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associated with 1177 triggered (initiated) events with
relative magnitudes Mr ≥ 1.5. By a relative magnitude
we mean Mr = Mm – ∆M where ∆M is the relative
threshold. As the completeness magnitude of the cat-
alog is Mc = 0, the use of these relative magnitudes is
legitimate. The distribution of the number of the initi-
ated seismic events together with the exponential dis-
tribution and the Poisson distribution with the same
parameter Λ1.5 = 1177/429 = 2.7 is shown in Fig. 3a.
The comparison of the empirical and theoretical dis-
tributions shows that productivity obeys the exponen-
tial distribution

(5)

with density

(6)

rather than the Poisson distribution as is typically
assumed (Kagan and Knopoff, 1981; Ogata, 1989;
Helmstetter and Sornette, 2002). Formula (5) is the
productivity law of earthquakes.

The most significant difference from the Poisson
distribution is the maximum distribution at zero,
which means that the complete absence of initiated
events is the most probable outcome, while the Pois-
son distribution with an average greater than 1 has a
pronounced nonzero mode, and the maximum is
close to the average value. The parameters of the prox-
imity function (1), as well as the calculation results
performed according to the procedure in the previous
section, are given in Table 1.
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We emphasize that each hierarchical tree of clus-
tering is built from the main trigger event. At lower lev-
els of the hierarchy, the initiated events themselves are
secondary trigger events, and so on until the last
branches of the cluster. Figure 3b shows that produc-
tivity distributions are invariant with respect to the
hierarchical level of the trigger event, and the average
number of initiated events Λ∆M decreases with increas-
ing level.

The distribution of productivity remains exponen-
tial when the relative threshold of magnitude ∆M
changes from 1.5 to 0.8 (Fig. 4a). As expected, the
average Λ∆M values   decrease in accordance with
parameter b of the Gutenberg–Richter law (Fig. 4b).
In addition, while maintaining the value of ∆M = 1.5,
the distribution of the number of initiated events and
their average values   Λ1.5 are almost the same regardless
of the magnitude of the earthquake-triggers Mm
(Fig. 5). Thus, the exponential distribution of produc-
tivity can be considered as a common property of all
seismic events in the considered TCP, regardless of
their strength.

It can be hypothesized that, similar to the tectonic
earthquakes, productivity of technogenic seismicity
depends on the source depth. Figure 6 shows the pro-
ductivity distribution for different depths of the trig-
gering events. The presented calculations indicate the
presence of variations in Λ1.5 with depth varying from
–1000 to 500 m counting from the Baltic Sea level
(negative values   correspond to depths above the Baltic
level). Here, the exponential form of the distribution is
preserved for the different depths of triggering events
characterized by different values   of lithostatic pressure

Fig. 3. Productivity of technogenic seismicity of Khibiny NTS: (a) distribution of number of seismic events with M ≥ Mm – ∆M,
∆M = 1.5 (Mm is magnitude of triggering earthquake) initiated by triggering events with Mm ≥ 1.5 (circles). Solid line is approxi-
mation by exponential distribution. Dashed line is Poisson distribution. Parameters of both distributions are equal to average
number of initiated events Λ1.5 = 2.7; (b) productivity distribution graphs at lower hierarchical levels.
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and horizontal stresses, as well as the intensity of min-
ing operations and shear crack formation in the over-
lying rock ledge (Seismichnost’ …, 2002).

DISCUSSION
Earthquake clustering in space and time can be

characterized in terms of productivity determined for
each event. This parameter obeys the exponential dis-
tribution whose form is independent of the magnitude
and depth of the triggering event. The exponential
form of the distribution arises provided that the
threshold value η0 fairly well demarcates the causally
related and independent events. The optimal thresh-
old value can be selected based on the comparison of
the clustering properties of the real and randomized
catalogs.

The exponential decay in productivity distribution
observed for both the tectonic earthquakes according
to global and regional data (Shebalin et al., 2018;
Baranov and Shebalin, 2019) and for technogenic
seismicity according to the data of the KB AO Apatit
network for the Khibiny NTS is likely to reflect the
overall rock strength irrespective of the magnitude of
the perturbation, due to which the most probable
number of the initiated events is zero. Besides individ-
ual contribution of each earthquake in the initiation of
the subsequent events, the branching process in the
cascades of seismicity is also responsible for the prop-
erties of seismic clusters including under the condi-
tions of technogenic seismicity. In all the considered
cases, it turned out that the Poisson distribution inad-

equately describes the variability of the number of
earthquakes caused by a certain event. This disproves
the notion that has been established and extensively
used in seismicity modeling. In particular, just as in
the case of tectonic earthquakes (Baranov and She-
balin, 2019), the productivity law for technogenic seis-
micity, in fact, disproves the epidemic model ETAS
(Ogata, 1989). This model relies on the assumption

Fig. 4. Dependence of productivity of seismic events of Khibiny NTS on magnitude range of initiated events: (a) distribution of
number of earthquakes for ∆M = 0.8, 0.9, …, 1.5, initiated by triggering events with Mm ≥ 1.5; (b) number of initiated earthquakes
as function of relative threshold ∆M. 
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Fig. 5. Distribution of number of seismic events for differ-
ent ranges of magnitude Mm of triggering events and rela-
tive threshold ∆M = 1.5.
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L – mean number of triggered events with Mtriggering ≥ Mtriggered-ΔM

Averaged model of the maximal distances at which triggered events are expected
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Strategy q τ ν
Epicentral estimates Rmax, km

0 Neutral 0.75 0.08 0.12 0.7
1 Soft 0.56 0.01 0.30 0.25
2 Hard 0.83 0.26 0.05 1.28

Depth estimates Hmax, km
0 Neutral 0.66 0.25 0.19 0.25
1 Soft 0.41 0.11 0.47 0.11
2 Hard 0.88 0.69 0.009 0.69
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