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2 MAGMA FOCUSING

MOHO

LAB

cooling & 
crystallization

volcanic arc

arc crust

oceanic plate

mantle
 

wedge

SUBDUCTION ZONE

2

1

3

FOUR STAGES OF 
IGNEOUS SYSTEMS

4
primitive

3

fa
ul

tdamage

MAGMA PROCESSING

MOHO

LAB

evolved

4 VOLCANIC ACTIVITY

explosive
effusive

fluid exsolution 
& crystallization

co
nd

ui
t

hydrotherm
al 

system

magma injection

1 MAGMA PRODUCTION

plate dehydration

LAB

mantle 
melting

aggregates of solids, liquids, and gas phases


mass transfer, element partitioning between phases 


contrasting phase mobility, segregation, compaction
4

IGNEOUS PROCESSES

Keller & Suckale, GJI, (2019) 
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MULTI-PHASE MAGMA

Lautze et al. (2006) 

bubbles

crystals

melt

Zhu et al. (2011) 

crystals

melt

solid minerals liquid melt gas bubbles

magma

crystal mush suspension

cooling

heating
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CHALLENGE OF SCALES

transfers

CONTROL  

VOLUME

CONTINUUM  

PHASE FIELDS

LOCAL

SYSTEM

SC
A

L
E

solid grains 
(transparent)

liquid films

gas bubbles

fluxes
gas

liquid

solid

sub-µm  
to 10s cm

10s m 
to 100s km

direct observations 
at local scale

phenomena of interest at 
system scale

localisation of flow &  
deformation at meso-scale
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CHALLENGE OF SCALES

transfers

CONTROL  

VOLUME

CONTINUUM  

PHASE FIELDS

LOCAL

SYSTEM

SC
A

L
E

solid grains 
(transparent)

liquid films

gas bubbles

fluxes
gas

liquid

solid

local properties 
density, viscosity, surface energy, etc.

local topology

grain/bubble size, wetting angle, etc.

averaged properties 
phase fractions, mixture density, etc.

effective media coefficients

mixture viscosity, permeability, etc.

=> continuum mixture models

UPSCALING
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MODELLING CHALLENGES

  multi-component 
reactions

i

 flow to fracture 
transition

ii

 solid- to liquid- 
dominated flows

iii

ch
al

le
ng

e 
of

 s
ca

le
s

  single- to multi- 
phase flows

iv

modelling 10 years ago

- diffuse porous flow

- viscous matrix deformation

- one-dimensional chemistry

video source


Katz, J Pet (2008) 

http://youtube.com/watch?v=DtKvf6dZ7YY


way forward

- select few pseudo-components (unite + basalt + 

hydr./carb. basalt) for petrological hypothesis

- simplified linear solution thermodynamics

- flexibly calibrated multi-component phase loops

- linear kinetic reaction rates (or enforce eq.)

9

VOLATILES BENEATH MOR i

Dasgupta et al. (2006)

?

Depth [km]

challenge

- multiple chemical components in reactions 

(e.g., major oxides + volatiles)

- equilibrium (melt fraction, phase compositions) 

required at each grid / time step

- direct use of thermodynamic solvers in reaction 

transport model not (yet) practical

Keller & Katz, J Pet (2016)
Keller et al., EPSL (2017)
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VOLATILES BENEATH MOR

Stokes flow  
of matrix

Darcy flow  
of melt

four-component  
reaction model

forced  
plate spreading

III

IV

A

B

i

magma/tectonics

planet evolution

melt production

melt focusing

reactive transport

i



11

- solid-dominated system, 
porous flow


- liquid segregates from 
deforming solid matrix


- segregation speed 
exceeds matrix flow


- phase-pressure diff. 
cause de/compaction


- reactive feedback 
causes channeling

Keller et al., EPSL, (2017) 

VOLATILES BENEATH MOR i

video source

https://www.youtube.com/watch?v=KyqFKj7wKic
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FLOW TO FRACTURE ii

Katz et al. (2006)

extension

compression

Kaus (2010)

way forward

- generalise effective-viscosity approach from 

single- to two-phase visco-elasto-plastic flow

- cohesive-frictional Mohr-Coulomb + tensile 

Griffith-Murrell failure criterion

challenge

- diffuse porous flow fails to explain localised and 

fracture-bound flow & deformation

- viscous matrix deformation not appropriate for 

ductile to brittle crustal host rocks 

|τ |

PeffσT

φτy

Terzaghi

Mohr-Coulomb

Griffith- 
Murrell

Keller, May & Kaus, GJI (2013)
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FLOW TO FRACTURE

Stokes flow  
of matrix

Darcy flow  
of melt

visco-elasto-plastic 
shear & compaction

forced extensional / 
compressional tectonics

III

A

B

ii

magma/tectonics

magma focusing

magma processing

flow to fracture

ii



log Dev. strain rate [1e-15 s-1]Melt fraction [%]                          
t = 25 kyr

t = 45 kyr

mode I

mode II
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FLOW TO FRACTURE ii

C: FRACTURES
A
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Eq. (77) Eq. (78)

Keller, May & Kaus, GJI (2013)
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SOLID TO LIQUID REGIMES

Miller et al. (2014) Suckale et al. (2012)

POROUS FLOWS SUSPENSION FLOWS

liquid percolates  
through deforming solid

particles settle / bubbles rise  
through convecting liquid

?

iii

way forward

- general model where end-member regimes 

emerge as special cases in solid-/liquid-rich limits

- conceptualise as carrier vs segregating phase

- close gap in effective media closures

challenge

- crustal magmatic to volcanic systems transition 

from solid- to liquid-dominated aggregates

- separate models for porous, suspension flow

- separate research communities address limits

Keller & Suckale, GJI (2019)
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LAVA LAKE DYNAMICS

Stokes flow 
of magma

hindered settling/rising 
of crystals/bubbles

T-dependent xtallinity 
controls rheology

forced lava supply  
from conduit

I

D

volcano dynamics

shallow exsolution

iii solid to liquid

iii



- solid- to liquid-dominated

- bubbles/crystals segregate from 

convecting carrier liquid

bubble fract. [vol]

17

LAVA LAKE DYNAMICS

- convective speed exceeds 
particle settling/rising


- phase-pressure diff. negligible

crystal fract. [vol]Birnbaum et al., EPSL, (2020) 

iii

Janine Birnbaum
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MUSH DYNAMICS?

crustal mush bodies

- may dominate trans-

crustal processing

- may produce ephemeral 

melt lenses

- solid- to liquid-

supported rheology

- porous or suspension 
flow model?  
both? neither?

Sparks et al. (2019)

iii



MODEL FRAMEWORK

19

“A problem clearly stated

is a problem half solved”


– Fortune Cookie

- from source to surface

- porous to suspension flows

- two-, three-, n-phase flows

- phase-, process-wise symmetric

iii



EFFECTIVE MEDIA COEFFS

20

experimental & theoretical closures for porous & suspension flows

?

?
?

?

iii

SOLID LIQUIDSOLID LIQUID



PHASE CONNECTIVITY

21

local-scale phase topology permits system-scale transport

Ghanbarzadeh et al. (2017)

Degruyter et al. (2019)

iii



COEFFICIENT CALIBRATION

22

two-phase calibration: olivine (1018 Pas) + basalt (102 Pas), d = 1 mm

iii

P
O

R
O

U
S

SUSPENSIONMUSH

Keller & Suckale (2019) 
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measured pure-phase diffusivities & calibrated connectivity weights

produce set of phase-, process-wise symmetrical coefficient closures

COEFFICIENT CALIBRATION

Keller & Suckale (2019) 

two-phase calibration: olivine (1018 Pas) + basalt (102 Pas), d = 1 mm
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THREE-PHASE CALIBRATION

24

intra-phase 
connectivity

effective 

viscosity

vapour

speed

segr./comp.

length

solid

liquid

vapour

1018

102

10–5 km

mm

m/yrm/s

m/hr

liquid wets solids, 
encloses vapour

percolation limit
disa

ggre
gati

on
foam collapse

iv



CHALLENGES REMAIN
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MAGMA PROCESSING

MOHO

LAB

evolved

4 VOLCANIC ACTIVITY

explosive
effusive

fluid exsolution 
& crystallization

co
nd

ui
t

hydrotherm
al 

system

magma injection

1 MAGMA PRODUCTION

plate dehydration

LAB

mantle 
melting

couple fluid mechanic & thermodynamic solvers


couple multi-phase flow with dike/sill emplacement


strong contrasts in properties, time & length scales


calibrate coefficients with phase connectivity
25

reactions

failure

mush


three-phase

ii

i

iii

iv



SYSTEM ENERGY

26

velocity

total energy chemistry

volume/mass

momentum

de = T ds + μ dcj + P d(1/ρ) + v ⋅ dv

conserved quantities

pressure
chemical 
potentialtemperature

entropy/heat

conjugate variables



CONSERVATION LAWS

27

phase i, volume fraction

phase density

mass-specific quantity

rate of change

quantity/m3/s advection flux

diffusion flux

transfer

source

n material phases (i)

phase-wise symmetrical


process-wise symmetrical

∂ϕiρiai

∂t
+ ∇ ⋅ (qi

ϕρiai) + ∇ ⋅ qi
a + Γi

a = Qi
a

write equations for heat/entropy, chemistry, mass/volume, momentum, in each phase



CONSTITUTIVE RELATIONS
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SOURCES
external input of heat (e.g., radiogenic heating), momentum (e.g., gravity)

provides “fuel” to disequilibrate system, drive reaction-transport dynamics



CONSTITUTIVE RELATIONS

29

FLUXES

qi
a = − Ki

a ∇ăi

intra-phase flux

flux coefficient 

phase gradient

intra-phase transport of heat, chemistry, momentum, volume 
down gradients in temperature, chemical potentials, velocity, pressure

phase 1

phase 2

phase 3
∇ăi

q3
aq2

a
q1

a



CONSTITUTIVE RELATIONS

30

TRANSFERS
inter-phase exchange of heat, chemistry, momentum, volume 
down deviations in temperature, chemical potentials, velocity, pressure

Γi
a = − Ci

aΔăi*

inter-phase transfer

transfer coefficient

phase deviation
Δăi* = ăi − ă*

ă*

Δăi* Γ1
a

reference

deviation

phase 1 phase 2 phase 3

Γ2
a

Γ3
a



COEFFICIENT CLOSURES

31

flux coefficients

transfer coefficients

n material phases (i)

phase-wise symmetrical


process-wise symmetrical

∂ϕiρiai

∂t
+ ∇ ⋅ (ϕiviρiai) − ∇ ⋅ Ki

a ∇ăi − Ci
aΔăi* = Qi

a

write equations for heat/entropy, chemistry, mass/volume, momentum, in each phase



COEFFICIENT CLOSURES

32

assume transport limited by diffusion at local scale,

modulated by pure-phase diffusivity, phase connectivity

FLUX COEFFS

maintain phase-wise, process-wise symmetry 
keep effective media aspects formally separate

permission function, 
encodes phase connectivity

pure-phase 
diffusion parameter

Ki
a = ϕiki

aθi
a Ci

a = (1 − ϕi)ϕiki
aθi

a/di2

phase constituent size

TRANSFER COEFFS



REFERENCE STATES

33

phase sum by relative weights of transfer coefficients,

reference state tends to most abundant, fastest equilibrating phase

reference weights

reference state is 
weighted sum 
of phase states

a* = ∑
i

ωi
aai ωi

a =
Ci

a

∑k Ck
a

phase transfer coefficient

sum over all phases



CLOSED GOVERNING EQUATIONS

34

phase i, volume fraction

phase density

mass-specific quantity

rate of change

quantity/m3/s advection flux

diffusion flux

transfer

source

constitutive relations & 
coefficient closures found 

next step: model calibration

∂ϕiρiai

∂t
+ ∇ ⋅ (qi

ϕρiai) + ∇ ⋅ qi
a + Γi

a = Qi
a

write equations for heat/entropy, chemistry, mass/volume, momentum, in each phase
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well connected

disconnected

PHASE CONNECTIVITY
local-scale phase topology permits system-scale transport

- phenomenological framework 
for effective media coefficients


- example two-phase system

- calibrate to appropriate 

exponential softening/hardening, 
solid disagregation threshold, 
liquid percolation threshold, 
smoothness of transition

percolation 
threshold

disaggregation 
threshold Keller & Suckale (2019) 
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PHASE CONNECTIVITY
local-scale phase topology permits system-scale transport

Keller & Suckale (2019) 



TWO-PHASE FLOW REGIMES

37

segregation-compaction length

mm

km

inherent length scale of phase 
segregation in compacting matrix

convection, segregation speeds

inherent speed scales of collective 
and phase segregation flow

Keller & Suckale (2019) 

Wong & Keller (in prep.)

iii



TWO-PHASE FLOW REGIMES
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mm

km

POROUS

expanding s/c-length 
segregation dominates 

over convection

MUSH

contracting s/c-length 

segregation- to 
convection-dominated 

SUSPENSION

s/c-length at grain scale 
convection dominates 

over segregation

Wong & Keller (in prep.)

iii
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solid

liquid

vapour

solid

liquid

vapour

connected

disconnected



THREE-PHASE REGIMES

40

1

2

3

4

5

porous flow

granular flow

mush flow

suspension flow

ash flfi



N-PHASE NUMERICAL MODEL

41

update fluxes

update transfers

update body force

update time step

update residuals

update solutiongithub.com/kellertobs/pantarhei

http://github.com/kellertobs/pantarhei


solid

liquid

gas

z-speed pressure phase fraction

0.4 SOLID + 0.5 LIQUID + 0.1 GAS

42

ηs = 1018 Pas
ρs = 3000 kg/m3

ds = 1 mm

ηℓ = 102 Pas
ρℓ = 2500 kg/m3

dℓ = 1 mm

ηg = 10−5 Pas
ρg = 200 kg/m3

dg = 1 mm



0.6 SOLID + 0.1 LIQUID + 0.3 GAS

43

solid

liquid

gas

z-speed pressure phase fraction

ηs = 1018 Pas
ρs = 3000 kg/m3

ds = 1 mm

ηℓ = 102 Pas
ρℓ = 2500 kg/m3

dℓ = 1 mm

ηg = 10−5 Pas
ρg = 200 kg/m3

dg = 1 mm


