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Quantities of Cosserat elasticity

m deformation @ : O C R3 — R3
m deformation gradienttensor F =V =1 + Vu

m classical polar decomposition F = R U, U positive definite and
symmetric, R = polar(F) polar part of F

m R = exp(A) rotation field, A skew-symmetric matrix

m dislocation density tensor K = R'CurlR
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Our model — elastic + micropolar

= =T =T
Vetastic(F, B) = pt|[sym(R F) — 1| + - tr(sym(R" F) — 1)?

Vimicropolar B) = K1 || dev sym(ﬁTCurI R)|?+ ka2 || skew(ﬁTCurI R)|?
+ K3 tr(ﬁTCurI R)?

1 -
Vkinetic = §P||u||2 + protl | RII?

i, A Lamé parameters, k; Cosserat/micropolar parameters or
(micro)elastic constants

DA



Variations of the energy functional

Equations of motion are derived by computing variations of the energy

functional with respect to the dynamical variables. For the elastic part we
work with the displacement u.

When considering small variations 5R, then R + §R is not necessarily
orthogonal. Hence, there are two options for the micro-rotations:

(i) Lagrange multiplier in the variational functional &(ﬁrﬁ —1).

(i) More elegant: A +- 5A is always skew-symmetric and therefore
exp(A + 8A) is orthogonal. So, we vary with respect to A.
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Towards analytical solutions

The equations of motion of our system are still very complicated. So we
seek solutions of a particular form. Rotations about z-axis only.

0 —¢ O cos¢p —sindp O
A=|¢é 0 0], R=exp(A)=|sing cosp O
0O 0 O 0 0 1

With & = ¢(z, t), longitudinal waves only.

Displacements must occur along the axis of rotation. Therefore, u; = 0,
u» =0, and uz = (z, t), also longitudinal waves \ = \(z, t).

Transversal waves can be studied similarly.
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The equations of motion |

elastic part

PO 4+ 2Asind 0,p — (A +2w)0p =0
(micro)rotational part

Prot Ot P — (K1 + 2k3) 0,

+ A+ w1 —cosd))sinc])—gsind) o,p=0 (2
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The equations of motion |l

elastic part — assuming small displacements

PO — (A +21)0,2p =0
longitudinal wave speed v, =

®)
(A+2u)/p
(micro)rotational part — assuming small rotations

Prot Ot P — (kg +2k3) 0,0 =0

longitudinal wave speed  Vigng = /(K1 +2K3)/prot  (5)

Next we seek general solutions of the form ¢ = f(z — vt) = f(s) and
s

P =g(z—vt) =9g(s), s = z— vt, no smallness assumptions!
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The equations of motion

Equation (1) can be integrated once to find an expression for \’ in terms
of ¢. Then the second equation becomes

2
2[(A+u)+ A

in(2f)=0. (6
pﬂ—%k+2M]9M ) ©)
Double Sine-Gordon type equation which has solitonic solutions.

A
orotV21" — (k1 + 2x8) £+ [0\ - 501} sin(/)

DA



References

‘Soliton solutions in geometrically nonlinear Cosserat micropolar elasticity with large deformations’
C. G. Béhmer, Y. Lee and P. Neff

Wave Motion 84 (2019) 110-124

arxiv 1802.02846

‘Soliton-like solutions based on geometrically nonlinear Cosserat micropolar elasticity’
C. G. Béhmer, P. Neff and B. Seymenoglu

Wave Motion 60 (2016) 158-165

arxiv 1503.08860

‘Rotational elasticity and couplings to linear elasticity’

C. G. Béhmer and N. Tamanini

Mathematics and Mechanics of Solids 20 (2015) 959-974
arxiv 1008.4005

u]
]

1

w
it
)
¥l
i)



