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A turbulent flow…
❖ can be seen as a “collection of scales”


❖ nonlinearly interacting each other


❖ transferring energy via an out-of-equilibrium 
cascade across scales


❖ whose mechanism is described more or less by 
Kolmogorov theory, with intermittency corrections

Being defined , from NS equations we have

assuming stationarity ( ) and neglecting viscous effects ( ) 

and homogeneity and isotropy


and self-similarity


with intermittency 

such that 

 with being 

δuℓ ≐ u(x + ℓ) − u(x)
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(δuℓ)p ∝ (ϵℓ)p/3

ϵ → ϵℓ ∝ ℓμ(p)

(δuℓ)p ∝ (ϵℓ)ζ(p) ζ(p) = p/3 + μ(p)



❖ A complex system (like a turbulent flow) is formed by many interacting components at different scales


❖ Assume for the sake of simplicity to have a time dependent signal


             

❖ let be  the phase-space representative of the system for all scales  and let  a partition of  into  hypercubes of size 

❖ let now define a normalized measure


❖ if we define a partition function


  


❖ it will scale as 


 


❖ where  are measures of the scale-dependent complexity of a system

x(t) = ⟨x(t)⟩ + δxτ1
(t) + … + δxτk

(t) = x0 + ∑
τ

δxτ(t)

ℳτ τ′￼< τ 𝒮τ ℳτ ℬi,τ r

𝒫i,τ =
μ(ℬi,τ)
μ(ℳτ)

χ(r, q, τ) = ∑
i

𝒫q
i,τ

χ(r, q, τ) ∝ r(q−1) Dq,τ

Dq,τ

Scale-dependent dimensions Dq,τ

Alberti et al. (2020)



❖ Previous measures are based on the concept of “scaling” at different scales that is “local” but 
not “instantaneous" 


❖ Is there any kind of measure to deal with instantaneous properties of chaotic attractors?


Yes, if you forgot “scalings” and use “recurrences”!


❖ How to do this? By looking what happens in the neighborhood of a point of the phase-space


❖ We need to introduce two concepts: i) instantaneous dimension, and ii) stability 


❖ i) for a state ζ of the attractor the instantaneous dimension d(ζ) measures the density of 
neighboring points (i.e., recurrences) and is linked with the degrees of freedom


❖ ii) the stability of the state ζ is measured by the stickiness θ(ζ) defined as the inverse of the 
average persistence time of trajectories around ζ and is linked to the fixed point nature

Scale-dependent instantaneous dimensions Dτ(t)



❖ Given point ζ on a chaotic  attractor, the probability P that a trajectory x(t) returns within a sphere of radius  
centered on the point ζ according to the Freitas-Freitas-Todd theorem modified by Lucarini is a generalized 
Pareto-like distribution            


❖ let define  the logarithmic of the distance between x(t) and ζ 


❖
the probability of logarithmic returns is 

❖ such that , , and 

If we now write  for each  we can define a local instantaneous measure  via

being  and 

r

g(x) = − log(δ(x, ζ))

𝒫 (g(x) > th, ζ) = exp [−
1

γ(ζ)
x − μ(ζ)

σ(ζ) ]
th = exp(−r) d(ζ) = σ(ζ)−1 θ(ζ) = γ(ζ)−1

x(t) = x0 + ∑
τ

δxτ(t) τ Dτ(t)

𝒫 (g(δxτ(t)) > th, ζτ) = exp [−
1

γτ(ζτ)
δxτ − μτ(ζτ)

στ(ζτ) ]
Dτ(t) = στ(ζτ)−1 θτ(t) = γτ(ζτ)−1

Scale-dependent instantaneous dimensions Dτ(t)



MMS measurements in the solar wind
❖ Magnetic field measurements in the solar wind in the GSE reference frame at 128 sample/s


❖ Clearly here we have a topological dimension D=3


❖ An underlying strange attractor seems to be  
present with small- and large-scale recurrences


❖ It seems to be characterized by a 2D geometry


❖ There should be (some) marginally stable states
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Instantaneous global properties
B(t) → (d(t), θ(t))

❖ On average the dynamics is different 
from that of a stochastic process 
( )


❖ larger are found in close 
correspondence with sudden 
changes in both Bx and Bz

❖ smaller are found in close 
correspondence with more regular 
dynamics

D̄ < 3

(d(t), θ(t))

(d(t), θ(t))
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Instantaneous scale-dependent properties
B(t) = B0 + ∑

τ

δBτ(t) → (Dτ(t), θτ(t))

❖ A clear scale-dependent phase-space 
topology is observed 


❖  for scales associated with the SCM 
noise,  for , decreasing  in 
the inertial range 


❖ global sudden variations are found in 
close correspondence with increases of 

 at 

❖ conversely, no sudden changes are 
observed when  at 

D̄ ≈ 3
D̄max τ ≈ τcp

D̄

Dτ(t) τ ≲ τcp

Dτ > 3 τ > τcp



MMS measurements in the solar wind
❖ a high number of degrees of freedom (> 3) 

suggests the existence of an unstable fixed 
point for 

❖ the inertial range is less chaotic than the 
sub-proton one 


❖ as for fluid turbulence we observe multi-
stability pointing towards the existence of 
an underlying strange stochastic attractor


❖ the system would in principle prefer to stay 
in the inertial range but it needs to also 
explore a small-scale regime that really 
control transitions

τ ≲ τcp



Let’s try to explain in other words…

Inertial range

1
2

∂t⟨(δuℓ)2⟩ + ϵℓ = −
1
4

∇ℓ⟨(δuℓ)3⟩ + ν∇2
ℓ⟨(δuℓ)2⟩

Sub-proton range

2. The process is scale-dependent

1. the system is non-stationary

3. Something destroys

Inertial range
4. Something creates



❖ The instantaneous scale-dependent dimensions seem to be a promising tool for dealing with chaotic 
dynamical systems 


❖ A novel concept of “scale-dependent instantaneous chaos” arises from 

❖ The novel formalism has been successfully applied on several dynamical systems


❖ It also allows to describe the overall  dynamics of solar wind magnetic field fluctuations as consisting 
of multi-stable and multiscale fixed points, opening a novel way to describe the solar wind via 
stochastic low-dimensional models featuring a large number of degrees of freedom


❖ Deeper investigations are needed to provide a direct link with both direct energy cascade and inverse 
enstrophy cascade as well as to build up a corresponding theoretical framework


❖ Surprisingly results are also obtained with von Karman experiments providing a proof for the 
theoretical conjecture on the existence of bifurcations between different equilibria at large scales as 
well as restored symmetry at small scales

(Dτ(t), θτ(t))

Going towards the future…


