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Waves in the gas centrifuge: asymptotic
theory and similarities with the atmosphere
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We study the stratified gas in a rapidly rotating centrifuge as a model
for the Earth’s atmosphere. Based on methods of perturbation theory, it
is shown that in certain regimes, internal waves in the gas centrifuge have
the same dispersion relation to leading order as their atmospheric siblings.
Assuming an air filled centrifuge with a radius of circa 50 cm, the optimal ro-
tational frequency for realistic atmosphere-like waves, that encounter anelas-
tic amplification, is around 10000 rounds per minute. Using gases of lower
heat capacities at constant pressure, like Argon and Xenon, the rotational
frequencies can be even halved to obtain the same results. Similar to the
atmosphere, it is feasible in the gas centrifuge to generate a clear scale sepa-
ration of wave frequencies and therefore phase speeds between acoustic waves
and internal waves. In addition to the centrifugal force, the Coriolis force
acts in the same plane. However, its influence on the internal waves ap-
pears only as a higher-order correction. We conclude that the gas centrifuge
provides an unprecedented opportunity to investigate atmospheric internal
waves experimentally with a compressible working fluid.

“What was once thought can never be unthought.”

— Friedrich Diirrenmatt (1962)

1 Introduction

Whenever gravity acts on a fluid of inhomogeneous density such that the fluid stably
stratifies, gravity waves may be excited. Indeed, Earth’s atmosphere is for the most
part stably stratified and gravity waves are an omnipresent oscillation mode. They are
usually excited in the troposphere wherefrom they propagate into the higher layers and
interact with the mean flow by various processes [Fritts and Alexander, 2003, Alexander
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et al 2010]. Gravity waves transport energy away from their source and redistribute it
elsewhere when becoming unstable which leads to wave breaking, ultimately turbulence
and mixing [Becker| 2012} [Schlutow et al., 2014]. But most significant is the wave drag
that acts as a body force on the mean flow causing an acceleration of the mean-flow
wind. It is these interactions that make gravity waves so important for the atmospheric
circulation. Despite their importance for weather and climate forecast [Kim et al., [2003,
Orr et alf 2010, Lott and Guez, 2013, Kim et al., 2020], considerable gaps in our under-
standing of the dynamics of gravity waves persist.

In particular the question of wave stability—when exactly do waves become unstable—
remains for the most part unsettled. It adds to the complications that instability mech-
anisms are inherently nonlinear. In the literature of theoretical fluid dynamics several of
those mechanisms have been proposed. For instance, waves destabilize due to static in-
stabilities when they push denser air mass on top of lighter fluid which is also associated
with overturning and leads to breaking.

Waves may also become unstable due to the wind shear that they induce. The mech-
anism is similar to Kelvin-Helmholtz instabilities [Fritts and Rastogi, [1985]. Moreover,
perturbative modes that form a triad with a gravity wave satisfying certain conditions
blow up by the Parametric Subharmonic Instability (PSI); subharmonic means that fre-
quency and wavenumber of the perturbation are comparatively small with respect to the
base wave and that they differ only by rational factors [Mied, |1976].

In recent years, modulational instabilities have also gained some attention in the com-
munity. This type of instability manifests itself in the modulation properties of the
wave. The evolution of waves and in particular of wave packets can be effectively de-
scribed by the spatio-temporal evolution of their amplitude and phase which is governed
by modulation equations. In certain conditions the amplitude or rather wave envelope
may blow up due to modulational instabilities. It was shown in the pioneering work of
Grimshaw] [1972] that stationary plane gravity waves of large amplitudes destabilize due
to modulation. Schlutow et al.| [2019] extended these ideas to classes of traveling wave
solutions. Modulational instabilities of a primary wave may even cause the excitation of
new, secondary waves which was proven to be theoretically possible in Schlutow| [2019].
A generalized modulation theory studying the stability of almost unconstrained station-
ary gravity waves resembling mountain lee waves was presented in [Schlutow and Wahlén
[2020].

It holds for all instability mechanisms that the onset of instability or the instability
growth rate or both depend sensitively on the wave’s amplitude. In fact, the interplay
of onset and growth rate are of utmost importance for the fate of the wave. In the
atmosphere the amplitude of gravity waves is for the bigger part controlled by a process
called anelastic amplification. As gravity waves propagate upwards they encounter an
exponentially decreasing background density. Due to energy conservation, the amplitude
must in turn also increase exponentially. This process is a direct consequence of the
compressibility of air. The crux of the stability problem for atmospheric gravity waves
is the complicated dynamics due to anelastic amplification and the nonlinear processes
that emerge from it.

In order to verify or falsify the theoretical predictions, experiments and observations



are essential. Experiments by means of numerical simulations of the Navier-Stokes equa-
tions were performed by [Sutherland [2006], |/Achatz [2007], [Dong et al.|[2020] and many
more. Two basic ideas were exploited. On the one hand, a small domain with peri-
odic boundaries of the size of exactly one wavelength of a monochromatic wave was
used which allowed Direct Numerical Simulations (DNS). This approach excludes all
perturbations of larger size than the domain. And on the other hand, large domains
were utilized allowing for large-scale dynamics which however has the drawback that
DNS become too expensive and remedies like Large Eddy Simulations (LES) need to be
applied.

The main driver for our understanding of gravity waves are certainly field measure-
ments. Field campaigns like DEEPWAVE |[Fritts et al., 2016, 2019] resulted in new
insights into nonlinear wave dynamics. Sophisticated devices like the HALO research
aircraft [Bramberger et al., [2020] or sounding satellites like HIRDLS [Ern et al., 2018]
provide a constant stream of new findings on gravity waves. Admittedly, those cam-
paigns and measurement devices are expensive but most importantly they do not pro-
vide repeatable outcomes as the atmosphere is a chaotic system. Therefore, repeatable
laboratory experiments are an indispensable, complementary and also usually much less
expensive tool to corroborate theoretical predictions.

Gravity waves have been observed and studied in laboratories. Rodda et al.| [2020]
investigated the excitation of gravity waves by baroclinic jets in a rotating annulus.
Carefully controlled gravity waves were measured with the Schlieren method by [Suther-
land et al. [2014]. In the comprehensive study of [Sutherland [2013] it is reported how
PSI have been excited and observed in a laboratory. The stability of gravity wave beams
was explored experimentally by |Bordes et al.|[2012], Dauxois et al. [2018].

To our knowledge, all laboratory experiments on gravity waves were performed with
water as working fluid where the stratification is obtained by controlling the temperature
and salinity, accordingly. Due to flow similarities, most of the features observed in the
water tanks are equally valid for the atmosphere. However, one particular property of
air cannot be emulated by water: compressibility. As we have argued above, it is in
particular those processes caused by compressibility that determine the stability and
hence the fate of atmospheric gravity waves.

In this paper, we want to propose an experimental device to study compressible gravity
waves. The challenge of putting the atmosphere into a laboratory is posed by the density
scale height being a measure for stratification. It is of the order of magnitude of 10 km
which is very weak. To obtain realistic waves in an experiment, a tank of the size of the
scale height would be necessary which is obviously unfeasible. A feasible substitute could
be a gas centrifuge. Here, the acceleration due to gravity is replaced by the centrifugal
force. This idea is sketched in figure

The goal of this paper is to prove theoretically that the internal waves as perturbations
to a stratified gas in a centrifuge are similar to atmospheric gravity waves supporting
also features due to compressibility like anelastic amplification. We will provide explicit
dispersion and polarization relations. The outcomes of this study shall be the basis for
an unprecedented experiment. Waves in rapidly rotating gas centrifuges were explored
theoretically by Bogovalov et al. [2015, and references therein| in terms of numerical
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Figure 1: Sketch of the underlying idea. The gravitational pull from Earth (left) is
substituted by the centrifugal force in a centrifuge (right) which equally causes
stratification supporting internal waves.

simulations. To our knowledge, closed form formulas for the dispersion relation have
not yet been achieved. And moreover, these studies focussed on particularly constrained
flow regimes of extremely high rotational frequency.

In section [2| we introduce the compressible Euler equations in a rotating frame of
reference as our governing equations. In order to achieve analytical progress, we will focus
in section [3| on a shallow fluid layer which allows for a simplified treatment in terms of
perturbation theory. Six different asymptotic regimes will be studied and evaluated with
regard to their similarity to the atmosphere. In section 4] the shallow-fluid assumption
will be abandoned and waves that extend deep into the interior of the centrifuge are
analyzed by means of Wentzel-Kramers-Brillouin theory. A summary and future outlook
will be given in section

2 The model equations for waves in a gas centrifuge

Let us consider a ideal gas in a rotating centrifuge of radius r¢ and angular frequency Q
(see figure . The most natural choice for our model are cylindrical coordinates (r, ¢, z)
which denote the radial coordinate, azimuthal angle and height, respectively. When
assuming that the flow is homogeneous in the z-direction, the dynamical state of the
fluid is completely determined by the azimuthal velocity v, radial velocity u, potential
temperature 8 and Exner pressure m. The latter two are widely used thermodynamic
variables in the atmospheric sciences and can be derived from the canonical thermody-
namic variables pressure p and temperature T by

n=(p/po)®lr, 0=T/n (1)

where pg represents a reference pressure at rg. The thermodynamic properties of the
ideal gas are specified by the specific gas constant Ry as well as its specific heat capac-
ities at constant pressure and volume denoted by ¢, and ¢, that satisfy R, = ¢, —c,.
Additionally, let us also introduce the dimensionless heat capacities ¢, = c¢,/Rs and
¢y = ¢y /Ry such that 1 =¢, —¢,. From the theorem of equipartition of energy we know



Figure 2: The geometry of the gas centrifuge.

for typical monoatomic gases that ¢, = 5/2 and ¢, = 3/2, whereas for typical diatomic
gases we have ¢, = 7/2 and ¢, = 5/2. These values might differ for some molecules and
for extremely low or extremely high temperatures.

For later reference we also introduce the equation of state for ideal gases. It provides
the density p as a function of the thermodynamic state variables,

p

. 2
RT (2)
The dynamics of the flow is governed by the compressible, inviscid Euler equations

[Achatz et al., [2010] in the rotating frame of reference expressed in the cylindrical coor-
dinates,
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We will assume throughout this paper that the centrifugal force is so strong that the

gravitational force can be neglected. In fact, g/(rw?) ~ 1075 at 10000 RPM.

- 3d
r or rog (3)

3 Waves in a shallow stratified layer

In this section we study a simplified version of the governing equations that allows for
analytical progress and comparison with flow regimes of the Earth’s atmosphere.



We apply the shallow-fluid approximation [cf. Vallis, 2006]. So with a slight abuse
of notation, we replace r — rg + r and focus on the dynamics close to rg, the rim of
the centrifuge ignoring any boundary layer effects. In the governing equations , the
coordinate r is hence replaced by rg except where it appears as the argument in the
derivative; the metric coefficients become constants,
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The shallow-fluid approximation transforms the problem to Eucledian geometry. Let us
define a background state by establishing a fluid at rest in the rotating frame of reference
which is a solution to the governing equations in the shallow-fluid approximation .
This state is determined by the rigid body rotation of the stratified gas,

u 0
sen=| o]0 (5)
bis II

The background fulfills the radial momentum equation which is equivalent to the
hydrostatic balance in the atmosphere,

dIl
cpO— = roQ?. (6)

If we additionally assume that the background state is isothermal, i.e. the unperturbed
gas is in thermodynamic equilibrium,

10 = Ty = const. (7)

we can easily solve (@ for the background Exner pressure and potential temperature,
(r) =Tye’™, O(r)=0ye /", (8a)
Utilizing the equation of state for ideal gases , we also obtain the background density,
R(r) =Rge"". (9)

Here, we defined in analogy to the scale heights in the atmosphere the potential tem-
perature and the density scale radius by
CpTo

79:@, rpzrg/ép. (10)



Notice that the stratified gas in the centrifuge exhibits a similar exponential behavior
as the hydrostatic atmosphere. We will see in the next section that this is only true in
the shallow-fluid approximation. However, even when taking the curved geometry into
account, the stratification in the centrifuge can still be computed analytically.

In order to study waves as perturbations to our stratified gas we insert the ansatz

u(r,@,1) =u'(r,¢,1) (11a)
v(r,@,1) =v'(r, @,1) (11b)
0(r,@,1) =0(r) +0'(r, ¢,1) (11c)
n(r, 1) =II(r) + 7' (r, ¢,1) (11d)

into the approximated governing equations and linearize around the background
state. It will turn out to be useful to rescale the perturbation field,

u(r,e,t) = R(r)l/2 u'(r, e, 1) (12a)
v(r, @, t) = R(r)l/2 Vv/(r, @, 1) (12b)
0(r. ¢.1) = &,/*Cy R(r)'/? % (12¢)
7(rut) = 6, R S (124)

where Cs = vyRT) denotes the usual speed of sound and y = ¢p/cy = ¢ /é, is the heat
capacity ratio. The variable transformation standardizes the units of the prognos-
tic variables—they all have gotten the dimension square root of energy. Moreover, it
anticipates that the amplitudes grow exponentially away from the rim into the interior,
analogously to the anelastic amplification in the atmosphere |Durran, 1989]. The re-
sulting linear system for the transformed prognostic variables of the perturbation reads
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where we defined the reference Brunt-Vaiséalé frequency as
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An additional parameter appears that we establish similarly to [Durran, [1989],
e cpl/2-1
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Note that the emerging linear system of partial differential equations possesses only
constant coefficients. Therefore, we apply a plane wave ansatz for the perturbation field

u ay

v a, . ) .

i (r,p,t) = o exp(imr + ikp — iwt). (16)
s ar

The azimuthal wavenumber is denoted by k. To ensure periodic waves along the azimuth
it is required to be an integer. We call m the radial wave number which is in the reals
as we ignore boundary conditions for the time being. And the wave frequency is w.
Substituting the plane wave ansatz in we obtain an algebraic equation for the
amplitudes

—iw -2Q No Cs(im=T)\ [ay,

2Q —iw 0 iCsk/ro a, |

—Np 0 —iw 0 ag| 0. (17)
Cs(im+T) iCyk/rg 0 —iw ar

This linear system of equations can be written in the form Ma = iw a with M being
the system matrix and a a vector containing the amplitudes of the perturbation flow
variables. Therefore, we are actually solving an eigenvalue problem. The eigenvalues iw
of M are given as the roots of its characteristic polynomial

2 2
W' =[O 4 N +4Q%+ C25 + 2| - ACTTQ S w+ CINZS =0 (18)
"o 7o o

which is of fourth order. Note that the characteristic polynomial is almost the same as
for perturbations of the Earth’s hydrostatic atmosphere where the coefficients would be
defined accordingly and the horizontal wavenumber would be k = «/rg. In comparison
to the atmosphere two additional terms arise for the gas centrifuge, the linear term in w
and the term 4Q? in the coefficient of the quadratic term. Both extra terms are due to
the Coriolis force that acts in the same plane as the the centrifugal force in contrast to
the atmosphere where Coriolis and gravitational force are orthogonal in the traditional
approximation.

Despite the fact that quartic polynomials possess analytic roots, we will not gain much
by computing them explicitly as they are tedious. Nevertheless, useful insight about the
properties of the eigenvalues is provided directly by the structure of the matrix. Notice
that M is skew-Hermitian, i.e. M = —M where H denotes the conjugate transpose. This
property implies that the matrix has only imaginary eigenvalues, further implying that
w must be real. Thus, we conclude that the stratified gas at rest in the centrifuge is
stable since all solutions to the governing equations as given by remain bounded as
t — oo.

With the aid of asymptotic analysis we can find approximations to the roots of the
characteristic polynomial and identify regimes that are similar to the atmosphere. For



this task we need to non-dimensionalize the equations. A convenient choice for dimen-
sionless frequency and radial wavenumber is provided by

o =w/Ny, u=rom. (19)
Then, the dimensionless characteristic polynomial reads
éy, ot — 612[,/4 +4é,q +q° (K2 + ,uQ)] o2 —4lg* ko + g% =0 (20)
where we introduced the parameters

ro 92 CpTO ~ .
=—=— = , I'=¢,/2-1. 21
gl o NO2 rgQ2 v/ (21)

The parameter I is determined by the properties of the working gas and is considered
to be a constant. The variable ¢ on the other hand might vary by several orders of
magnitude depending on the choice for the angular frequency Q, say. Hereinafter we
will refer to it as non-dimensional scale radius. In order to employ asymptotic analysis
a universally small number is needed that helps to separate scaling regimes of interest.
An immediate scale separation parameter presents itself in terms of the ratio of fluid
layer thickness and the radius of the centrifuge which is naturally a small number due to
the shallow-fluid approximation. We call this number €. In order to obtain meaningful
wave solutions, at least one radial wavelength 1y must fit into the thin layer and hence
Ao/ro = O(e). Based on this restriction, we can write

u=e'M (22)

and require that M = O(1) as € — 0 which is our first step towards a distinguished limit.

In the following we present systematically six asymptotic regimes in terms of their dis-
tinguished limits that are of interest for the atmospheric science. For an overview of the
different regimes a diagram, that also clarifies our naming conventions and abbreviations,
will be presented in figure [3|

3.1 Regime of low angular frequency

In this section we will study the particular asymptotic regime where the non-dimensional
scale radius is ¢ = O(e™). If we keep the centrifuge’s radius and the temperature
constant, then ¢ increases according to when we decrease the angular frequency.
Since the latter is probably the easiest parameter to adjust in an experimental gas
centrifuge device, we will coin the several asymptotic regimes in terms of their angular
frequencies. Let us assume for the moment that we used air as the working gas and
that Ty = 300K and rp = 0.5m to gain some intuition about the regime of low angular
frequency. For € = 0.01 the rotational frequency would be approximately 1000 RPM.



Isotropic wave field

Let us consider the following distinguished limit,
g=¢10, k=[e'K], 0, K=0(1)ase—0 (23)

where [-] denotes the ceiling function ensuring that « is an integer and hence the solution
azimuthally periodic. Since the vertical wavenumber g = O(e~!) has the same order as
the horizontal wavenumber such that «/u = O(1), we identify this regime to be isotropic,
i.e. no direction is to be favored. Notice that the scale of the horizontal wavelength and
hence the wavenumber may be practically determined by the boundary condition at the
rim. When we insert the distinguished limit into , we obtain a polynomial in o
whose coefficients depend on constant O(1)-parameters and &,

&', ot = |42 J4 4 46%¢,0 + 02 (K2 + M2)] o2 — 430 2K o + Q2K2 = 0. (24)
We pass to the limit & — 0 giving us
-0? (K2 + M2) @’ + 0%k? = 0. (25)
The solution provides two distinguished roots

2
(0)2 _ K
o =—. 26
When we substitute the dimensionless by the dimensional variables according to the
scaling assumptions and the definitions , and we arrive at a redimen-
sionalization of the roots,

w? K2

AR S 27
Ng K2+ rgm2 (27)

or equivalently

N3k?
Wpaw ~ m, k = K/r(). (28)

This is the exact same dispersion relation as for atmospheric non-hydrostatic gravity
waves. As we assume in this regime that the scale radius tends to infinity as stated by
, the background density becomes constant which is equivalent to the Boussinesq
approximation. Hence, the stratification is weak and effects due to the compressibility
of the gas become negligible. The resulting waves are the same as the wave solutions to
the Boussinesq equations (BGW). Consequently, the waves do not encounter anelastic
amplification but approximately constant amplitudes in the radial direction. This regime
is hence more similar to internal waves in water, which is stratified due to salinity for
example, than to atmospheric gravity waves.

Notice that the leading order equation provided only two roots. Two others tend
to infinity. Therefore, we face a singular perturbation problem. It can be solved by the

10



method of dominant balance [Bender and Orszag, [1999] that provides an appropriate
rescaling,

o=¢g23. (29)

Next, we substitute the rescaled frequency in the dimensionless characteristic polyno-
mial,

¢t — 6462 4+ 46%¢,0 + 0 (K2 + MQ)] 52~ 4eT2PQ32K 3 4+ £10%K2 = 0. (30)
As £ — 0 we obtain the leading order equation
ezt -0 (K24 M?) 2% =0 (31)
which is solved by four roots. Two of them are given by
$O0? 2 amlg? (K2 + M2) . (32)

The other two roots are zero. They correspond to the two roots that we have already
identified in the original scaling. Let us redimensionalize the two non-vanishing roots

equivalently to ,
w; ~ C? (k2 +m2) . k=«/ro. (33)
We notice that this is the exact same dispersion relation as for usual acoustic waves (A).

Anisotropic wave field

In this paragraph we define a distinguished limit by
g=¢'0, k=Te%K], 0,K=0(1) as € — 0. (34)

Note that due to the assumptions we got x/u = O(g'/?) and therefore the azimuthal
wavenumber is much longer than the radial wavenumber, similar to the hydrostatic
scaling in the governing equations for the atmosphere. This particular distinguished limit
generates an anisotropic wave field since the azimuthal axis is elongated in comparison
to the radial axis.

When we insert our scaling assumptions into the dimensionless characteristic polyno-
mial and pass to the limit € — 0, we only find two trivial roots. Two complementary
roots escape to infinity. Consequentially, we face a singular perturbation problem. First,
the two trivial roots are recovered by the rescaling

o =%, (35)
The rescaled characteristic polynomial reads

¢,e72t = |42 J4 4+ 45%¢,0 + 02 (8K2 + MQ)] 52 - 4e2MQ32K T+ QK2 =0 (36)

11



which has the two roots

2
02 K
When redimensionalized by substitution of the dimensional variables in combination
with the scaling assumptions, we find

Nk?

m2

Wrpaw ¥ (38)

which is equivalent to the dispersion relation of hydrostatic Boussinesq gravity waves
(hBGW).
Second, the two roots at infinity of the original scaling can be found by the rescaling

o=g23. (39)
Substituting and passing to the limit results in two non-trivial roots
202 2 6-1g2py? (40)
which yield in their dimensional form
Wiy = C2m?, (41)

These roots compare to hydrostatic acoustic waves in the atmosphere (hA).

Remarkably, the two modes, that we found in both regimes, i.e. the internal waves
similar to Boussinesq gravity waves and the acoustic waves, exhibit an exceedingly strong
scale separation of O(&?) for the isotropic and O(&%?) for the anisotropic case. As a
consequence of this scale separation the phase and group velocities of these two modes
being defined, respectively, by

kw ow

€p =12 8= 5k

Tk (42)

where

m

k=("), kIl = VRZ+ 2 (43)

will also differ by the same orders in the scale separation parameter, i.e. the acoustic
will propagate much faster than the internal wave modes.

3.2 Regime of intermediate angular frequency

For this regime, we assume that the non-dimensional scale radius fulfills ¢ = O(1) which
implies that the potential temperature scale radius is of the same order of magnitude as
the radius of the centrifuge. To gain an intuition for this regime with air as the working
gas, let us assume for the moment that 7j = 300 K and rg = 0.5 m. Then, the rotational
frequency would be around 10000 RPM.

12



Isotropic wave field

If we additionally assume isotropy in the wave field, we arrive at the following scaling
assumptions

g=0, k=[¢'K], 0,K=0(1)ase—D0. (44)

In the limit € — 0 we find two roots at the leading order

2
2 __ K
T TR Mm? (45)
which become
N2k?
2 0
“ow ¥ k2 + m? (46)

when we redimensionalize the variables. This formula is identical to the dispersion
relation of non-hydrostatic atmospheric gravity waves (GW). Note that in contrast to the
regime of low angular frequency the scale radius remains finite in the asymptotic limit.
The background density varies by a factor of approximately e—the Euler constant—in
the domain of interest. Therefore, the internal waves in this regime are equivalent to
the wave solutions of the pseudo-incompressible equations Durran [1989]. The waves are
indeed prone to anelastic amplification and thereby closely resemble atmospheric gravity
waves.

Analogous to the regime of low angular frequency, we find only two roots for the
leading order polynomial. The other two roots are recovered by the rescaling

oc=¢1%. (47)

To leading order of the rescaled characteristic polynomial two non-vanishing roots are
obtained

In the next step, we replace the dimensionless variables by their dimensional counterparts
to derive

w2 ~ C? (k2 + m2) (49)

which resembles the dispersion relation of acoustic waves (A).

In conclusion, we obtain a clear scale separation between acoustic waves and internal
waves of O(g) which exhibit to leading order the exact same dispersion relations as
their atmospheric siblings. This regime is of particular interest with regard to using the
gas centrifuge as an experimental device to study atmospheric waves because the waves
additionally experience anelastic amplification, in contrast to the regime of low angular
frequency since the scale radius is finite. Due to its relevance to the atmosphere, we want
to study the regime of intermediate angular frequency in more detail. In our leading

13



order results, any effect due to the Coriolis force vanishes. First, we want to find out
at which order and how the Coriolis force alters the wave properties. And second, we
want to relax the shallow-fluid approximation. We dedicate the Section {4] to the latter
endeavor.

In order to gain insight into the effect of the Coriolis force we expand the frequency
by means of &,

o= +s0M 1+ 0(&?). (50)

Inserting the ansatz into and collecting terms in powers of &, we find at the next
order

ol = 20712 (51)

K2+ M?%
The influence of the Coriolis force appears as a higher order correction to the leading
order solution. As long as ¢ is sufficiently small, i.e. the radial wavelength sufficiently
short in comparison to the scale radius, the leverage of the Coriolis force is negligible.
When we combine the next-order with the leading-order result and redimensionalize as
before, we get

- Nok N 2I'Qk (52)
COW S T2 kK2 em?
—_———— ———
O(Ny) O(&Nyp)

Let us briefly elaborate on the properties of the higher-order correction due to the
Coriolis force. For a given m the unperturbed frequency as a function of k is symmetric
with respect to the axis k = 0, i.e. there is no difference in frequency and therefore in
phase speed between waves propagating along the azimuth or against it. The higher-
order correction breaks this mirror symmetry as for positive k the correction is always
positive and for negative k vice versa. There is no sign switch selecting a branch of
the correction for the dispersion relation. Consequently, waves with the same absolute
azimuthal and radial wavenumbers have different frequencies as well as phase speeds and
therefore group velocities depending on whether they travel with or against the rotation
of the centrifuge. However, this effect is minuscule in the regime at hand.

We also studied the asymptotic correction due to the Coriolis force for all the other
five regimes. For the sake of brevity, the details of these calculations are not shown here.
It was found that the effect on the dispersion by the Coriolis force is always at least one
order higher in & than the leading-order solution.

In addition to their dispersion relations waves are typically characterized by their
polarization properties. Hence, we also want to study the polarization relations of this
particularly interesting regime. To this end we rewrite the system matrix of in
dimensionless form with the distinguished limit of intermediate angular frequency given

14



0 20712 1 &P lisloM -1
. 2071/2 0 0 ie=1e; 20k
M = v 53
-1 0 0 0 (53)
& listoM + 1] ie7'é;'P0K 0 0
We notice that the matrix can be decomposed in terms of powers of & into
M=gcMY + MO (54)

which we exploit to solve the eigenvalue problem (M — ia’) a = (0. We already derived the

eigenvalues asymptotically by application of perturbation theory on the characteristic
polynomial. The eigenvectors represent the polarization properties. In order to find an
asymptotic solution for them we expand

a :a(0)+sa(1)+0(82). (55)
Inserting the ansatz and collecting terms by powers of € we find in the leading order
MDq© =, (56)

We solve this linear system of equations by expressing the unknowns in terms of the
amplitude of the radial velocity giving the polarization relations

M
a¥ =0, o= —?aﬁg). (57)

Hence, to zero order the amplitude of the rescaled Exner pressure perturbation vanishes.
At the next order we obtain

Ve 4 (IWO) _ jo'(o)) a® =0. (58)

This linear system provides us with the polarization relation for the zero-order rescaled
potential temperature and eventually a first-order expression for the rescaled Exner
pressure

1 210712 — O M /K
O — O G0 _ HO oM/ ay. (59)

a

11—

0 T 0 O QKé;l/Q

These polarization relations are almost identical to atmospheric gravity waves [Schlutow
et al., [2017]. Only the rescaled Exner pressure variable differs from the polarization of
atmospheric gravity waves by the appearance of the extra term 2iQ~'/2. Indisputably,
we have found a leading-order difference between the internal centrifugal and the at-
mospheric gravity waves. This result has certainly implications for the interpretation
of observations of centrifugal waves by pressure sensors for instance. However, for the
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waves’ dynamics and in particular their modulational and stability properties it is likely
that this difference will play only a minor role. This claim definitely needs more elabo-
rate investigation which will go beyond the scope of this paper but will be focussed on
in an already envisioned paper.

By the scale assumptions in this regime of intermediate angular velocity it is straight-
forwardly derived that u’/Cs = O(g), i.e. the wave-related Mach number is small. With
the aid of this observation and we can derive the following order relations from the
polarization relations

ViK' = 0), 0'Ju =0(), x'ju' =0 (82) (60)
which will become a useful resource in the next section.

Anisotropic wave field

In this paragraph we explore the anisotropic wave field in the regime of intermediate
angular frequency. We assume the following distinguished limit

g=0, k=[e?K], 0,K=0(1) ase— 0. (61)

Substituting the distinguished limit in the dimensionless characteristic polynomial
yields a singular perturbation problem where there are two vanishing roots and two
additional roots that tend to infinity. To recover the vanishing roots, we rescale the
frequency o = £'/2% which to leading order results in

2
02 K
When we rewrite this equation in terms of the dimensional variables,

272
2 NOk

Wyaw ~ m2 (63)

we obtain the exact same dispersion relation as for atmospheric hydrostatic gravity waves
(hGW). Next, let us seek the roots that escaped to infinity. The appropriate rescaling
is determined by o = £7'X. Two non-vanishing roots can be found to leading order
employing the approach in the characteristic polynomial,

0% = ¢102M>, (64)
In its dimensional form the dispersion relation reads
Wiy~ Cm? (65)

which is equivalent to hydrostatic acoustic waves in the atmosphere (hA).
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3.3 Regime of high angular frequency

In this section we will study the particular asymptotic regime where g = O(g), i.e. an
extremely fast rotating centrifuge where the dimensional scale radii are much smaller
than the total radius of the centrifuge. If we assumed for the moment that Ty = 300 K,
ro = 0.5m, &€ = 0.01 and we filled the centrifuge with air, then the rotational frequency
would be around 100000 RPM.

Isotropic wave field
For this particular regime we define a distinguished limit by
g=¢0, k=[¢'K], 0,K=0(1) ase— 0. (66)

Inserting the distinguished limit into the dimensionless characteristic polynomial ,
we obtain to leading order as € — 0 four non-trivial roots

K2 22
0(0)22%&(11 1-42 (67)

where

K2 =613 /a+ 0% (K2 + M2 (68)
We redimensionalize the leading order solution by substituting the scaling assumptions
and definitions of the dimensionless variables, so

C2 N2k2
2 s 12 0
w ~ —k.|1+,/1-4 69
where
K2 = k2 +m? + 1/(4r3) .k =x/ro. (70)

To leading order we obtain the exact same dispersion relation as for atmospheric acoustic-
gravity waves (AGW). Notice that in contrast to the slower regimes the scale separation
between the acoustic and the internal mode has vanished.

Anisotropic wave field

Concluding this section we will investigate the anisotropic wave field for the regime of
high angular frequency. The following distinguished limit is assumed

g=¢0, k=[e?K], 0,K=0(1) ase— 0. (71)

We insert the distinguished limit into and obtain to leading order two vanishing
and two non-vanishing roots

0% = oL (éf, /4 + Q2M2) (72)
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which reads in dimensional variables
Wl ~ C2 |2+ 1/(42)] . (73)

This dispersion relation is equivalent to hydrostatic acoustic waves with an extra term
that represents a correction due to the compressibility of the gas. We may refer to
this term as anelastic correction (ahA). The two vanishing roots cannot be assessed
by expanding o in terms of & rendering the perturbation problem to be a singular
one. Therefore, we apply the method of dominant balance that provides the rescaling
o = &'/2%. To leading order we obtain subsequently

2 2
2(0)2 — L (74)
ép/4+0%2M?
Redimensionalization of the dispersion relation yields
N2k?

Wanaw w2+ 1)(4r2)

which is equivalent to the dispersion relation of anelastic hydrostatic gravity waves
(ahGW) in the atmosphere [cf. Lipps and Hemler, |1982]. We observe that in contrast to
the isotropic regime of high angular frequency a scale separation between acoustic and
internal modes is re-established. However, the scale separation is only of O (81/ 2) being
comparatively weak.

In summary, we presented six different asymptotic regimes in this section that were
defined by distinguished limits closely relating to atmospheric flow regimes. We discov-
ered all major atmospheric flow regimes that are relevant for gravity waves. In figure
a diagram giving an overview of the six regimes in terms of the non-dimensional scale
radius ¢ and the azimuthal wavenumber « is presented.

4 Deep internal waves for the regime of intermediate angular
frequency, WKB theory

In the previous section several asymptotic regimes were investigated, all under the
shallow-fluid approximation. So, the wave dynamics were restricted to a thin fluid
layer along the rim of the centrifuge. We want to relax the shallow-fluid approximation
and consider deep waves in the following section but restrict ourselves to one particular
regime. From a perspective of atmospheric sciences, the most intriguing regime is the one
of intermediate angular frequency. We have argued that this regime closely resembles
atmospheric conditions favorable for gravity waves. The advantage of the shallow-fluid
approximation was that the resulting system had constant coefficients allowing for a
simple plane wave ansatz. For a generalized theory with varying coefficients we want to
employ the Wentzel-Kramers-Billouin (WKB) perturbation method. A first step towards
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Figure 3: The atmosphere-like asymptotic regimes of the gas centrifuge. The abbrevia-
tions translate as follows: Acoustic-gravity waves (AGW), acoustic and gravity
waves (A+GW), acoustic and Boussinesq gravity waves (A+BGW), anelastic
hydrostatic acoustic and anelastic hydrostatic gravity waves (ahA+ahGW),
hydrostatic acoustic and hydrostatic gravity waves (hA+hGW), hydrostatic
acoustic and hydrostatic Boussinesq gravity waves (hA+hBGW). A plus sign
indicates scale separation between two modes.

its application is the non-dimensionalization of the Euler equations . We choose a
typical length and time scale for internal waves based on our findings of the section [3.2]

r=AF, t=Ny'i, No= (76)

where Ay denotes the typical radial wavelength. The prognostic variables of the FEuler
equations are non-dimensionalized by their reference values labeled by the subscript 0,

u=upt, v=vov, 60=60p60, n=myn. (77)
For the reference values of the velocities we assume an isotropic wave field such that
ug = vg = AgNp. (78)
The thermodynamic reference values are set to
00 =To. mo=(po/po)!/r =1. (79)

In contrast to the previous section where we defined a scale separation parameter by
the thickness of the shallow layer, we require here that the radial wavelength is small in
comparison to the scale radius such that

_ Ao cpTo

, Sl ey 80
& re re 7‘0Q2 ( )
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We recall from Section [3.2 that the isotropic regime of intermediate angular frequency
is the most interesting regime as it has the most resemblance with the atmosphere when
it comes to gravity wave dynamics. This regime allows for anelastic amplification on
the relevant scales and exhibits the exact same dispersion relation to leading order as
atmospheric non-hydrostatic gravity waves. Moreover, it shows a clear scale separation
to acoustic waves and the Coriolis acceleration is negligible. In line with these arguments,
we choose for the non-dimensional scale height

ro/ro=q=0=0(1) as € — 0. (81)
By means of the scaling assumptions, the non-dimensional Euler equations become

Oii o 00 0O .07 .0

828f+8 Urrig ?%—8 7+Q 9§=282Q1/2\7+82Q1¢ (82a)
v v v AV Vil ~10n

2L b 2+ 2 4 2 1 02020 = —2520 % (82b)
ot or Fog F 7oy
06 06 00

e (82¢)
ot or 7oy

or  9r 1o A_lA(la(ru)Jr}@_V):O' (82d)

—tU—+-—+cC, | = — —

ot or rop 7 FoOF Py
A stationary, time-independent solution to the non-dimensional governing equations,
that will serve as the background for waves, is given by the rigid body rotation of the
fluid

<>

(F.o.1;8) = | o | (F;€). (83)

N D <
= ® o o

The background variables must solve the radial momentum equation (82a)

. dIl
00— = g2 7. (84)

This equation is closely related to the hydrostatic balance but with the difference of a
metric coefficient on the right hand side that reflects the curvature of the geometry. For
the sake of simplicity, we restrict our derivations to an isothermal background, so IT 0 =1.
The radial momentum equation admits an analytical solution under this assumption,

222 222
ﬁ:ﬁoexp(gr), @z@oexp(—gr). (85a)

20 20

It can be observed that the background is only slowly varying on the chosen scales,
ie. II(F;e) = II(¢) and O(F;e) = O(&) are functions of the compressed coordinate
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& = er. Therefore, we may use WKB theory and introduce additionally a compressed
time variable T = &f. We apply the ansatz

i=u (86a)
b=y (86b)
6=0+¢c6 (86¢)
i=M+e*n (86d)

for the perturbations of the background flow. The primed perturbation variables are
weighted in terms of powers of & according to the order relations . Presuming that
the perturbations are infinitesimally small, we linearize the dimensionless Euler equations
around the background state. We make the WKB ansatz for the perturbation
taking the slowly varying background into account and assuming a comparatively rapid
variation of the wave field; and hence

u’ b,
LG =| )7 (€ mie) exp (o) exp e 96 D] ko= (67 K] (57)
n’ b

where the azimuthal wavenumber is a large number, as K = O(1), but an integer to
ensure periodic solutions in the azimuthal direction. We introduce the phase function ¢
and define the slowly varying radial wavenumber and frequency, respectively, via

d¢ d¢
M = — = -
€1 =- 3 o(§1)=—— (83)
The amplitudes are expanded in a series
b(&,1:e)=b0& ) +eb V(& 1) + 0(82). (89)

Inserting the assumptions and definitions into the linearized dimensionless Euler equa-
tions and collecting terms in powers of £, we obtain to leading order a linear system of
equations that we write in matrix notation as

S 202 N iM by
202 ¢ 0 iK/¢ p{¥
N 0 i 0 Vo) b (90)
- -0 £/(ONO) b,
M iK/E 00 02650
where
. & dO
N=q|-—="— 91
06 (91)
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denotes the dimensionless Brunt-Vaiséala frequency. The system of linear equations has
a solution if and only if the coefficient matrix is singular which results in the dispersion
relation
9 N2K2 /52
0 = —=F——. (92)
K2 / 52 + M?2

To summarize the findings of the WKB theory, we redimensionalize the dispersion rela-
tion yielding

N2k?2
T k2 4 m2 (93)
where
kry =5, NG = LN (94)
r reg

Remarkably, it is the exact same dispersion relation as for atmospheric non-hydrostatic
gravity waves but in curved geometry due to the metric coefficients. Let us first note that
the dimensional azimuthal wavenumber decreases and hence the azimuthal wavelength
increases along the radial axis. And second, the dimensional azimuthal phase speed
and also the group speed as defined by also grow with increasing r as expected
in cylindrical geometry. We also redimensionalize the analytic solutions for the
background variables giving

2.2

Q°r
II(r) = exp (2c T
p

Qr

2.2
) , O(r) =0y exp (— 5 TO) . (95)
p

Hence, the background is equivalently warped due to the curved geometry when com-
pared to the atmosphere. In conclusion, the internal wave dynamics in the curved
centrifuge is isomorphic to the Eucledian description of atmospheric gravity waves with
regard to dispersion and therefore phase and group velocity at least to leading order.

5 Summary, discussion and outlook

We have investigated waves as perturbations to a stably stratified gas in a centrifuge
where the stratification resulted from the centrifugal force. Under the shallow-fluid
approximation, six scaling regimes were studied in terms of perturbation theory. The
regimes were characterized by their angular frequencies and the proportion of azimuthal
to radial wavenumber such that we were concerned with the regimes of low, intermediate
as well as high angular frequency and isotropic as well as anisotropic wave fields, respec-
tively. In all six regimes dispersion relations to leading order were derived that closely
resemble waves in the hydrostatic, stably stratified atmosphere. Those were acoustic
waves, gravity waves and their mixed form, acoustic-gravity waves.

One particular regime was identified to be of special interest for the atmospheric
sciences as it features—despite the same dispersion—additional characteristics of gravity
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Figure 4: Diagram of radius and rotational frequency. The blue lines correspond to
the regime of intermediate angular frequency where the non-dimensional scale
radius is ¢ = O(1) for air and xenon, respectively. The gray dots represent
commercially available centrifuges for the sake of comparison.

waves. In the regime of intermediate angular frequency, a clear scale separation between
acoustic and gravity waves can be observed, the polarization is similar and an influence by
the anomalous Coriolis force only appeared as a higher order correction to the dispersion
relation. But most convincing is the fact that waves in the intermediate regime encounter
anelastic amplification which we argued provides an unprecedented opportunity to study
stability and nonlinear dynamics, in general, of atmospheric waves in a laboratory.

In order to provide evidence for the feasibility of such an experiment, we illustrate
the regime of intermediate angular frequency in figure [l Given a total radius of
the centrifuge rg, the necessary rotational frequency f to achieve this regime is plot-
ted for two different gases, air and Xenon. The curves are given by setting the non-
dimensional scale radius to unity corresponding to the assumption that one potential
temperature scale radius fits into the centrifuge. Then, the rotational frequency becomes
f(ro) = \JcpTo/(2nrg). The background temperature is Ty = 300 K. It is the obvious and
most convenient choice to use air as a working gas having c, = 1006 J kg ' K~!. Since
high rotational frequencies generate a lot of stress onto the material, lower frequencies
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for an experiment would be desirable. A lower frequency might be achieved by cooling
the experiment or alternatively using a gas of low heat capacity such as Xenon which
exhibits a heat capacity at constant pressure as low as ¢, = 160J kg ' K~'. By using
Xenon the frequency is more than halved.

The regime of intermediate angular frequency was also studied in more detail by
weakening the shallow-fluid approximation. By means of WKB theory, we showed that
centrifugal wave fields in cylindrical geometry supported on a domain from the center
to the rim are isomorphic to non-hydrostatic atmospheric gravity waves in Euclidean
geometry.

Throughout this paper we have assumed a vertically homogeneous flow, so d/9z - = 0.
The extension towards a fully three-dimensional wave field is straight forward as the base
state, i.e. the isothermal gas in rigid body rotation, does not depend on the vertical axis.
Note that beyond the rigid body rotation, a flow with radially sheared azimuthal velocity
also solves the stationary Euler equations. If the shear is not too strong, then WKB
theory remains applicable.

For future studies, one might also add dissipation to the picture and lift the assumption
of small amplitudes to a fully nonlinear wave theory similar to Achatz et al.| [2010],
Schlutow et al. [2017].

We want to give a final remark on the gas centrifuge as an experimental device. It
might be also used to study stratified turbulence which is also a common theme in the
atmospheric sciences. The role of compressibility for two-dimensional turbulence may
be explored for the first time in a laboratory with a repeatable experiment.
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