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Things that can be done with ensembles

that cannot be done any other way


Two Topics for Today

Classical Spectra done non-classically


Non-classical Spectra




Some Extreme Basics

Suppose you have data over some finite spatial domain


and for which you have an ensemble of results

Un
i (x, t); x = [0, Lx], y = [0, Ly], n = (1, N)

ui =
1
N

N

∑
1

Un
i

Define ensemble mean - 

un
i = Un

i − ui → un
i = 0

And ‘eddies’



Example from a 36 member ensemble of the North Atlantic
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I will think of mean as the predictable part of the data and

the eddies as the unpredictable, or random, part of the data

We can define the transform of the eddy data 

̂un
i;p,q =

1
A ∫A

un
i (x)e2πi(p x

Lx
+q y

Ly
)dx

un
i (x) = ∑

p,q

ûn
i;p,qe−2πi(p x

Lx
+q y

Ly
)

With the property



un
i is random.  So - 

so is ̂un
i;p,q → ̂un

i;p,q = 0

Just for fun, compose

and average to get the predictable part of the unpredictable part 

̂un
i;p,q( ̂un

i;p,q)* =
1

A2 ∫A(x) ∫A(ψ)
un

i (x)un
i (ψ)e2πi(p x − ψ

Lx
+q y − η

Ly
)dψdx

̂un
i;p,q( ̂un

i;p,q)*



How to average to get the predictable part of the unpredictable part 

̂un
i;p,q( ̂un

i;p,q)* =
1

A2 ∫A(x) ∫A(ψ)
un

i (x)un
i (ψ)e2πi(p x − ψ

Lx
+q y − η

Ly
)dψdx

With only one realization, out of necessity, homogeneity is invoked

un
i (x)un

i (ψ) = Ruu(x, ψ) = Ruu(x − ψ)

̂un
i;p,q( ̂un

i;p,q)* =
1
A ∫ψ

Euu;p,qdψ = Euu;p,q



In practice, homogeneity is also used to assist averaging

Ruu(x, ψ) = Ruu(x − ψ)

Recalling 
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homogeneity is 

suspect



But, ensembles lead to averaging with assumptions

̂un
i;p,q( ̂un

i;p,q)* =
1

A2 ∫A(x) ∫A(ψ)
un

i (x)un
i (ψ)e2πi(p x − ψ

Lx
+q y − η

Ly
)dψdx

and energy spectrum can be computed directly

This is something you can do with an ensemble that you can’t

do any other way
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Characteristics:  zonal and meridional spectral character differ

Zonal shows more alignment with predictions, and a transition 


around ~150km

Meridional spectra drops more steeply, then rounds to -5/3


Strong anisotropy

What do we get?



And now for something reasonably different

The Fourier spectral approach is based on  Ruu(x, x′￼) = ui(x)ui(x′￼)

Consider a generalization to Rij(x, x′￼) = ui(x)uj(x′￼)

If we have Nx, Ny points, Rij written as a matrix is symmetric and of size


(2NxNy) X (2NxNy).  We can extract its eigenvectors/eigenvalues

[Rij]ϕn
i = λnϕn

j



The  eigenfunctions

are the velocity field EOFs which satisfy Parseval’s equality  

[ϕ]

∑
n

λn =
1
A ∫x

un
i (x)un

i (x)dx

One can now interpret the EOFs as generalizations of Complex Exponentials

as basis functions for expressing the patterns in energy.  They can be assigned


length scales according to 

[k2, l2] = ∫x
[(ϕn

x )2, (ϕn
y )2]dx

And provide us with an independent look at a spectrum in an inhomogeneous 

setting, and without windowing. 



What do we get?

Several very interesting characteristics here that we struggle to understand



Summary:  

*Things we have to contend with are ‘eddies’.

*These can be defined, along with the mean, using ensembles.  

*We want to describe and model eddies. 

*This can be done in a very general fashion using ensembles, and

   I question if it can be done any other way

*Considerable evidence of inhomogeneity in the eddy field of the 

   separated Gulf Stream

*Can EOFs be used in Stochastic parameterization?


