, and mβ

I we find generally a good agreement for small α

I strong shear suppresses triad interactions

I recently submitted to QJRMS

I work in progress: wave mean-flow interaction
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