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Barotropic vorticity equation ¢ = {¢, 9}
o Matrix “discretization” of vorticity?

8 8 8
Tlm:Ca X11X22X33

analogue to

Yim = Ca T} Ty> T3"
a,_/
c F(S%)
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Barotropic vorticity equation ¢ = {¢, 9}

o Matrix “discretization” of vorticity?

[/ = Z Z Clm Tlm Tlm

[=0 m=—I

o Discrete dynamic equation?

\
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1 J. Hoppe and S.-T. Yau. Some Properties of Matrix Harmonics on S2. Communications in Mathematica

2V. Y. Zeitlin. Selt-Consistent Finite-Mode Approximations for the Hydrodynamics of an Incompressible
Letters, 93(26):264501, dec 2004.
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Barotropic vorticity equation ¢ = {¢, 9}
o Matrix “discretization” of vorticity?

8 8 8
Tlm:Ca X11X22X38

lsospectral tlow, i.e. N con-

. - F A2
> Discrete dynamic equation served Casimirs.
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Barotropic vorticity equation ¢ = {¢, 9}
o Matrix “discretization” of vorticity?
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Tlm:Ca X11X22X38

lsospectral tlow, i.e. N con-

A . .
Discrete dynamic equation served Casimirs. Analogue of

7 = [Z,A_lz} Cr = C® dw
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The mysterious matrix model

> Matrix model is equivalent to

5 Movyal bracket from
(Pgl (57) . ' phase space formulation

of quantum mechanics
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The mysterious matrix model

> Matrix model is equivalent to

(P<i(S%), {, }mn)

> Model is not derived from barotropic vorticity

equation

» Analogue to continuous model with weak convergence

argument?

» Disconnected from other approaches, e.g. Pavlov?, ...

1 M. Bordemann, J. Hoppe, P. Schaller, and M. Schlichenmaier. gl(e0) and geometric quantization. Communications in Mathematical P

2 D. Pavloy, P. Mullen, Y. Tong, E. Kanso, J. E. Marsden, and M. Desbrun. Structure-preserving discretization of incompressible fluids.
na, 240(6):443-458, mar 2011.
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A first hint

o Spectral discretization of barotropic vorticity equation
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A first hint

o Spectral discretization of barotropic vorticity equation

L [

I [=0 m=—I

Use J, = (e, w), e € R°
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A first hint

o Spectral discretization of barotropic vorticity equation

L [

I [=0 m=—I

Use Jr = (er,w) = (e, J(w))
which is momentum Hamiltonian for

s0(3) — S°



A first hint

o Spectral discretization of barotropic vorticity equation

L [
¢ ={¢, Ik} C=> > CimYim

[=0 m=—I

o Galerkin projection

(Yim, C) = <ylm7 {QZ yl’m’}>
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o Spectral discretization of barotropic vorticity equation

L [
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A first hint

o Galerkin projection

<ylm7 C> — <ylm7 {Cv Z nyl’m’}> = C_ :é

same as In

X 8 X
Tlm:Ca X11X22X33
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o Galerkin projection
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A first hint

o Galerkin projection cCM g ((CM)*
(Yim, C) = <ylm7 {¢. Z T Y1rm }> & :E
samke as in
Jip = (er, J(w)) = (e, w Tim = Co [ X0 X 52 X O3

momentum Hamiltonian for
50(3) = 5% = O, C 507(3) different reps
T of s0(3)

Distinguised orbits: |w| € Z



Geometry

50(3)
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Irreducible representations (algebra/group)

o C" ® (C")™ representation: (su(20+1),{,])

» Based on action of so(3) on C" lifted toC" @ (C™)*
oy Xy, i.e.{Ji, -}, through conjugation action

Approximation of Xg;y(5%) in matrix model through uni-
reps up to /.
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Irreducible representations (algebra/group)

o C" ® (C")™ representation: (su(2l+1),{,])

» Based on action of so(3) on C" lifted toC" @ (C™)*
oy Xy, i.e.{Ji, -}, through conjugation action

Approximation of Xg;y(5%) in matrix model through uni-
reps up to /. Discrete time evolution equation through un-
constrained Euler-Poinaré reduced variation principles.

© Christian Lessig, 2022

33



Structure preserving discretizations

o Pavlov et al., Gawlik et al., Bauer and Gay-Balmaz, Natale
and Cotter, Gawlik and Gay-Balmaz, ...
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Structure preserving discretizations

o Pavlov et al., Gawlik et al., Bauer and Gay-Balmaz, Natale
and Cotter, Gawlik and Gay-Balmaz, ...

o Lie algebra discretization through action on scalar functions
» Lie algebra representation on space of functions

» Galerkin projection (typically FEM) tor discretization
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Structure preserving discretizations

o Pavlov et al., Gawlik et al., Bauer and Gay-Balmaz, Natale
and Cotter, Gawlik and Gay-Balmaz, ...

o Lie algebra discretization through action on scalar functions
» Lie algebra representation on space of functions
» Galerkin projection (typically FEM) tor discretization

o Discrete dynamic equations through constrained variational
principle (Lagrange d'Alembert)
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Extension of matrix model

o Shallow water equation is geometrically based on:

Diff (5%) x F(S*)
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o Shallow water equation is geometrically based on:
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Extension of matrix model

o Shallow water equation is geometrically based on:
Diff (5%) x F(S*)
> On the Lie algebra level this corresponds to:
X(5%) @ F(S?)

H,_/
F(S?) ® F(S*)



Summary

> Matrix model can be understood through representation
theory of s0(3)

» Matrix model is infinitesimal representation on C" @ (C")”
» Connection to work by Pavlov, Gawlik, ...

» Analogous situation for the matrix model for the torus:
representation theory of (discrete) Heisenberg group

o Representation theoretic interpretation opens up
avenue for extensions
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