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Framework 2

Framework

At times t ∈ 1, . . . ,T E experts ŷe;t are used to forecast an
observation yt ∈ R.

Combining several forecasts (“experts”) may allow to improve
over each forecasts individually 1. The aggregated forecast is a
linear combination of the experts

ŷt =
E∑

e=1

ωe;t ŷe;t

Sequential expert aggregation:

• adaptive weightings: uses only information available at time t:
ŷe;t′ ∀t ′ ≤ t and yt′ ∀t ′ < t

• theoretical performance theorems

1Allard et al. [2012]
2Cesa-Bianchi et al. [2006]



Sequential probabilistic expert aggregation Application to ensemble wind speed forecasts Conclusion References

Framework 2

Framework

At times t ∈ 1, . . . ,T E experts ŷe;t are used to forecast an
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Application to probabilistic experts3

Each expert e is a step-wise cumulative distribution function
(CDF) with Me steps of height pme

e at xme
e;t

3Zamo [2017]
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CRPS

The loss function is the Continuous Ranked Probability Score
(CRPS4)

`(F̂ , y) =

∫
x∈R

(
F̂ (x)− H(x − y)

)2
dx

The lower the better.
The CRPS is convex with its first argument, so theoretical
bounds may apply.

4Matheson and Winkler [1976]
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Aggregated forecast

The weights must be convex ωe;t ≥ 0 ∀t, e and
∑E

e=1 ωe;t = 1 ∀t
The aggregated forecast is a valid stepwise CDF with

∑E
e=1 Me

steps of height ωe;tp
me
e at xme

e;t

ŷt = F̂t(x) =
E∑

e=1

Me∑
me=1

ωe;tp
me
e H(x − xme

e;t )

This generalises Baudin [2015] and Thorey et al. [2015] (where
Me = 1 ∀e ∈ 1, . . . ,E ).
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28 experts: 4 raw ensembles5

• Canada (CMC)

• Europe (ECMWF)

• France (MF, PEARP)

• USA (NCEP).

4 years, 0.5◦ grid, 267 grid points over France.

For each raw ensemble, ŷe;t is the empirical CDF.

5Swinbank et al. [2016]
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28 experts: 24 post-processed ensembles8

Each ensemble is post-processed with 6 machine learning methods
(or version)

• Quantile regression forest (quantregForest)6, trained over
three years (cross-validation).

• Non-homogeneous regression (NR)7: trained over a sliding
window (5 versions: 7, 30, 90, 365, and t − 1 previous days).
Parametric distribution, transformed in a step-wise CDF.

6Meinshausen [2006]
7Gneiting [2014]
8Taillardat et al. [2016]
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Observation

Hourly analysis combining AROME analysis and observations at
station locations.

10-m height wind speed and gust.9.

9Zamo et al. [2016]
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Verification tools
• CRPS: global measure of performance10 == most skillful

forecast
• Flatness of the rank histogram: Jolliffe-Primo tests11 ==

most ”reliable” forecast.
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10Hersbach [2000]
11Jolliffe and Primo [2008]
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Improvement of the CRPS and the flatness
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Conclusion

• adaptation of the sequential aggregation framework to
probabilistic forecasts

• illustration on ensemble wind speed forecasts

• verification methodology: added-value to used several
verification tools (CRPS and Jolliffe-Primo tests)

More details in: Zamo, Michaël, Liliane Bel, and Olivier Mestre.
”Sequential aggregation of probabilistic forecasts—application to
wind speed ensemble forecasts.” Journal of the Royal Statistical
Society: Series C (Applied Statistics) 70.1 (2021): 202-225.
https://arxiv.org/pdf/2005.03540.pdf



Sequential probabilistic expert aggregation Application to ensemble wind speed forecasts Conclusion References

Thanks! Merci! Danke Schön! Grazie mille! etc.
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Naveau. Calibrated Ensemble Forecasts using Quantile
Regression Forests and Ensemble Model Output Statistics.
Monthly Weather Review, 144(6):2375–2393, 2016.

Jean Thorey, Vivien Mallet, Christophe Chaussin, Laurent
Descamps, and Philippe Blanc. Ensemble forecast of solar
radiation using TIGGE weather forecasts and HelioClim
database. Solar Energy, 120:232–243, 2015.



Sequential probabilistic expert aggregation Application to ensemble wind speed forecasts Conclusion References

References V
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Framework: theoretical bounds13

Let `(ŷ , y) ∈ R be a loss function.
If ` is convex with its first argument (i.e. experts), some
algorithms to compute the weights ωe;t

12 have an upper bound of
the cumulative loss respectively to an oracle y (regret)

supyt=1,...,T
R(y , ŷ) = supyt=1,...,T

(
T∑
t=1

`(ŷt , yt)−
T∑
t=1

`(y t , yt)

)
≤ O(T )

The oracle y t is computed with all the information on
t = {1, . . . ,T}.
The supremum is over all possible sequences of observations.

12Mallet et al. [2007]
13Cesa-Bianchi et al. [2006]
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Example: exponentially weighted average forecaster (EWA)

ωEWA
e;t =

exp{−ηCRPSe;t(W )}∑E
e=1 exp{−ηCRPSe;t(W )}

,

with η ∈ R+ the learning rate
CRPSe;t(W ) the loss of expert e cumulated over the last W
forecasts.
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Example: EWA

If W = t − 1

supyt=1,...,T
R(y , ŷ) ≤ lnE

η
+
ηT

8
B2

where B is the upper bound of the loss.

The oracle is the best of the E experts (in terms of mean CRPS
over the whole period {1, . . . ,T}).
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Jolliffe-Primo flatness tests
Let K ranks with counts nk .

δ =

(
n1 − nth√

nth
, . . . ,

nK − nth√
nth

)′
is the vector of normalized deviation from flatness. Under the
hypothesis H0 : the ranks are uniformly distributed

||δ||2 ∼ χ2
K−1.

Let u i=1,...,K an orthonormal basis of RK , then under H0

δ · u i ∼ χ2
1

for each i ∈ {1, . . . ,K − 1}.
Multiple testing is taken into account thanks to the
Benjamini-Hochberg procedure14.

14Benjamini and Hochberg [1995]
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Evolution of the aggregation weights
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Evolution of the aggregation weights
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Rank histograms: RAW MF ENSEMBLE

mf raw ech 12 

proportion flat: 0
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Rank histograms: MF quantregForest

mf quantregForest ech 12 

proportion flat: 0.89
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Rank histograms: aggregation with EWA

crps exp eta 3.16227766016838 win 30 ech 12 

proportion flat: 0.9
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Appendix

Probabilistic forecast verification paradigm: maximize sharpness
under calibration [Gneiting et al., 2007]



Appendix

Continuous ranked probability score (CRPS)
For a forecast cumulative distribution function F of an observation
y ,

CRPS(F , y) =

∫
x∈R

[F (x)− 1(x > y)]2 dx ∈ [0; +∞).

Its mean is linked to the overall economic value of the forecast15.
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15Palmer and Richardson [2014]



Appendix

Relationship between CRPS and JP-test

Proportion of flat rank histograms
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Appendix

Decomposition of the CRPS

CRPS(F , y) = Reliability − Resolution + Uncertainty

When Reliability ∼ 0, the CRPS is mainly a measure of resolution.



Appendix

Relationship between Reliability and JP-test

Proportion passed JP−tests
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