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1. Laplacian and Transformation of Coordinates:
1.1. Rectangular to Curvilinear Coordinates

Consider Euclidean space E > and a one-to-one mapping F of
the domain 2 c E’ given by the equations

@(Xl,xz,)@), i@ (1.1)

@re rectangular Cartesian coordinates , the function@re
umed twice continuously differentiable and

0y,

ox

The transformation (1.1) is then reversible, i.e.

G(ylayzay?, Z_ID yEF

an@re the curvilinear coordinates of the pom

# (0 inthe domain (2 .

we suppose that the Jacobian
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—1

Obviously, Y| o | 2 and @xi (yb@ave
oy, ox

continuous 2nd derivatives in the domain F ([2) .

Following the conventions of the tensor calculus, we can write
the components

of the fundamental metric tensor in the coordinates
Supposing that the determinant

o GY

g = ‘gij # 0)in F(£2) , we further have| g” =—

g

for the-cemponents of the associated (conjugate) metric tensor

whers the cofactor of g.. in the determinant g . Recall
that g~—is a conftravariant tensor .
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In additio

which are ] ols of the 1st and the 2nd kind,
respectively.

We are now ready to write the Laplacian of a scalar functio@
in terms of the curvilinear coordinates y; . Following Sokolni

(1971) , we have

(1.2)

associated metric tenso o form an invariant. )

( Obviouslis the 2nd covariant derivative of 1 , or the
1st covariant-derivative “liradient of T , contracted with the
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1.2. Curvilinear to New Curvilinear Coordinates

We consider a one-to-one mapping of the domain F'(£2) given by

@+ 1z, @ i=1,2,3
@re new curvilinear coordinates ofe original point x( y) :
e will suppose that the function re twice continuously
differentiable and that the Jacobian

ov. OLL.
D = i | - 51']'4‘ Ay # 0 for any value of the variables
0z 0z

enotes the ordinary two-index Kronecker delta.
9

ing the contravariant transformation law , we obtain

for the components of the associated metric tensor expressed
in terms of the curvilinear coordinates
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In contrast the transformation of the Christoffel symbols
more complicated, in particular it does not have the
character . Folloving Sokolnikoff (1971), we can write

k= % Dy o+ Y,
Y0y, 0z 0z, M 0z;0z; Oy,

for the Christoffel symbols of the 2nd kind in the coordinate

Finally, for the Laplacian of 1 expressed in terms of the
new curvilinear coordinates z; we have

_ o = a—T_

ANT = oV K
- & 8Zi82j Y 0z,

which is an analogue of (1.2), i.e. of

, _
Ayngij or _Fi];a—T
_ayiayj ayk_
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We are now ready to use the above results and perform all the
summations . We arrive at

gmn_@zi 0z; O°T 0z ;. OT 0% O Oy, oz, oT
Y,y Oy, 0z;0z; 0y, " Oz, Oy, Oy, 0z;0z; Oy, 0Oz,

where an elementary calculation yields
2 2 2
oy, 0y, 0z 0Oz . oy, 0z

l

OV, 0y, 07,02, 0p, 8y, 0 0,0,

In consequence
2 2
0z; 0z; 0y, 0Oz, 0"z,

oy, O, 02,0z, v, ¥, 0,

Using this identity , we immediately see that A 7" above turns into

PP . _
gm"(y) z; 0z; O°T N 0z, F,ﬁm(y)ﬁzk oT
oy,, 0y, 0z, 0z, oy,, 0y, oy, ) Oz,

(OMON 7
EGU2021-11729




P. Holota, O. Nesvadba EGUA mbly2021

Recalling in addition tha@ U, (ZID i=1,2, 3 we
can also write

( 52 82 O°T
+ — A4,z
&5 5 o oz, azk vk
and it remains to express all the derivatives of z. with respect

From y, =z + u.(z, z,, z;) we easily deduce that
5 = 0z, +8,ui 0z, or 5ik+5,ui 0z, =5 (1.3)
aym aZk aym aZk aym

Here, according to our supposition the determinant of the
system (1.3) is different from zero and the system can be solved
for the derivatives

P
oy,,
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EGU2021-11729

, k=1,2,3. We obtain




P. Holota, O. Nesvadba <EGUAener:|ably2021

with respectto ),k Yyields

2 2
o“u. 0Oz, Oz vl + Of; | 07z _ 0
Oz, 0z, Oy, Oy,

In consequence

asz - = £5k+%)1 @2/“!1' aZp an
l 0z, 0z, 0y, Oy,
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At this stage we use the famous Neumann’s series . First we put

M = (%]
0z

and will assume that the functions ,ul.(z) = ,ul.(zl, Z,, zl) have
the nature of small perturbations such that

| M <1

where H MH is a suitable norm of the matrix M , e.g.

|m]=

Now we express the inverse of the matrix [+ M , where

I = (é‘l]) is the unit matrix, by means of Neumann’s series , i.e.

(1+M)" 1+Z

oMom o
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Finally, confining ourselves to linear and quadratic terms ,
(I+M) ' =I-M+M?*— ...
and (1.3) immediately yields
0Oz - Oy N Oty Oy
oy,, o 0z, 0Oz, Oz,
With the same accuracy we obtain
0z; Oz, s §jn_5im%_5. oL, .

Im jn

oy, 0y, 0z 0z

L5 OMiom o O ow O Op
"oz, 0z, "0z 0z, 0Oz, Oz,
and similarly (1.4) gives

Oz __ 0w O 0wy 0w 0wy o Oy

oy oy, 0z, 0z, 0z, 0z, 0z, Oz, 0z,0z, Oz, oz, Oz,
where, in addition, we have neglected cubic and higher order
products of derivatives of 1 .
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The results above enable us to write

where - -
0T L oT
mn _1—7 s ,
g (y)_ﬁzm oz, " (y) 0z
leu T 6w T [ ou, ) oT
_g ()] 2 Lo, W[t )%
0z, 02,0z, Oz, 0z, 0z; | 0z,0z, Oz, | Oz,
Oy O, & | ? | ?
" () H; Ol; O°T +8,ul oy, o°T +8,ul oy, oO°T N
| Oz, Oz, 0z;0z; Oz Oz, 0z;0z, Oz Oz, Oz, 0z

8,uk 0”1, Lo 0° 1, L OH, 0’1y, o (y)('?,ui ou, | OT
; 0z, 82 0z, 0z,0z, 0z, 0z, 0z, =~ 0z Oz, )oz, )
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2. Example - Ellipsoidal Coordinates and
an Attenuation Function

Consider an ellipsoid of revolution with semiaxes a and b,

a > b and the linear eccentricity £ = \/a2 —b*

In this case we can introduce ellipsoidal coordinates u, [, A
related to Cartesian coordinates Xx,, x,, x, by the equations

X =\/u2+ E* cosficosd , x, :\/u2+ E” cosfisind, x; =usinf .

We will suppose that a function /% (f,A) describes the boundary
02 of our domain (2 with respect to the ellipsoid u =5, i.e.
02 is represented by

x, =+ [b+h(B, 1)1 + E* cos3 cosi

x, =+ [b+h(B, )] + E* cosf sind

x, = [b+h(B,2)]sinf
M EGU2021-11729 "
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We now return to our concept of modification of curvilinear
coordinates . Generally, we expressed itby y, = z. + 1.(z,, z,, Z3) -
Nevertheless, in the following example we will consider a more
simple (anyway meaningful) case.

Our starting point will be the mapping as above, i.e.

X =\/u2 + E* cosf} cosA

X, =\/u2+ E* cosf sind

X; = u sinf3
but with
u=z+o(z)h(B.2)

whe a new coordinate and is a twice continuously
differentidble attenuation function definéd for z € [b, 00 ) , such

that

(OMON )
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and
w(z)=0 for ze|z,,,©0), where b+h,, <:z

ext

Stress that the assumption concerning the continuity of @ and
its 1st and the 2nd derivatives implies

. . dol(z o d*o(z
limw(z)=0, lim ( ):O, lim (2)20 for z—>z
dz dz
Note: z, [, A form a system of new curvilinear coordinates
and for p p
)
Y1+ 8%0 50
dz dz

the transformation is a one-to-one mapping between (2 and the
outer space (2, of our oblate ellipsoid of revolution.

omom ®
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The construction of the attenuation function a)(z) in the interval

[ b,z ) , .e.for b<z<z deserves some attention.

> Text ext

Here we give an example. We put
2(AZ)2

- 2}
a)(z)ze{ 457 =GE=0 ] Where e ~2,71828

is the base of natural logarithm and Az=z, —b . By direct

computation we can verify that a)(b) =] and lim a)(z) =0.

For the 1st derivative of a)(z) we obtain :
2
da)(z) _ 4(AZ) (z—b) : a)(z)
P (az) ~(z-b) ]
a’a)(b) =0 and Ilim a’a)(z) =0
dz z>z,, dz

oMom o
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Similarly for the 2nd derivative of a)(z) we have

dza)(z)__ 4(AZ)2(Z—b) da)(z) -

= [(azf (=)

4(Az) . 16(4z)" (z-b)

\[(AZ)Z_(Z_b)zf [(42) (=)

jim -2(2)

N

s o(2)

and

0

The attenuation function and its derivatives are demonstrated on
the following slide.

oMom "
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Attenuation Function
1,2

TN o(z)
y N\

N

0,2

0 o —

6360 6370 6380 6390 6400 6410 6420 6430
z - coordinate in km

1st Derivative of the Attenuation Function 2nd Derivative of the Attenuation Function

-0,002 ; 7 B lezz ‘ ‘

_cfc;ji \\\ dZ( : ) / 0:003 d 2 ), (22 )
Z 0,002

\ : azt )

-0,025 \ /
-0,03 \ 0 > —
\\-‘ / 0,001

-0,035 v - T g
-0,04 -0,002
6360 6370 6380 6390 6400 6410 6420 6430 6360 6370 6380 6390 6400 6410 6420 6430
z - coordinate in km z - coordinate in km
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3. Laplacian and Topography-Dependent
Coefficients

Recall now that

X :\/uz + E? cosf3 cosd

X, :\/u2 + E’ cosf3 sind
X; = u sinf
with
u=2z+ a)(z)h(ﬂ,/l)
In the sense of the notation used in Section 1.2 this means that

nw=u, =, »n=4
and the new (modified) coordinates are

zy=z, z,=8, zy=A4

oMom o
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Hence from y. =z, + u.(z,,2,,2;) , i=1,2,3, we see that the
small perturbations . ,i=1,2,3 are

m=a(z)h(BA), 1m=0, =0

Going now back to the computations of the derivatives

ai, k=1,2,3 from the system 5l.k+a’ui o, =0,
aym aZk aym
we see that the matrix
dow 0Oh Oh
1+
dz o 0O
[@k + a“f] = 0 1 0
0z,
0 0 1

can be easily inverted.

oMo o
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Thus the successive approximation based on Neumann’s series
even need not be used for the computation of the derivatives

—1
% | g, + O s,
8ym 0z;

This opens the road to the structure Laplace’s operator applied
on 7' . In terms of the curvilinear coordinates :z. (i.e. in z, 5, 1)

we obtain
2, 2.2
z°+ E7sin
(z+wh)*+ E’sin’B - °
where
AT = I (22+E2)8—T+228T 0°’T sinf 8T >+ E*sin’f 0°T
R N 0z° 0z 0f° cosf 8,8 (z*+ E*)cos” f 047
2 2
5(T,h)= Aa_TJrA@T A, 1 0T y Ja o°T

+
0z 0z’ \/22 + E%sin’ g 0200 ! Jz* + E* cos g 0204
@_@J EGU2021-11729 “
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and A. are topography dependent coefficients given by

(l+d—whj 2(da)_a)j zh +a)AEh}—
dz

dz z)z*+E’sin’f
-2 -3 2 2 2
—2(1+d—a)hj a)—|gmd h| + 1+d—a)hj (zz+a)};).+2E +a)2|gradEh|2 d—g)h,
dz dz z°+ E*sin” 8 dz

=) 2 2, 2
(1+d_”hj p|de_ @z 1y, (d”j O ErE
dz dz z*+ E* dz z7+ FE z°+ E“sin” 3

(1+d_a)h) 20 Oh ( da)hj | 2wVa o
dz \/22+E2 sin” 3 o’ dz Jz°+ E* cos 8 oA

oMom &
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u”> + E*sin’f

where a=w2(2+a)h,,8) with w(u,ﬂ):\/

u’ + E*
while i
2 | oh z*+ E*sin ?

|gdeh| 2, 2.2 / ( j

z+E“sin“ B |\ Of (z + E*)cos* B\ 04
and

e 1 0’h  sinf oh , z ‘+E*sin’f 0%h
P 2% E*sin?B| 0% cosp B (z*+ E?)cos’ B 012

being the 1st and the 2nd Beltrami differential operators.

Note also that in the computation of A7 we neglected

2 2
w'(z+wh,B)-w(z,B) < E—z 2a)ﬁ+(a)ﬁj cos’f3
z

Z A

Nevertheless, this omission is small and can be accepted.

oMom :
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4. Application of the Results - Linear GBVP

The disturbing potential 7 is a harmonic function in the original

sofution_domain (2. In the space of the curvilinear coordinates
m herefore, AT =0 for z >b . This yields
Ae”T:5(T,h) for z>b
where

2 2 2
5(T,h)=Al(/;—TJrAz@—TnLA3 : oT A Ja oT
Z

_|_
0z’ \/22 + E*sin*p 0z0p ! Jz% + E* cos g 0204
In addition one can show that in the coordinates 2z, , 4 the
linear gravimetric boundary value problem attains the form

where f =0(T,h
M EGU2021-11729 2
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Neglecting the fact that f =0(7,/4) depends on 7, we can
represent the solution of the problem formally by means of a
classical apparatus of mathematical physics. Indeed, we may
construct the respective Green’s function of the second kind
N(x,y) , which solves Neumann’s boundary value problem for
the domain (2 , . Then (formally)

T(3)=o- [ Se(x)N(x.2)d, S [ F(x)N(x0)dV

8[2 ell

5. Iteration Process

Nevertheless, Neumann’s function N(Xx,y) can also be used to
solve the transformed LGBVP , where f =0(T,h) depends on

T . In this case the integral formula above represents an integro-
differential equation for T .

For clarity we can put

omom =
EGU2021-11729
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)= [ ()N (9)
KT(y)=—— j [7(x), (x)] N (x,y)d.V

where F(y) is a harmonlc function and KT (y) is an integro-
differential operator applied on T , such that

oKT
A,KT=6(T,h) in 2, and P 0 on 00,
n
Under this notation the problem is to find 7 from

I'=F+ KT

We apply the method o
I'=lmT, |,

xXimations , i.e.

T,= F+KT,

where 1, is the starting approximation, e.g. 7, =/ .

omom s
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6. Example of the Topography Dependent

Coefficients
ETOPO1 ice global relief model of Earth’s surface

-180° -120° -60° 0 60° 120° 180°

« E—

' T T g i
0 2000 4000 6000 8000

min: 0, max: 8271, mean: 376, stdev: 852 m

oMom g
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Topography Dependent Coefficients
for the global relief model of Earth’s surface related to a sphere
of radius R=6378137 m in case that z=R

_ | , -
Alz% _2h_sm,8 8h+8l;+ 12 8}22
R | cosfoff Op° cos"fBOA"
_ . S
+%4(R+h)2+ on + 12 (ahj fd ng)h
R op cos”f \ OA dz
2 ) 2 2
2Rh+h 1 | oh 1 oh
A, =— -— +—
R |\0B ) cos’fp\oA
4 2 oh 4, = 2 Oh
R Op R cos 5 04

(OMON
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Coefficient A;

-180° -120° -60° 0° 60° 120° 180°

—1
0.0001

-0.0001 -5e-05 0 5e-05

min: —0.011, max: 0.007 , mean: — 0.000015, stdev: 0.00006

:
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Coefficient A;

-60° 0 60°

—
-0.030 -0.025 -0.020 -0.015 -0.010 -0.005 0.000

min: —2.86, max: 0.00 , mean: — 0.0009 , stdev: 0.00068

oMon °
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Coefficient A;

-180° -120° -60° 0° 60° 120° 180°

-0.10 -0.05 0.00 0.05 0.10

min: —1.663, max: 1.713 , mean: — 0.0003 , stdev: 0.034

:
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Coefficient A4

-180° -120° -60° 0° 60° 120° 180°

-0.10 -0.05 0.00 0.05 0.10

min: —2.935, max: 3.362 , mean: 0.000, stdev: 0.043

;
BY EGU2021-11729



Thank you for your attention !

Acknowledgements.

The work on this paper was supported by
the Ministry of Education, Youth and Sports
of the Czech Republic through Project

No. LO1506. This support is gratefully
acknowledged.




