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We conducted simulations of orbit perturbations due to the main effects emerging from general

relativity. We derive the analytical formulas of temporal variations of Keplerian parameters

based on the first-order Gaussian perturbations and compare how well they agree with the

observed perturbations from numerical simulations. The Schwarzschild effect introduces a

constant and periodic changes of semi-major axis and revolution period, periodic variations

of eccentricity, and a secular motion of perigee, all of which exceed the level of 1 mm. The

secular rate of ω=1.3 mas/day corresponds even to 167 mm/day at GPS heights.
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Three orbital effects emerging from general relativity are typically

considered for Earth-orbiting satellites: the Schwarzschild effect,

Lense-Thirring effect or frame-dragging, and the de Sitter or geodetic

precession effect. For circular orbits and short satellite orbital arcs, the

dominating Schwarzschild effect is difficult to determine, because it

causes a constant radial acceleration which can be absorbed by a

small modification in the gravitational constant GM term or a constant

offset in the estimated semi-major axis of a satellite orbit. To separate

the effects caused by the Schwarzschild effect from other orbital

effects, especially those emerging from orbit modeling issues of non-

gravitational accelerations, eccentric satellite orbits should be used.

The first pair of satellites belonging to the Galileo satellite system was

accidentally launched into non-circular orbits with height variations

between from 17,180 km for the perigee to 26,020 km for the apogee.

The eccentric orbits introduced new opportunities for the verification of

the effects emerging from general relativity when employing the Galileo

constellation. We derive analytical formulas for perturbations of Earth

satellite orbits due to general relativity effects and verify which effects

are detectable using the current accuracy of GNSS orbits.

Mean offset of the semi-major axis (assuming the same value of 
the gravitational constant G for Newtonian and relativistic orbits):

Orbit shape & size changes (Schwarzschild)

Periodical variations of the semi-major axis (based on first-order 
Gaussian perturbations):

Periodical variations of the eccentricity (based on first-order Gaussian
perturbations):

Orbit orientation change (de Sitter, Lense-Thirring)
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For more explanation, see:

Summary:

For Galileo E14/E18 in eccentric orbits, the change of the semi-major axis due to the

Schwarzschild effect is −29.02 mm in perigee and −8.65 mm in apogee. This gives a

difference of more than 20 mm, thus, fully detectable using current GNSS precise orbit

determination techniques. We found that the geodetic precession strongly depends on the

orientation of the ecliptic with respect to the orbital plane and may introduce a secular

change of the inclination angle. The mean secular rate of the ascending node, which equals

52.53 μas/day corresponds to a drift of 7.2 mm/day at the Galileo heights after 1 day.

Accelerations acting on Galileo in the eccentric orbit due to the Schwarzschild (left), de Sitter (middle), and Lense-Thirring (right) effect in ms−2. The magnitude of the effect

depending on satellites position is denoted using the color bar, whereas the directions of the accelerations projected onto the orbital plane are denoted by arrows.

Accelerations due to general relativity acting on satellites at different heights (left). Satellites from the GPS (blue), GLONASS (red), 

and Galileo (green) constellations as a function of the inclination angle and the height difference between perigee and apogee (right). 

Semi-major axis (left) and eccentricity (right) changes for Galileo E14 in the eccentric orbit due to the Schwarzschild effect.

Secular rates and periodical variations of the right ascension of the ascending node (Ω) and inclination (i) due to de Sitter effect (dS, left) and Lense-Thrinng (LT, right).
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General Relativity and Earth artificial satellites – IERS Convntions 2010
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PPN: parameterized post-Newtonian approach

is typically employed for artificial Earth satellites;

Corrections for VLBI and Lunar Laser Ranging are

performed in Barycentric Celestial Reference Frame.



IERS Conventions 2010 and the orbital effects

Schwarzschild

Lense-Thirring

frame dragging

De Sitter

geodetic precession

Effects are

for Galileo eccentric:

2.422 . 10-10, 

1.5 . 10-12,

and 3.06 . 10-11 m.s-2.



GNSS Constellations

50 000 km

40 000

30 000

20 000

10 000

Earth

BeiDou MEO

GLONASS

Galileo nominal

GPS

BeiDou IGSO/GEO

QZSS

Galileo eccentric

Galileo E14 and E18 

in eccentric orbits

GRACE Follow-On

LAGEOS

Galileo – eccentric orbit

perigee – 17 000 km 

Galileo apogee

26 000 km 

Galileo – nominal orbit

23 225 km 

H
e

ig
h

t
[m

]

LARES

E14 and E18 

e=0.1632



GNSS Constellations – eccentricity and inclination

Galileo Satellites are good proxies of circular orbits with a regular distribution of satellites, except for 

E14 and E18 which are good proxies of eccentric orbits.
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IERS Conventions 2010 and the orbital effects

Modified version, after

Hugentobler (2008)

Orbit Perturbations due to 

Relativistic Corrections. IERS 

2010 Conventions, Chapter 10 

supplementary material.

Galileo E14 & E18

perigee

apogee



Systematic errors may occur – perigee is above southern hemisphere

apogee

perigee

Systematic effects may occur, because different ground GNSS (and SLR) stations observe the satellites in 

perigee and apogee. A full revolution of perigee takes 31 years for E14&E18 (and 65-90 years for Galileo 

satellites in circular orbits)  

Satellite positions of E14

every 15 minutes. 
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Sośnica, K., Prange, L., Kaźmierski, . et al. Validation of Galileo orbits using SLR with 

a focus on satellites launched into incorrect orbital planes. J Geod 92, 131–148 

(2018). https://doi.org/10.1007/s00190-017-1050-x



First-order Gaussian perturbations

E08 – circular orbit E14 – eccentric orbit

Gaussian perturbations due to accelerations

in radial (R), along-track (S), and cross-track (W)

Solution of the differential equations does not

provide information on constant offsets (if they appear). 

Offsets must be derived on the basis of celesial mechanics.



IERS Conventions 2010 and the orbital Effects on Galileo E14
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IERS Conventions 2010 and the orbital Effects on Galileo E14

All Schwarzschild accelerations

are in-plane (no out-of-plane

accelerations occur).

For circular orbits only radial

accelerations occur. For 

elliptical orbits, both radial and

along-track accelerations

take place (Schwarzschild effect

depends not only on the position

but also on the velocity).

Sośnica, K., Bury, G., Zajdel, R. et al. General relativistic

effects acting on the orbits of Galileo satellites. Celest Mech 

Dyn Astr 133, 14 (2021). https://doi.org/10.1007/s10569-021-

10014-y
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IERS Conventions 2010 and the orbital Effects on Galileo E14

Lense-Thirring and de Sitter are in-plane and out-of-plane accelerations.



Schwarzschild effect – semi-major axis

Constant part:

Periodical part:

Semi-major axis change of E14 due to the 

Schwarzschild acceleration as a function of a) 

time and b) the satellite height for E14 in an

elliptical orbit and c) for E08 in a circular orbit.
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relativistic effects acting on the orbits of 

Galileo satellites. Celest Mech Dyn 

Astr 133, 14 (2021). 
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Schwarzschild effect – eccentricity

Comparison between E14 orbit without and with the

Schwarzschild accelerations with the exaggeration of the total 

displacement effect in the geocentric reference frame

Eccentricity changes due to the Schwarzschild acceleration 

as afunction of time for a) E14 and b) E08. The initial point 

coincides with orbit’s perigee.



Schwarzschild effect – revolution period

Impact of the Schwarzschild term on the 

a) revolution period, b) areal velocity, 

and c) linear velocity of E14. 

Revolution period

Areal velocity:

Angular momentum:

∆𝑇𝑝𝑒𝑟𝑖𝑔𝑒𝑒= −72.44 μ𝑠

∆𝑇𝑎𝑝𝑜𝑔𝑒𝑒= −21.57 μ𝑠



Schwarzschild effect – perigee

Impact of the Schwarzschild term on the perigee 

of Galileo a) E14 and b) E08 from the numerical 

simulation (corrected by a change of the mean 

anomaly), first and second-order approximations, 

and the Einstein’s term. 

Einstein’s term

First-order perturbations:

Second-order according to Iorio (2020):

For Galileo E14, the mean formal error of perigee determination

is 223 μas from 1-day solutions, whereas for E08 the perigee 

error is 95 468 μas. 



De Sitter – semi-major axis, eccentricity

Impact of the de Sitter effect on 

the semi-major axis, eccentricity, 

revolution period of Galileo E14 

from the numerical simulations 

(blue line) and first-order 

Gaussian perturbations (red line).

Constant offset of the semi-major axis

Periodic perturbations of the semi-major axis:

Eccentricity variations:

Mean motion:

For GEO, the impact on a is 4 mm.



De Sitter – node, inclination, perigee for E14

Ascending node

Inclination

Nodal drift equals 52.53 μas/day for circular polar orbits over long 

periods that is 7.2 mm at the Galileo heights after one day.

Over long periods the inclination drift is equal to zero. 

Over shorter periods, the nodal drift may be very large. 

Argument of perigee:



De Sitter – node, inclination, perigee for GEO

Ascending node

Inclination

For GEO satellites and for specific Sun configurations, the nodal

drift may reach over 1 meter per day because of the coefficient

Impact of the de Sitter effect on the a) inclination, 

b) right ascension of ascending node of a 

geostationary orbit with i = 0.2°



De Sitter – node, inclination, perigee for GEO

Sośnica, K., Prange, L., Kaźmierski, . et al. Validation of 

Galileo orbits using SLR with a focus on satellites launched

into incorrect orbital planes. J Geod 92, 131–148 (2018). 
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Lense-Thirring – semi-major axis, eccentricity

Semi-major axis – constant offset

Semi-major axis – periodical variations

Impact of the Lense-Thirring

on a) the semi-major axis, 

b) eccentricity, and c) the 

revolution period of E14.

Eccentricity

Mean motion



Lense-Thirring – node, inclination, perigee

Ascending node

Inclination

Argument of perigee



General relativity effects - summary



Summary

We analyzed three main effects emerging from general relativity: Schwarzschild, Lense-Thirring, and De Sitter.

We studied the impact on GNSS orbits with a focus on two Galileo satellites accidently launched into eccentric

orbits. We derive analytical formulas of temporal variations of Keplerian parameters based on the first-order

Gaussian perturbations and celestial mechanics; and then, we compare how well they agree with the observed

perturbations from numerical simulations.

The Schwarzschild effect introduces a constant shift of the semi-major axis of -17.7 mm for all Earth

satellites, independently of the satellite height. Schwarzschild causes also periodic changes of semi-major

axis and revolution period, periodic variations of eccentricity, and a secular motion of perigee. The secular

rate of perigee corresponds to almost 17 cm/day at GNSS heights.

For Galileo E14/E18 in eccentric orbits, the change of the semi-major axis due to the Schwarzschild effect is

−29 mm in perigee and −9 mm in apogee. This gives a difference of more than 20 mm, thus, is fully

detectable using current GNSS precise orbit determination techniques. We found that the de Sitter effect

strongly depends on the orientation of the ecliptic with respect to the orbital plane and may introduce a

secular change of the inclination angle. The mean secular rate of the ascending node, caused by de Sitter,

corresponds to a drift of 7.2 mm/day at the Galileo heights after 1 day.

Thus, the general relativistic effects play a crucial role in satellite geodesy as their impact reaches the level

from 1 mm to 17 cm after one day for GNSS heights.
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