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The vertical structure of the Kelvin waves
Regressed Zonal wind

The vertical westward tilt of the 
tropospheric Kelvin waves is often 
described as superposition between 
baroclinic modes, to meet surface 
boundary condition.

The vertical eastward tilt of 
Stratospheric Kelvin waves is usually 
understood in terms of plane gravity 
waves, with upward propagating 
energy and downward phase. 
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Regressed zonal wind associated with 
Kelvin waves (wavenumber 4) localized 
over the Indian Ocean.
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Spatial-temporal Wavelet-based Index 

q 2D Wavelet kernel enables us to target localized eastward 
travelling waves in contrast to the discreate Fourier technique. 

qHorizonal global wavenumber 4 localized at 80oE (Indian ocean).
qTravelling waves at specific horizontal phase speed. 

q Wavelet kernel is a tapered sinusoidal in space and time. 
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(Roundy, 2017):127
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Equation (1) represents a decaying sinusoidal function with scale factors a in time and b in space that stretch or compress128

the wavelet kernel. fx and ft are the frequencies in both space and time, and their ratio provides the speed of the target signal.129

We target wavenumber four, which is among the highest power of the Kelvin wave spectrum (Wheeler and Kiladis, 1999, see Fig.130

3). Targeting wavenumber �n = 4 means that fx = 4/360 and ft =

✓
�n

2⇡Re

◆ p
gh ⇥ 60 ⇥ 60 ⇥ 24, where Re is the radius of the131

Earth. The frequency ft and scaling factor a are related to each other here following a = 8

✓
2⇡ft
2⇡

◆�3/2
. There is no optimum132

widely accepted value for a . We optimized so that this relationship ensures that whatever the value of the equivalent depth, we133

still can get the same number of cycles in the wavelets at each frequency. We set b to 8000 after trial and error experiments, but134

we keep in mind that wavelet kernel should not be too wide as wavelet kernel must taper to zero in time and space (see Fig.1),135

otherwise localization is not fulfilled, and the wavelet reduces to some form of the discrete Fourier transform. On the other hand,136

a wavelet kernel that is too short might detect more noise-scale patterns rather than the large-scale Kelvin waves that we are137

interested in. Roundy (2017) added one globe to the east and another to the west of the original globe to allow for a spatial138

extension of the Kernel so that it could taper to zero. The wavelet is customizable more than the discrete Fourier transform as it139

is responsive to adjustments of the above parameters, yet some conditions, as we mentioned, must be fulfilled.140

F I G U R E 1 Wavelet kernel used to filter a traveling Kelvin wave: equivalent depths of 5 m (left) and 12 m (right)

To create the wavelet kernel, we set the wavenumber �n , speed c (or equivalent depth), and the decay parameter in space141

b . We target zonal wavenumber four (Roundy, 2012), across phase speeds that span from 7 to 29.7 m s�1. We target waves142

across a set of speeds because there is no specific threshold that could be used to distinguish dry or fast Kelvin waves from those143

slow or moist waves (Yasunaga and Mapes, 2014), and there is evidence that these waves exist along a continuum (e.g. Roundy,144

Scale factor in space and timewavenumber and temporal 
frequency
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Equivalent depth (m) 5 12 20 25 40 60 80 90 100 200

speed (m s�1) 7 11 14 16 20 24 28 30 31 44

period (days) 16.5 10.6 8.2 7.3 5.8 4.7 4.1 3.9 3.7 2.6

TA B L E 1 Equivalent depth (m), horizontal speed (m s�1), and period (days).

3.2 | Upward and downward data decomposition143

We adapted the Wheeler and Kiladis (1999) filtering technique to decompose the dynamical variables into upward and downward144

components instead of decomposing the anomalies into an eastward and westward components. Most literature use the “upward”145

or “downward” terminology to refer to the energy propagation. Yet in this manuscript, we are interested more in the phase146

directions, because the wavelet, and upward and downward filtering techniques decompose phase speeds rather than group-147

velocities. Hence, we use the upward-phase and downward-phase waves to refer to the upward and downward phase direction148

of the waves, while upward-energy and downward-energy to refer to the energy propagation of the waves. To accomplish the149

upward-phase and downward-phase wave decomposition, the discrete Fourier transform is applied in time and vertical level150

instead of time and longitude. A two-dimensional complex FFT yields four quadrants of positive and negative frequencies and151

vertical wavenumbers combinations. The inverse Fourier transformation of the positive frequency and vertical wavenumber152

quadrant and negative frequency and vertical wavenumber quadrant yields the downward components. The inverse transform of153

the other two quadrants yields the upward component. Maps of the upward and downward Kelvin waves were constructed by the154

projection of the upward and downward anomalies onto the wavelet-constructed Kelvin index at different speeds. Supplemental155

material includes analysis of artificial and observed data, demonstrating that the filtering algorithm is effective in separating156

upward and downward-moving fields.157

3.3 | Wavelet linear regression and statistical significance test158

Linear regression of dynamical fields and OLR were conducted using wavelet-based indexes. Those dynamical fields are the159

unfiltered, upward, and downward-filtered data explained in section 3.3. To get the regressed maps, each time series at each grid160

point or level of the independent variable were regressed against the wavelet index. To track a signal at a given phase speed, for161

example 30 m s�1, we regress the dynamical fields against the 30 m s�1 wavelet index. These phase speeds refer to the signal in162

the base index at base longitude and pressure level. Since the regressions are performed in the time domain, the wavelet index at163

the base index and pressure level may correlate with signals moving at different speeds at other locations (for example see Fig. 3)164

or pressure levels, but with a frequency that phases with the index. Targeting Kelvin waves at a specific wavenumber and phase165

speed reveal wave patterns that are difficult to get when filtering Kelvin waves over a band of wavenumbers and frequencies, as166

that approach conflates many different structures associated with signals of the different scales included in the filter band.167

We constructed the wavelet indexes based on zonal wind at 850 and 70 hPa, and OLR anomalies at 80�E across a list of168

speeds spanning from 7 m s�1 to 29 m s�1 (see Table 1) or equivalently from 5 m to 90 m equivalent depths at wavenumber169

four using the wavelet technique explained in section 3.1. OLR-based indexes are often used to trace the convectively coupled170

equatorial waves. However, the presented regression maps in this manuscript are based on zonal wind at 850 hPa except Fig. 6,171

which is based on zonal wind at 70 hPa. Regression maps based on OLR show similar patterns as those based on zonal wind172

over the Indian Ocean, but use of the zonal wind allows us to also analyze dry waves. To give the reader some ideas about173

the difference between OLR data and zonal wind indexes, we show the coefficients of determination (correlations squared R2)174

between OLR and zonal wind anomalies and also the wavelet-indexes (Table 2). Correlations between the wavelet indexes175

and variables imply that wavenumber four Kelvin waves based on the OLR and zonal wind predictors represent 1-5% of the176
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Constructing Kelvin wave index
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Longitude

2D average of the pointwise 
multiplication between the 
wavelet kernel and the data.

X1

80o E

t1

Zonal wind array at 850 hPa

• The Index based on zonal wind at 850 hPa.
• Choose wavelet kernel at certain speed.
• Center the wavelet at the base longitude (80E) and at t1.

Kelvin wave Index
based on zonal wind at 

850 hPa 5



We used complex FFT in time and vertical levels to decompose the data into 
upward and downward components. 
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Upward and downward-phase Kelvin waves :
Regressed zonal wind based on 850 hPa wavelet index

Total Downward-phase Upward-phase

30 m s-1

16 m s-1



Vertical Structure of the Upward and Downward-Phase 
Kelvin waves
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12.5 | Waves in the Equatorial Stratosphere 437
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FIGURE 12.12 Longitude–height section along the equator showing pressure, temperature, and
wind perturbations for a thermally damped Kelvin wave. Heavy wavy lines indicate material lines;
short black arrows show phase propagation. Areas of high pressure are shaded. Length of the small

thin arrows is proportional to the wave amplitude, which decreases with height due to damping. The
large shaded arrow indicates the net mean flow acceleration due to the wave stress divergence.

Equation (12.38) can be used to eliminate 8 in (12.39) and (12.40). This
yields two independent equations that the field of û must satisfy. The first of
these determines the meridional distribution of û and is identical to (11.47). The
second is simply the dispersion equation

c
2
⇣

m
2
+ 1/4H

2
⌘

� N
2

= 0 (12.41)

where, as in Section 11.4, c
2 = (⌫2/k

2).
If we assume that m

2 � 1/4H
2, as is true for most observed stratospheric

Kelvin waves, (12.41) reduces to the dispersion relationship for internal gravity
waves (5.66) in the hydrostatic limit (|k| ⌧ |m|). For waves in the stratosphere
that are forced by disturbances in the troposphere, the energy propagation (i.e.,
the group velocity) must have an upward component. Therefore, according to
the arguments of Section 5.4, the phase velocity must have a downward com-
ponent. We showed in Section 11.4 that Kelvin waves must propagate eastward
(c > 0) if they are to be trapped equatorially. However, eastward phase prop-
agation requires m < 0 for downward phase propagation. Thus, the vertically
propagating Kelvin wave has phase lines that tilt eastward with height as shown
in Figure 12.12.

12.5.2 Vertically Propagating Rossby–Gravity Waves

For all other equatorial modes, (12.34) through (12.37) can be combined in
a manner exactly analogous to that described for the shallow water equations

Holton (2012)
cphase

cgroup

cgroup

cphase

Frequency
source

We observed one wave 
component (upward-phase), 
with no reflection.
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Fast and slow upward and downward-phase Kelvin waves
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Conclusion

The vertical structure of 
the Kelvin waves over 
Indian ocean moving at 
particular phase speeds 
could be interpreted in 
terms of plane wave 
dynamics similar to that at 
the stratosphere.



Caveats and future work

• The Kelvin waves discussed here represent a tiny fraction of the bulk Kelvin wave variance.  
The structure of the tropospheric Kelvin wave filtered at bulk of wavenumbers and
frequencies resembles an overturning circulation. It is not yet clear how superposition of 
downward phase wave could yield an overturning circulation. 

• The height of the Elbow joint, which is thought to be the source of the radiative upward 
and downward waves, is higher than that of the diabatic heating in the Indian ocean.

• The quick fading of the slow stratospheric Kelvin wave with respect to the dry wave.



More Slides 



Downward componentUnfiltered Zonal wind Upward component

Most of the QBO amplitude appears in the 
downward component.

Decomposing the Quasi Biennial Oscillation (QBO) 
into upward and downward components 
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Upward and downward-phase Kelvin wave 
Regressed zonal wind (shaded) & geopotential (contour) 

Total Downward-phase Upward-phase
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30 m s-1

16 m s-1



Upward and downward-phase Kelvin wave
Regressed temperature (shaded) & zonal wind (contour)

Total Downward-phase Upward-phase

15

30 m s-1

16 m s-1



Upward and downward-phase Kelvin wave
Regressed zonal wind (shaded) & vertical wind (dash) 

𝑢&𝑤& > 0

𝑢&𝑤& < 0

| Upward motion
.. Downward motion

𝑢&𝑤& > 0

𝑢&𝑤& < 0

Total Downward-phase Upward-phase

16

30 m s-1

16 m s-1



• Convective heating (one signed diabatic heating in 
the troposphere) is frequently modeled as 
associated with the first baroclinic mode.
• Stratiform heating (two signed diabatic heating in 

the troposphere) is frequently modeled as if 
associated with the second baroclinic mode 
(Mapes (1999)).
• Superposition between the first and second 

baroclinic mode yields a top-heavy diabatic heating 
structure.
• Tilted vertical structure of the dynamics field may 

be produced by superposition between the two 
modes.

currents. One tradition regards this upward air motion as
occurring in the form of bubbles or ‘‘parcels’’ of warm,
moist (high equivalent potential temperature qe) air origi-
nating in the boundary layer, accelerating upward after
being forced above the local level of free convection,
entraining varying amounts of environmental air via
in-cloud turbulence as they rise, then decelerating and
eventually stopping and spreading out laterally at or near

a level of neutral buoyancy. The parcel view of lifting in
convective clouds has inspired conceptual models of con-
vective clouds such as that of Raymond and Blyth [1986]
(Figure 5). Riehl and Malkus [1958] had the parcel view in
mind when they postulated that the high-qe air characterizing
the tropical upper troposphere must arrive there in the form
of undiluted air parcels originating in the planetary boundary
layer (i.e., the ‘‘lucky’’ parcels in Figure 5). The entraining

Figure 3. Schematic of a tropical mesoscale convective system in its mature stage. LW and SW indicate
long- and short-wave radiation, respectively. Light shading indicates cloud. Vertical lines with medium
shading indicate stratiform precipitation. Black indicates convective precipitation. Straight, solid arrows
indicate convective updrafts and downdrafts. Wide, open arrows indicate mesoscale ascent and
subsidence in the stratiform region, where vapor deposition (Dep.) and evaporation (Evap.) occur.
Adapted from Houze [1982], courtesy of the Meteorological Society of Japan.

Figure 4. (a) Idealized profiles of net heating associated with convective and stratiform precipitation in
a mesoscale convective system. The x axis is nondimensional until precipitation amounts are specified for
the convective and stratiform regions. (b) Profiles of net heating by a mesoscale convective system with
different fractions of stratiform precipitation. Adapted from Schumacher et al. [2004].

RG4003 HOUZE: MESOSCALE CONVECTIVE SYSTEMS

3 of 43

RG4003

Adapted from Houze (2004)

Convective and stratiform modes.
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Reduced phase speeds of the moist waves

regressed geopotential anomalies 

Tilt of the waves is almost 
invariant 

regressed zonal wind anomalies 

𝜆.
𝜆/
=
𝜔 − 𝑘&𝑢
𝑁

≈ 𝑐𝑜𝑛𝑠

Waves of low frequencies 
(phase speed) favor 
environments with low  
static stability.
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