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A consistent framework

✘ ✘

with v the three dimensional velocity field in Cartesian coordinates. Neglecting acceleration the momentum balance becomes
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with ⌘ the viscosity of ice, p the pressure including hydrodynamic and hydrostatic parts, ⇢i the density of ice and g the gravity

constant. The terms in color are refered to below. The four equations Eq. 1, 2 unknowns v,p are forming the linear system in5

the finite element discretisation. With Taylor-Hood elements, this comprises in ** degrees of freedom per prism element.

2.2 The higher order Blatter-Pattyn system

Assuming the horizontal gradients of the vertical velocities to be small (blue terms in Eq.(2)) and bridging effects to vanish,

the momentum balance reduces to
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with hs the surface topography. This is again an elliptic system of partial differential equations, but only for two instead of

four field variables. The derivation was originally presented by Blatter (1995) and was further explored by Pattyn (2003) which

lead to the name Blatter-Pattyn type higher order system (in the notation introduced by Hindmarsh (2004) it is refered to as

Longitudinal Multi Layer stress approximation a, LMLa). The first two terms on the LHS comprise the so called membrane15

stresses (longitudinal stress in longitudinal direction, txx, tyy and transverse horizontal shear stress txy) and the last one vertical

plane shear stresses, txz, tyz . The fact that HO is including the membrane stresses, is representing the large advantage of HO

approximations compared to SIA. They become dominant close to the grounding line and at the transition to the ice shelf,

which itself is completely represented by the membrane stresses. However, the approximation is lacking terms diverting ice

flow over bedrock undulations and is hydrostatic. The system allows to compute the vertical velocity vz from Eq. 1 subsequent20

to solving Eq. 3 for vx,vy as

vz = vz|z=hb �
zZ
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with hb the basal topography.
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with hb the basal topography.
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Mathematical model for incompressible Stokes simulations

Mass balance

divv = 0 (1)

Momentum balance
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boundary conditions momentum balance - ice-atmosphere transition (surface)

Let �s ✓ @⌦ be the blue surface in figure below. Let furthermore � : R3 ⇥ [0, T ] ! R3⇥3 be the
representing matrix function of the Cauchy stress tensorfield.
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8 (x, y, z) 2 �S , 8 t 2 [0, T ] : �(x, y, z, t) · n(x, y, z, t) = 0 (6)

boundary conditions momentum balance - ice-lithosphere transition (base)
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Mathematical model for incompressible Stokes simulations

Mass balance
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✘✘
✘

Full-Stokes Blatter-Pattyn

Blatter-Pattyn

✗
Consistency:
Ø one single ISM
Ø avoid mesh effects
Ø avoid parameterisation effects
Ø eliminate numerical/

implementation issues



Verification with ISMIP-HOM (Pattyn et. al., 2008)

Exp. A 5km Exp. C 5km



Consumed computational resources

Ø 11 vertical layers 
Ø solved diagnostically
Ø coarse = MUMPS
Ø fine = domain decomposition solver with additive Schwarz
Ø P1P1 + GLS-stabilization
Ø friction coefficient k2 from ISSM inversion
Ø basal sliding: taub=ub k2 Neff



Surface velocity differences FS-BP

normal 3 x softer 6 x softer10 x stiffer

100m resolution

Dvmax=-43m/a Dv=±80m/a



Basal velocity differences FS-BP

normal 3 x softer 6 x softer10 x stiffer

100m resolution



Basal shear stress FS-BP

normal 3 x softer 6 x softer10 x stiffer

100m resolution



Vertically integrated viscosity FS-BP

normal 3 x softer 6 x softer10 x stiffer

100m resolution



Vertically integrated viscosity FS-BP

normal 3 x softer 6 x softer10 x stiffer

100m resolution



2D dimensional histogram

Counts of grid nodes per relative velocity error bin and per (a) bedrock slope
bin, (b) local aspect ratio bin, and (c) FS slip ratio bin. The size of the triangles is
normalized by the total number of horizontal grid nodes of each mesh.



Integrative view

Ø If you can afford really high resolution, BP is overestimating ice discharge by 3% 

Ice discharge at flux gates

Spatially averaged surface velocity



Integrative view

Ø If you can afford really high resolution, BP is overestimating ice discharge by 3% 

Ice discharge at flux gates

Spatially averaged surface velocity

CAVEATS:
§ no transient evolution

covered
§ no grounding line covered
§ what happens at much

higher resolution?


