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Outline

• Representing and understanding migration of swarms and induced
seismicity 
• External / Internal loading - X(t) or X(N) plots ?
• Observations
• Model 
• Application to seismic swarm data
• Summary
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Understanding hypocenter 
migration



Hypocentre migration – coordinate-time plot
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vz

x z

Fine structures of the hypocentre migration cannot be
explained by pore pressure diffusion
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Function of time: the migration often appears discontinuous

Swarm Injection-induced
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Function of event index: the migration becomes more continuous

Swarm Injection-induced
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Comparison of coordinate-time and coordinate-event index plot
Swarm 2008

Swarm 2011

In many cases, the slope of seismicity growth
- Varies in coordinate-time plot
- Is constant in coordinate-event index plot
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Loading of seismic front advance (migration)

External (aseismic) loading

Seismicity growth is controlled by the time 
dependent external process (injection) 
modelled by

- Pore pressure diffusion 
(Shapiro et al. 1997)

- Hydraulic fracture growth 
(Fischer, Hainzl and Dahm, 2009)

=> Seismicity is time dependent

–> coordinate-time X(t) plots

Internal (seismic) loading 
Seismicity growth is controlled by 
earthquake ruptures themselves
- the rupture allows for nucleation of 

adjacent new rupture
- Seismic rupture is first, fluid flow follows

(Yamashita 1999)
=>
No time dependence of seismicity 
The process itself measures the ‘time’
Event occurrence = time tick
“NATURAL TIME”

–> coordinate-event-index X(N) plots
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Observations



Linear clusters - streaks

7

Selection of streak in the coordinate-event index plot 
(by mouse clicks)
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Linear clusters - streaks

10

Selection of streak in the coordinate-event index plot 
(by mouse clicks)
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Linear clusters - streaks

11

Selection of streak in the coordinate-event index plot 
(by mouse clicks)
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Examples 
of time 

and event-
index 

migration 
plot

West 
Bohemia 
swarm 
2008

Coordinate-time plot Coordinate-index plot

Hypocenter section

Coordinate-time plot Coordinate-index plot

Hypocenter section
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Examples 
of time 

and event-
index 

migration 
plot

Long-
Valley 

Caldera 
swarm 
2014

Coordinate-time plot Coordinate-index plot

Hypocenter section

Coordinate-time plot Coordinate-index plot

Hypocenter section
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In many cases, interrupted growth in 
time becomes continuous (and 
linear) in event index

What is behind?



Hypocentre migration model – event-index dependent
migration is a result earthquake occurrence

• Every rupture facilitates 
nucleation of further ruptures
(new rupture occurs at the edge of 
the previous one, facilitated by fluid 
inflow into the previous rupture)

• 2D – two models:
- channel model C
- sector model S
• speed

Channel

Sector

Linear growth of x(N)

Square-root growth of x(N)

Linear growth 

Fischer et al. Growth of earthquake clusters

the event-index plot (Fig. 1b) compared to the heavily interrupted spreading in the time plot (Fig. 1a) of the202
same activity. The change of growth character is highlighted in two rupture front clusters (black and blue),203
which are continuous in the coordinate-event-index plot, but strongly discontinuous in the coordinate-time204
plot (particularly the black one). Similar characteristics are illustrated in Fig. 1e and f for the 2014 swarm in205
the Long Valley Caldera (Shelly et al., 2016), which showed, compared to the 2008 West-Bohemia swarm,206
almost simple unilateral spreading. The plots in Fig. 1 also illustrate the two aforementioned phenomena:207
the overall growth of the seismic clouds manifested in the triggering front envelope and embedded rapid208
streaks that propagate both in the same and opposite directions as the triggering envelope.209

4 THEORETICAL MODEL

One end-member model considers earthquakes only as a passive result of an underlying driving force, e.g.210
pore-pressure diffusion or slow slip which is not influenced by the triggered earthquakes. In this case, the211
analysis of the distance-time or coordinate-time plots is sufficient to characterize the migration pattern and212
the underlying process. However, in the other end-member model, earthquake migration is only possible213
due to the occurrence of earthquakes, e.g. by the creation of pore-space during ruptures. The presence214
of clear triggering fronts and embedded linear streaks in the coordinate-event-index plots, while no clear215
migration pattern can be observed in the coordinate-time plot, points to the latter case. In particular, in such216
a case, the speed of growth should increase with the size of the event ruptures. Developing a theoretical217
model for the earthquake generation in the case of a self-driven seismicity migration helps understand the218
generation mechanism of earthquake swarms.219
In accordance with the Yamashita (1999) model we suppose that every rupture facilitates the nucleation of220
adjacent ruptures. This can be simplified by assuming that subsequent events are without overlap initiated221
at the outer border of the previous rupture. In two dimensions, two geometrical concepts are considered,222
the channel (C) model describing a unilateral growth along a channel of width W and the sector (S) model223
describing a two-dimensional sectorial growth with angle ✓ (Fig. 2).224

The speed of the cluster growth is then related to the average position x of the rupture front, which is225
after the occurrence of N events (as observed in Fig. 1) simply given by226

x(N) =

8
>><

>>:

hAi
W N = ⌫N model C

q
360
⇡✓ hAi

p
N =

p
DN model S

(1)

where both constants ⌫ and D are proportional to the average rupture area hAi of the earthquakes in the227
cluster. In particular, model C predicts a linear growth of the rupture front x with increasing event index N228

according to a velocity ⌫ = hAi
W , which is consistent to a constant average advance per observed event. On229

the other hand, model S predicts a square-root growth of the rupture front x with event index N , with a230

local velocity 0.5
p
D/N = 0.5

q
360
⇡✓ hAi/N per event. In both cases, the total rupture area grows linearly231

with event index as232

A = hAi ·N. (2)

In order to express hAi we suppose that the frequency-magnitude distribution of the events follows a233
doubly-truncated Gutenberg-Richter distribution with exponent b and truncations at a minimum magnitude234

This is a provisional file, not the final typeset article 6
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Hypocenter migration model – growth speed ⟨A⟩
Observed growth of ruptured area

Measure the convex area covered by 
earthquake ruptures

Rupture area predicted by the rupture 
model for 
- Each event magnitude m
or 
- The mean effective magnitude <Meff> of the 
clusterA
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M1 and maximum magnitude M2. The corresponding probability density function for the event magnitudes235
is in this case given by Marzocchi and Sandri (2003)236

p(m) = ln(10)b
10�bm

10�bM1 � 10�bM2
. (3)

We also use the relation between the area A of a circular rupture and seismic moment M0 = f��A3/2237
(see, e.g., review of Madariaga and Ruiz (2016)). Rearranging this relation and using the scaling between238
the seismic moment M0 and the magnitude m in the form of239

logM0 = c+ dm (4)

leads to240

A(m) =

✓
10c+dm

f��

◆2/3

, (5)

where f is a geometric factor of the source model, �� is the static stress drop, c and d are 9.1 and 1.5,241
respectively, for the moment magnitude mW (Hanks and Kanamori, 1979).242

Then, the average rupture area hAi can be determined (see Appendix) by243

hAi =

8
><

>:

⇣
10c

f��

⌘ 2
3 b

2
3d�b

10bM1

⇣
10(

2
3d�b)M2 � 10(

2
3d�b)M1

⌘
if b 6= 2

3d
⇣

10c

f��

⌘ 2
3
b ln(10) 10bM1 (M2 �M1) if b = 2

3d

(6)

In the above equations, M1 is the true physical minimum magnitude of the earthquakes, while we usually244
have a larger observational cutoff magnitude Mc (completeness magnitude). Assuming that magnitude245
correlations do not exist (magnitudes are random within the sequence), the observed m � Mc events are246
mapping the true advance, but missing on average 10b(Mc�M1) events between two successive m � Mc247
events. Consequently, the event index is248

Nobs = 10�b(Mc�M1)N . (7)

Then Eq. (1) describes the average position of the seismicity as a function of observed events Nobs, if the249
parameters250

⌫̃ = 10b(Mc�M1)⌫ and D̃ = 10b(Mc�M1)D (8)

are used instead of ⌫ and D, respectively.251

5 APPLICATION TO THE SEISMICITY DATA

Equation (6) predicts the average rupture area hAi from the seismicity parameters (b,M1,M2). These252
parameters can be related to the average seismic moment per event hM0i and its corresponding effective253
magnitude Meff using Eq. (4) and (5). The empirical value of hM0i can easily be calculated for an observed254
sequence, while the theoretical value is given by Zakharova et al. (2013)255

hM0i = 10c+dM1
b

d� b

10(d�b)(M2�M1) � 1

1� 10�b(M2�M1)
if b 6= d. (9)
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same activity. The change of growth character is highlighted in two rupture front clusters (black and blue),203
which are continuous in the coordinate-event-index plot, but strongly discontinuous in the coordinate-time204
plot (particularly the black one). Similar characteristics are illustrated in Fig. 1e and f for the 2014 swarm in205
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pore-pressure diffusion or slow slip which is not influenced by the triggered earthquakes. In this case, the211
analysis of the distance-time or coordinate-time plots is sufficient to characterize the migration pattern and212
the underlying process. However, in the other end-member model, earthquake migration is only possible213
due to the occurrence of earthquakes, e.g. by the creation of pore-space during ruptures. The presence214
of clear triggering fronts and embedded linear streaks in the coordinate-event-index plots, while no clear215
migration pattern can be observed in the coordinate-time plot, points to the latter case. In particular, in such216
a case, the speed of growth should increase with the size of the event ruptures. Developing a theoretical217
model for the earthquake generation in the case of a self-driven seismicity migration helps understand the218
generation mechanism of earthquake swarms.219
In accordance with the Yamashita (1999) model we suppose that every rupture facilitates the nucleation of220
adjacent ruptures. This can be simplified by assuming that subsequent events are without overlap initiated221
at the outer border of the previous rupture. In two dimensions, two geometrical concepts are considered,222
the channel (C) model describing a unilateral growth along a channel of width W and the sector (S) model223
describing a two-dimensional sectorial growth with angle ✓ (Fig. 2).224

The speed of the cluster growth is then related to the average position x of the rupture front, which is225
after the occurrence of N events (as observed in Fig. 1) simply given by226

x(N) =

8
>><

>>:

hAi
W N = ⌫N model C

q
360
⇡✓ hAi

p
N =

p
DN model S

(1)
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Δσ - static stress drop 

Moment magnitude: c = 9.1, d = 1.5

Brune circular model: f = (7/16) π3/2
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Model-based prediction of dependence of ⟨A⟩ and ⟨Meff⟩

• Power-law increase of 
predicted <A> with M

A ~ M(2/3)d,

where d shows the 
moment – magnitude scaling

• Decrease of predicted 
<A> with effective stress 
drop

log M0 = c + d M
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Application to data



Fischer et al. Growth of earthquake clusters

Figure 5. Growth analysis of the two clusters of the 2008 West-Bohemia swarm identified in Fig. 4: The
activated area is marked in colors, which are proportional to the event index (a,e); its convex hull was
determined (b,f) for extending equidistant windows that included from 10 to 100% of events; the scaling
of the total rupture area with the number of events is almost linear (c,d). The dependence of the average
rupture area per event hAi on the average effective magnitude hMeff i is examined (d,h).

This is a provisional file, not the final typeset article 20

In review

Application to data - Observation of ⟨A⟩ and ⟨Meff⟩

Fischer et al. Growth of earthquake clusters

Figure 5. Growth analysis of the two clusters of the 2008 West-Bohemia swarm identified in Fig. 4: The
activated area is marked in colors, which are proportional to the event index (a,e); its convex hull was
determined (b,f) for extending equidistant windows that included from 10 to 100% of events; the scaling
of the total rupture area with the number of events is almost linear (c,d). The dependence of the average
rupture area per event hAi on the average effective magnitude hMeff i is examined (d,h).

This is a provisional file, not the final typeset article 20

In review

Method:

<A> is measured as convex area per event of the 
growing cluster (convhull) in a sequence of 
windows

<Meff> is derived from the mean seismic moment 
of a growing cluster

A

Fischer et al. Growth of earthquake clusters

Figure 5. Growth analysis of the two clusters of the 2008 West-Bohemia swarm identified in Fig. 4: The
activated area is marked in colors, which are proportional to the event index (a,e); its convex hull was
determined (b,f) for extending equidistant windows that included from 10 to 100% of events; the scaling
of the total rupture area with the number of events is almost linear (c,d). The dependence of the average
rupture area per event hAi on the average effective magnitude hMeff i is examined (d,h).

This is a provisional file, not the final typeset article 20
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Test on the 2008 West-Bohemia swarm - data

• Two clusters selected at the 
migration front in the strike 
direction
• Hypocenters projected to the 

best fitting plane

#1 #2
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⟨A⟩ growth for cluster #1 of the 2008 West-Bohemia swarm

⟨A⟩ = 1750 m2/event
W ~ 740 m
v = ⟨A⟩/W = 2.4 m/event

(340 m/day)
⟨Meff⟩ = 1.1

square-root (sector) growth
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⟨A⟩ growth for cluster #2 of the 2008 West-Bohemia swarm

⟨A⟩ = 2870 m2/event
W ~ 630 m
v = ⟨A⟩/W = 4.6 m/event

(720 m/day)
⟨Meff⟩ = 1.4

linear (channel) growth
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Comparison of measured and theoretical ⟨A⟩ - WB 2008 swarm

⟨A⟩ scales with ⟨Meff⟩ with effective stress drop ranging from 0.1 to 1 MPa

Cluster #1 Cluster #2
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Other swarms - measured and theoretical ⟨A⟩

West Bohemia 2011 swarm West Bohemia 2000 swarm
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Other swarms - measured and theoretical ⟨A⟩

Maple Creek 2017 swarm Long Valley Caldera 2014 swarm
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All swarms - measured and theoretical ⟨A⟩

Measurements of selected clusters 
of swarms in West-Bohemia and 
California

⟨A⟩ and ⟨Meff⟩ scale with effective 
stress drops ranging from 
• 0.1 to 5 MPa – West Bohemia
• 2 to 10 MPa – California

Reasonable values of effective 
stress drop show that the ruptures  
are adjacent, and swarm is driven 
by ruptures formation followed by 
fluid flow
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Comparison of effective stress drop derived from average rupture area 
and the cluster growth velocity

Varying growth velocities of clusters Measurements of selected clusters 
of swarms in West-Bohemia and 

California5 km/day

0.5 km/day

No relation 
between growth 
velocity in time 
domain and stress 
drop derived in 
event-index 
domain
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Summary

Hypocenter migration plots shows envelope growth and fine embedded 
structures growing (linearly) with time

The growth patterns are often interrupted in coordinate-time plots and 
become continuous in coordinate-event index plots

Two types of event triggering considered 
external (p-diffusion) and internal (rupture opening)
• p-diffusion: X(t) continuous; X(N) continuous 
• rupture opening: X(t) interrupted; X(N) continuous 

=> discontinuous X(t) plot indicates that the process can be internally driven 
(self-organized)
Continuous plots (X(t) or X(N)) are linear or square-root related to the type 
of growth (channel or sector)
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Summary

Model: event rupture opens path for fluids; new rupture forms at the 
edge of the previous one 
Method: We measure the speed of growth by the total area of the 
cluster A = ⟨A⟩.N, where the average area per event ⟨A⟩ should scale 
with magnitude 
If ⟨A⟩ does not grow with M => external triggering??
Application to the swarms shows that ⟨A⟩ grows with M, related stress 
drop ranges from 0.1 to 10 MPa
=> the swarm earthquakes appear to be driven internally with fluid 
flow following the rupture opening 
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