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Figure 1. Summary of stress magnitudes determined in the 
KTB main borehole from in situ stress measurements to 7.7 km 
depth [after Brudy et al., this issue] and theoretical frictional 
strength based on Coulomb faulting theory and near- 
hydrostatic pore pressure [Huenges et al., this issue]. The his- 
togram represents the distribution of microearthquakes that 
occurred in response to fluid injection at 9.1 km depth (indi- 
cated by arrow). Depths of approximately 100 microearth- 
quakes are shown representing those for which S-P times 
recorded in a borehole seismometer at 4 km depth could be 
used to accurately determine depth (_+ 100 m). Approximately 
400 microearthquakes, in total, were triggered by fluid injec- 
tion. The majority of microearthquakes occurred at 8.8 km 
depth and range between 7.6 and 9.0 km. The assumed brittle- 
ductile transition is shown schematically as a gradual loss of 
strength. It is based on the observation that sparse microseis- 
micity in the vicinity of the KTB site are limited to depths of 
---12 km [Dalheim et al., this issue] as well as the expectation 
that the brittle-ductile transition occurs at temperatures 300- 
350øC [e.g., Sibson, 1982]. The temperatures with depth shown 
along the right axis are derived from borehole measurements 
to 9.1 km depth and extrapolation to slightly greater depths 
assuming conductive heat flow [Clauser et al., this issue]. 

rounding the borehole persist to depths of 13 km although 
most earthquakes extend to ---10-12 km [Dahlheim et al., this 
issue]. With the exception of the seismicity associated with the 
Eger graben about 50 km NE of the KTB site, regional seis- 
micity is extremely sparse. Most earthquakes in the region have 
strike-slip to normal focal plane mechanisms [Mallet et al., 
1992], although Dahlheim et al. [this issue] report a swarm with 
more compressional focal plane mechanisms about 10 km from 
the KTB drill site. Essentially all focal plane mechanisms in the 
area are consistent with the NNW direction of maximum hor- 

izontal compression observed throughout central Europe 
[Maller et al., 1992]. The 27øC/km thermal gradient in the KTB 
borehole implies in situ temperatures of---280-320øC at 10-12 
km [Clauser et al., this issue] approximately the temperature at 

which onset of the brittle-ductile transition is normally ob- 
served [e.g., Sibson, 1982]. Possible evidence for the proximity 
of the brittle-ductile transition to the bottom of the KTB bore- 

hole based on dislocation densities in quartz grains is discussed 
by Dresen et al. [this issue]. 

As shown by Brudy et al. [this issue], a uniform --•N160øE 
direction of maximum horizontal principal stress, consistent 
with the regional stress orientation, is indicated by ubiquitous 
well bore breakouts and drilling-induced tensile wall fractures 
over essentially the entire depth range sampled by the KTB 
boreholes [see also Zoback et al., 1993]. Localized variations of 
stress orientation are observed with depth in the borehole 
which modeling suggests may be caused by small-scale slip on 
active faults penetrated by the borehole [Barton and Zoback, 
1994]. A larger-scale interval of anomalous stress orientation is 
observed at 7.1-7.2 km depth in the borehole where a major 
fault cuts through the hole [Brudy et al., this issue]. This fault 
is associated with a pronounced seismic reflector (termed "SE- 
1") which can be traced to the surface and correlates with the 
Franconian Lineament [Harjes et al., this issue]. As shown in 
Plate 1, the Franconian Lineament is the surface expression of 
a major NW-SE striking/east dipping Cretaceous thrust fault 
along which the gneisses and amphibolites of the Bohemian 
massif (penetrated by the KTB borehole) were thrust westward 
over Permo-Mesozoic sediments [Wagner et al., this issue]. 
Numerous other faults were encountered in the borehole 

(Wohlenberg et al., this issue), some of which are discussed in 
relation to the induced seismicity below. As discussed by Brudy 
et al. [this issue], drilling-induced tensile wall fractures in the 
borehole principally occur parallel to the vertical well bore's 
axis and indicate that except for some localized anomalies, 
principal stresses act generally in horizontal and vertical planes 
[see Peska and Zoback, 1995]. 

Induced Seismicity Experiment 
A temporary microearthquake network of 73 short-period 

seismometers was installed in the region surrounding the KTB 
drill site to record any seismicity induced by injection of ---200 
m 3 of KBr/KC1 brine at the bottom of the 9.1-km-deep bore- 
hole. Plate 1 shows the temporary seismic network. It was 
configured in three concentric rings at distances of about 1 km 
(A ring), 5 km (B ring), and 10 km (C ring). At each location 
of the A and B rings, there were subarrays of four and nine 
instruments, respectively. Array design followed criteria estab- 
lished earlier in connection with establishment of permanent 
seismic stations to monitor local and regional seismicity 
[Harjes, 1990]. The A subarrays were equipped with a three- 
component seismometer at the center element, whereas in the 
B subarrays, four of the nine elements were equipped with 
three-component instruments (solid circles indicate three- 
component instruments). All seismometers were short-period 
instruments with a period of 1 Hz. Portable digital acquisition 
systems with Global Positioning System (GPS) time signals 
were used in a continuous recording mode to avoid missing the 
expected small signals associated with the induced events. As 
previous induced seismicity experiments have shown the im- 
portance of downhole seismic sensors to detect induced earth- 
quakes [e.g., Fehler et al., 1987; Green et al., 1988], we installed 
a high-frequency (28 Hz) borehole geophone at a depth of 
3990 m at the bottom of the KTB pilot hole located --•200 m 
west of the main hole. The borehole seismometer was 

equipped with a triggered digital data acquisition system which 

Zoback & Harjes (1997)Byerlee (1978)

Byerlee 
Laboratory 

experiments
Borehole  

data 
KTB

Yield stress increases with pressure: Frictional plasticity 

The static coefficient of friction of ~30o 

Almost independent on the rock type
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Geological observations
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Fault angles depend on  

tectonic setting / loading type

Camamu basin — Brazilian margin (Ferreira, 2018)

Hikurangi margin — New Zealand (Barnes et al., 2020)

Faults are essential in Earth sciences: 

Structure of the crust, fluid and mass transfers, seismogenesis… 

The ability to predict fault-like zones development is necessary

http://wiki.seg.org


Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

No feedback of 
 plasticity on pressure



Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

No possibility to build-up 
and resolve shear band propagation 



Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

Fixed 45o  
shear band angle

Not Mohr-Coulomb 
nor Drucker-Prager



Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

Mesh dependence 
and lack of convergence 

Geochemistry, Geophysics, Geosystems 10.1029/2019GC008531

Figure 2. Spatial distribution of accumulated strain (!II ) calculated with an elasto-plastic rheology for three different
mesh resolutions: (a) 512, (b) 1012, and (c) 2012 nodes. Results are depicted after a bulk strain of ≈ 7.7 × 10−5. The
white lines indicate the location of solution profiles reported in (d). (d) Profiles of accumulated strain (a) probed across
elasto-plastic shear bands.

to obtain the following update rule for the total stress tensor:

!t+ 1 = −iPt + "" t + Dve(!#ve)t+ 1, (13)

where the Δ-operator represents a finite increment and i = [1, 1, 1, 0]T . The visco-elastic tangent operator
reads:
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with K the elastic bulk modulus.

If (visco)plastic flow has occurred, the incremental plastic multiplier, Δ#, must be computed from
equation (11) with

.
# = Δ#

Δt and F = 0; see also Heeres et al. (2002). Using a Taylor's expansion for the yield
function (de Borst & Feenstra, 1990; Duretz et al., 2018), or by considering that the corrected stress state
lie onto the yield surface (de Souza Neto et al., 2008), a closed-form expression for Δ# can be derived for a
Drucker-Prager yield function:

Δ# = F(!trial)
Gve + K sin($) sin(%) + &vp

Δt + H
, (15)

where 'trial is the trial stress, which has been computed assuming no (visco)plastic flow, and

H = h cos$

√
2
3

(
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(!

)T (Q
(! . (16)

Defining 't as the stress state at the beginning of the loading step, the new stress state can be computed by
adding the viscoelastic stiffness times the difference of the total and the (visco)plastic strain increments to
't:

!t+ 1 = !t + Dve(Δ# − Δ#vp) = !t + Dve
(
Δ# − Δ#(Q

(!

)
, (17)
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Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

Mesh dependence 
and lack of convergence 

Speigelmann et al., (2016)

Force balance 
not satisfied



Geodynamic models and plasticity

Geodynamic models are continuous and have limited resolution 

Frequent assumptions of geodynamic models: 

Incompressibility, no elasticity, lithostatic pressure, local/rate-independent plasticity 

Mesh dependence 
and lack of convergence 

Not supported by 
lab. data nor observations

What can we do?



Regularisation

Gradient-based regularisation: 
spatial regularisation

H.-B. Mfihlhaus: Application of Cosserat theory in numerical solutions of limit load problems 127 
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Fig. 2a and b. Geometry of the block structure (periodic elements are shaded) 

We will initially restrict our considerations to the case where the deformation is infinitesimal. 
The alterations resulting in finite deformation will be discussed at  the end of the section. Further- 
more, for simplicity, we assume that  the axes Xl, x2 arc parallel to the sides of the blocks (Fig. 2). 
The general case, when the sides of the blocks incline at a certain angle with the fixed global 
coordinate axes, is contained as a special case in the finite deformation formulation. 

In  order not to overtax the possibilities of the kinematics of the Cosserat continuum, the 
corners of the blocks are assumed to be rounded off (Fig. 2a). In  the following statical con- 
siderations this is taken into account by assuming that  2b6n has no lever arm with respect to 
the centers of the sides of the periodic element (Fig. 2b). In  addition it is assumed tha t  frictional 
forces are transferred exclusively across block sides parallel to Xl. 

The normal force intensity N and the moment  intensity M acting on side 1 (Fig. 2b) of the 
periodic element is then given by  

N 1  A 1 1 i I i (14) 6 i j n i n j ,  ~ .  [.tai~ i 

where 
&i~'=~ij ( i , ] ~ l ,  1), & n = O  (15) 

= 7  - - '  1 , t = + (16) 

The intensities M 1 and N 1 are statically admissible if the tilting condition / = Nil~2 ~- 121/1[ =< 0 
is satisfied. With respect to the flow rule it is more convenient to t reat  the two planes in (~, i~) 
space which are defined by  the tilting condition as separated yield surfaces. Expressed in terms 
of components of ~ and ~ the two yield surfaces defined by  the tilting condition are (using the 
abbreviation ~ = 2b/a) 

2 
/1 = 622 _~ 0r .~_ 0-21 ) ~_ _ _  (~a2 -~  a/~al)  ~ -  0 ,  (17) 

6t 

2 
/ 2 : 62] ~ -  0r - ~  621 ) - -  - -  (~tt3$ + ~ t S l  ) : 0 .  ( 1 8 )  

a 

Analogous considerations at  sides 3 and 4 give the conditions/a ~ 0 and ]~ ~ 0 where 

2 
]3 = 0.22 __ ~(612 _~- 621) _~ __  (/g32 - -  ~ 3 1 ) '  (19) a 

2 
/ 4 = 622 - -  0~(612 + 621) - -  - -  (#82 - -  0~t31)" (20 )  a 

We assume tha t  the values of 6n are restricted by  the no tension condition 

/5  : 611 ~ O,  : (~! ) ;  

M
ühlhaus (1989)

Cosserat medium: 
spatial regularisation

Drucker-Prager plasticity: 

Rate-dependent viscoplasticity: 
Overstresstemporal regularisation

“local”

+ 1 dof

+ 1 dof in 2D

No time nor length-scale

Straightforward implementation 
In existing codes



Implementation
Ideally, for a fair comparison we need all in a single code

Finite differences/staggered grid 

Full Newton + Line searching 
Direct iterative solver 

Modified Powell-Hestenes 
(Cholesky factors of symmetrised Jacobian) 

Open source Julia routines 

Fully iterative accelerated pseudo-transient integration 
All-in-one approach: combined linear/non-linear solve 

ParallelStencil.jl package - multiple GPUs  
Simple path to 3D 



Implementation
Ideally, for a fair comparison we need all in a single code

Finite differences/staggered grid 

Full Newton + Line searching 
Direct iterative solver 

Modified Powell-Hestenes 
(Cholesky factors of symmetrised Jacobian) 

Open source Julia routines 

Tomorrow!



Different regularisations: Shear bands

Duretz et al., in prep

γ



Regularisations: Resolution

Duretz et al., in prep
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Regularisations: Parameters

Duretz et al., in prep
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Different regularisations: Shear bands

Duretz et al., in prep

High stress rims 
Cosserat

Some interesting differences in shear band properties  

Different profiles

Clear multiples 
Viscoplastic



Different regularisations: Crust

Viscoplastic 
η = 1021 Pa.s

Viscoplastic + gradient 
η = 1021 Pa.s 

γ = 2.5 x 1013 Pa.m2

Viscoplastic + Cosserat 
η = 1021 Pa.s 

lc = 200 m

τII

Duretz et al., in prep



Conclusions
Frictional plasticity is a long-lasting problem is geodynamic modeling 

Some simple solutions exists and others have to be explored 

Viscoplastic formulations are straightforward and efficient 

Can be readily used in geodynamic simulations 

…however a proper length-scale would also be welcome 

Likely a combination of gradient/Cosserat with viscoplasticty  

would be even better suited


