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Turbulence in the solar wind

Solar wind

large-amplitude turbulent fluctuations

energy cascade
transition on ion scales

onset of Hall cascade (Hellinger et al., 2018; Bandyopadhyay et al., 2020)?
ion energization (Yang et al., 2019)?
increase of compressibility (Andrés et al., 2019)?

⇒ compressible Kármán-Howart-Monin (KHM) approach
The approach of Galtier and Banerjee (2011), . . . , Andrés et al. (2018) includes
the isothermal internal energy. This is in many respects problematic.
Here we investigate KHM and coarse-graining approaches in compressible HD for
the kinetic energy.
We also show preliminary results for the KHM equation in compressible Hall MHD
turbulence.
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Statistical Approach – Structure Functions

Statistically homogeneous, incompressible turbulence (de Karman and Howarth,
1938; Kolmogorov, 1941; Monin and Yaglom, 1975; Frisch, 1995)

∂S(i)

∂t︸︷︷︸
decay

+∇l · Y (i)︸  ︷︷  ︸
cascade

= 2ν∆lS(i)︸   ︷︷   ︸
dissipation

− 4ε︸︷︷︸
dissip. rate

(1)

δu = u(x + l) − u(x) S(i) = 〈|δu|2〉 Y (i) =
〈
δu|δu|2

〉
ε = ν〈∇u : ∇u〉

Inertial range: ∇l · Y (i) = −4ε, i.e., cascade rate = dissipation rate
“Exact law” (Re→∞, isotropic medium)〈

δul |δu|2
〉

= −
4
3
εl
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Compressible HD

∂ρ

∂t
+ ∇ · (ρu) = 0, (2)

∂(ρu)

∂t
+ ∇ · (ρuu) = −∇p + ∇ · τ, (3)

∂T
∂t

+ (u · ∇)T =α∆T + (γ − 1)
1
ρ

(−pθ+ Σ : τ) (4)

viscous stress tensor: τ = µ
(
Σ + Σt

−
2
3

Iθ
)

dilatation: θ = ∇ · u

stress tensor: Σ = ∇u
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Compressible KHM for the kinetic energy

Structure-function energy conservation equation (Hellinger et al., 2020):

∂S
∂t︸︷︷︸

decay

+∇l · Y + R︸      ︷︷      ︸
cascade

= Cp − Cτ︸   ︷︷   ︸
corrections

+ 2 〈δpδθ〉︸    ︷︷    ︸
pressure dilatation

−2 〈δτ : δΣ〉︸      ︷︷      ︸
dissipation

, (5)

S =
〈
δu · δ (ρu)

〉
Y =

〈
δu [δ (ρu) · δu]

〉
R =

〈
δu · (θ′ρu − θρ′u′)

〉
S and Y are compressible equivalents of S(i) and Y (i).
R represents an additional, compressible energy transfer.

Cp = C [u,∇p] Cτ = C [u,∇ · τ] C [a,b ] =

(
ρ′

ρ
− 1

)
a′ · b +

(
ρ

ρ′
− 1

)
a · b ′
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Coarse-graining approach

Filtered energy conservation in compressible HD (Eyink and Aluie, 2009; Aluie,
2011, 2013)

∂〈E`〉
∂t︸︷︷︸

decay

+ 〈Π` + Λ`〉︸     ︷︷     ︸
cascade

− 〈p`∇ · u`〉︸     ︷︷     ︸
pressure dilatation

+ 〈D`〉︸︷︷︸
dissipation

= 0 (6)

E` =
1
2
ρ`|ũ`|

2 Π` = −ρ`∇ũ` : (ũu` − ũ`ũ`) Λ` = (ũ` − u`) · ∇p`

D` = ∇ũ` : τ` a`(x) =

∫
V

G`(r)a(x + r)d3r ã`(x) =
ρa`(x)

ρ`(x)
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Coarse-graining approach

Incompressible version of Eq. (6) (cf., Eyink and Aluie, 2009)

∂〈E(i)
`
〉

∂t︸  ︷︷  ︸
decay

+ 〈Π
(i)
`
〉︸︷︷︸

cascade

+ 〈D(i)
`
〉︸︷︷︸

dissipation

= 0 (7)

E
(i)
`

=
1
2
ρ0|u`|2 Π

(i)
`

= −ρ0∇u` : (uu` − u`u`) D(i)
`

= µ∇u` : ∇u`
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3D compressible decaying HD simulation

grid 10243

size (2π)3

solenoidal init.
M = 1
α = µ = 2.8 10−3

γ = 5/3
Qµ = 〈Σ : τ〉

Dashed lines: the
incompressible
equivalents
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3D compressible HD simulation – Coarse graining

grid 10243

size (2π)3

solenoidal init.
M = 1
α = µ = 2.8 10−3

γ = 5/3
Qµ = 〈Σ : τ〉

Dashed lines: the
incompressible
equivalents
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Compressible KHM for the internal energy

Following Galtier and Banerjee (2011) one can take
〈
δρδe

〉
to represent the

internal energy. From Eq. temperature one gets (Hellinger et al., 2020)

∂Se

∂t
+ ∇l · Ye + Re = α

〈
δρδ (∆e)

〉
−D (pθ) +D (τ : Σ) , (8)

where

e = T/(γ − 1) Se =
〈
δρδe

〉
Ye =

〈
δuδρδe

〉
Re =

〈
δeρ∇′ · u′ − ρ′δe∇ · u

〉
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3D compressible HD simulation – internal energy

grid 10243

size (2π)3

solenoidal init.
M = 1
α = µ = 2.8 10−3

γ = 5/3
Qµ = 〈Σ : τ〉
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Solar wind turbulence

Incompressible Hall-MHD (Politano and Pouquet, 1998; Galtier, 2008; Hellinger
et al., 2018; Ferrand et al., 2019)

∂S(i)

∂t︸︷︷︸
decay

+ ∇ · Y (i)︸ ︷︷ ︸
MHD cascade

+ ∇ · H(i)︸ ︷︷ ︸
Hall cascade

= D(i)︸︷︷︸
dissipation

S(i) =S(i)
b + S(i)

u S(i)
u = 〈|δu|2〉 Sb = 〈|δb |2〉

Y (i) =
〈
δu |δu|2 + δu |δb |2 − 2δb (δu · δb)

〉
H(i) =

〈
δb (δb · δj) −

1
2
δj |δb |2

〉
D(i) = 2ν∆S(i)

u + 2η∆S(i)
b − 4ε

ε = ν〈∇u : ∇u〉+ η〈∇b : ∇b〉 b = B/
√
µ0ρ j = up − ue
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2D Hall-MHD simulation vs incompressible KHM equation

B0 along z
x-y grid 20482

∆x = ∆y = di/8
size 2562d2

i
Alfvénic fluctuations
δBrms/B0 = 0.17 for
kdi < 0.2
zero cross-helicity
β = 0.5
η = ν = 10−3

10
-1

10
0

10
1

10
2

-1.0

-0.5

0.0

0.5

1.0

l/di

O(i) = 1
4 (D

(i) −∇ ·H(i) −∇ · Y(i) − ∂S (i)/∂t)

O
(i
) /
ǫ

13



2D Hall-MHD simulation vs compressible KHM equation

B0 along z
x-y grid 20482

∆x = ∆y = di/8
size 2562d2

i
Alfvénic fluctuations
δBrms/B0 = 0.17 for
kdi < 0.2
zero cross-helicity
β = 0.5
η = ν = 10−3
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Summary

Compressible HD:

Energy conservation Eqs. (5,6) well satisfied in the simulation
Possible inertial range “exact laws”

∇l · Y + R = −4Qµ or 〈Π` + Λ`〉 = −
1
2
∂〈ρ|u|2〉
∂t

⇒ estimation of heating/cascade rate
Se decreases wheareas ρe increases in the simulation⇒ Se does not
represent well the internal energy. Inclusion of Se (Ye) to the KHM equation is
questionable.

Compressible Hall MHD:
Compressible Hall MHD KHM equation is better conserved (compared to the
incompressible one) in a weakly compressible simulation.
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