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Background

Saito et al., 2020, GMD— An exercise for a semi-Lagrangian scheme

• Implementation of RCIP scheme for 1-D age computations in ice-sheet models

• RCIP(Xiao et al., 1996) ≡ a Rational function based Constrained Interpolation Profile scheme

• The RCIP scheme preserves reasonably well the pattern of input surface mass balance histories in
terms of the vertical profile of internal annual layer thickness

This study ≡ an Extension of Saito et al. (2020) on Thermodynamics

A typical formulation of ice temperature (T : temperature; v⃗ : velocity; σ: stress; _ε: strain rate)

(1) ρc[ ∂T
∂t + (v⃗ ⋅ ∇)T ] = ∇ ⋅ (k∇T ) + _εσ + Φ .

Temperature evolution is affected by advection , diffusion , strain heating , phase changes terms.
(while the age is solved by a pure advection equation)

⇒ How the temperature solution is affected by the RCIP scheme?
⇒ (Future goal) How the simulated thermodynamical-coupling features are affected by the RCIP
scheme?

Methods: RCIP scheme on vertical 1-D temperature computation

Governing equations:

(2) ∂T
∂t + w ∂T

∂z = Ψ =
∂

∂z k ∂T
∂z +_εσ + Φ

∂T ′

∂t + w ∂T ′

∂z =
∂Ψ

∂z −
∂w
∂z T ′ (T ′

=
∂T
∂z ),

where the latter is obtained by derivative of the former.
Two-step time integration is adopted to solve the equations:

∂T
∂t + w ∂T

∂z = 0, ∂T ′

∂t + w ∂T ′

∂z = 0, Advection phase,(3)

∂T
∂t = Ψ, ∂T ′

∂t =
∂Ψ

∂z −
∂w
∂z T ′, Non-adv. phase.(4)

The advection phase is solved by a semi-Lagrangian scheme, while the non-advection phase by a normal (e.g., FD)
scheme. Upstream value is obtained by the interpolation profile F (z), evaluated as either a polynomial or a
rational function:

(5) F (z) = C3z3
+ C2z2

+ C1z + C0 or F (z) = C2z2 + C1 + C0
1 + D1

Exercises: RCIP vs first-order upwind (UP1) on 1d

Boundary and other conditions

Cosine-curve surface mass balance; No basal melting; Constant surface temperature;
Constant thickness 3000 m; Constant geothermal heat flux = 42 mW m−2; Zero strain heating;

Vertical velocity formulation (Parrenin et al., 2007)

(6) w (ζ) = −{[ms +mb −
∂H
∂t ]~w (ζ) −mb} , ~w (ζ) = 1 −

p + 2
p + 1 (1 − ζ) + 1

p + 1ζ
p+2 ,

where ms , mb is the surface and basal mass balance, respectively. Parameter p controls
the ~w shape, where p = n = 3 (Glen’s flow-law exponent) corresponds to the vertical
velocity at divide under the Vialov profile (Vialov, 1958).
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Results: basal temperature time evolution under 100-kyr cycle surface mass balance forcing

Ts = 223.15 K; ms = 3 cm yr−1 to 1.5 cm yr−1
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Ts = 223.15 K; ms = 30 cm yr−1 to 15 cm yr−1
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Results: vertical temperature profiles (t = 100 kyr snap shots)
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Summary and Prospects

• Changes in the computed solution using RCIP scheme are at most 0.5 K, and
the amplitude of the oscillation is less than 0.1 K, thus they are rather
minor (not surprising, though)

• How about thermodynamical coupling features? — wait for future
development toward 3d extensions
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