
The Dispersive Nature 
of the Heliospheric Termination Shock

Bertalan Zieger, Joe Giacalone, Marc Swisdak, Gary Zank, and 
Merav Opher

J Nonlinear Sci (2014) 24:525–577 527

(a) (b)

Fig. 1 Density for the negative dispersion, 1−-DSW case (a) and positive dispersion, 1+-DSW case (b)
with stationary soliton edge s+ = s− = 0 (see Sect. 6). The background flow velocities u 1, u 2 and linear
wave edge velocities v+, v− are also pictured. In (a), backflow (v− < 0) occurs, while in (b), it is possible
for the downstream flow to be negative when a vacuum point appears (see Sect. 9)

As laid out originally by Gurevich and Pitaevskii (1974), a DSW can be described by
the evolution of a free boundary value problem. The boundary separates the oscillatory,
one-phase region, described by the Whitham equations, from nonoscillatory, zero-
phase regions, described by the dispersionless evolution equation. The regions are
matched at phase boundaries by equating the average of the one-phase solution to the
zero-phase solution. Thus, the free boundary is determined along with the solution.
There are two ways for a one-phase wave to limit to a zero-phase solution. In the
vicinity of the free boundary, either the oscillation amplitude goes to zero (harmonic
limit) or the oscillation period goes to infinity, corresponding to a localization of the
traveling wave (soliton limit). The determination of which limiting case to choose at
a particular phase boundary requires appropriate admissibility criteria, analogous to
entropy conditions for classical shock waves.

Riemann problems consisting of step initial data are an analytically tractable and
physically important class to study. For a system of two genuinely nonlinear, strictly
hyperbolic conservation laws, the general solution of the Riemann problem consists
of three constant states connected by two self-similar waves, either a rarefaction or
a shock (Lax 1973; Smoller 1994). This behavior generalizes to dispersive hydrody-
namics, so borrowing terminology from classical shock theory, it is natural to label
a left(right)-going wave as a 1(2)-DSW or 1(2)-rarefaction. See Fig. 1 for examples
of 1±-DSWs where the ± sign corresponds to positive or negative dispersion. For
a DSW resulting from the long-time evolution of step initial conditions, the oscil-
latory boundaries are straight lines. These leading and trailing edge speeds can be
determined in terms of the left and right constant states, analogous to the Rankine–
Hugoniot jump conditions of classical gas dynamics. Whitham modulation theory for
DSWs was initially developed for integrable wave equations. Integrability in the con-
text of the modulation equations (Tsarev 1985) implies the existence of a diagonalizing
transformation to Riemann invariants where the Riemann problem for the hyperbolic
modulation equations could be solved explicitly for a self-similar, simple wave (Gure-
vich and Pitaevskii 1974; Gurevich and Krylov 1987). The two DSW speeds at the
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Overview

• Three-fluid, hybrid, and particle-in-cells (PIC) simulations of the 
heliospheric termination shock

• Validation with Voyager 2 termination shock crossings (TS2, TS3)

• Cross-shock electric field for the three types of simulations

• Conclusions



Dispersive Fast Magnetosonic Modes 
in the Three-Fluid Solar Wind Model
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The presence of hot 
pickup ions results in a 
low-frequency fast 
mode (FSW) and a 
high-frequency fast 
mode (FPUI).

Both fast modes are 
dispersive on fluid 
scale.

FPUI corresponds to the 
fundamental ion 
Bernstein mode in the 
kinetic description.

Zieger et al., 2015
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Fast Magnetosonic Mach Number of the 
Termination Shock

nSW1 = 0.001278 cm!3, TSW1 = 4155 K and B1 = 0.0670 nT. In case of TS2, the downstream conditions signifi-
cantly changed during the 2 h before the shock crossing, which means that we cannot really assume a
constant compression ratio and a constant shock speed for this crossing. Because of this temporal variation,
we excluded TS2 from further analysis.

We can write the MHD shock adiabatic equation (see in text books, e.g., in Fitzpatrick [2014]) of the total fluid
for a perpendicular shock as a function of the upstream sonic Mach number (M1) and the upstream plasma β
of the total fluid (β1) as

2 2! γð Þq2 þ γ 2 1þ β1ð Þ þ γ! 1ð Þβ1M2
1

! "
q! γ γþ 1ð Þβ1M2

1 ¼ 0; (18)

where β1 ¼
2μ0 pSW1þpPUI1þp&e1ð Þ

B21
and M1 ¼

u SW1!Vsð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρSW1þρPUI1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ pSW1þpPUI1þp&e1ð Þ

p .

Substituting pPUI1 = nPUI1kBTPUI1 and ρPUI1 =mpnPUI1 into equation (18), where kB is the Boltzmann constant
and mp is the proton mass, we have only two unknowns, the upstream pickup ion number density (nPUI1)
and the upstream pickup ion temperature (TPUI1). Now we can solve the shock adiabatic equation for the
pickup ion temperature as a function of the pickup ion density. The solutions for TS2 and TS3 are plotted
in Figure 3b in the case without energetic electron pressure (p&e1 ¼ 0). Here the pickup ion density is normal-
ized to the upstream thermal ion density. All pairs of nPUI1 and TPUI1 along the shock adiabatic curve satisfy a
shock in the total fluid with the given compression ratio and shock speed. Thus, we reduced the number of
free parameters in our three-fluid model to one, namely, the pickup ion number density (nPUI1). Similar curves
can be obtained for the hot electron case with a nonzero apparent electron pressurep&e1. In the latter case,p&e1
represents an additional free parameter in the model.

Figure 4. Multifluid structure of termination shock crossing TS3 in the cold electron case. (a) Quasi-stationary multifluid
shock solution in the shock frame for a pickup ion abundance of 41% and the corresponding pickup ion temperature of
8.6 MK. The two vertical dashed lines mark the location of the marginal pickup ion shock and the thermal ion shock,
respectively. The magnetic field profile consists of a foot, a ramp, an overshoot, and a quasi-stationary nonlinear “wave
train.” (b) Observed and simulated termination shock crossings of TS3. Black crosses (V2) are the Voyager 2 data and solid
lines (model) are the corresponding parameters obtained from the quasi-stationary shock wave solution in Figure 4a.
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Shock adiabatic equation for perpendicular shocks 
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The shock adiabatic equation can be solved for the upstream sound speed of 
the total fluid (cs,1).

Compression Ratio                    Mach Number
TS2 q=2.2                                  Mfm,1 = 1.86
TS3                                 q=1.6                                  Mfm,1 = 1.40

Both termination shock crossings of Voyager 2 were low-Mach number 
subcritical shocks (Mcrit = 2.76 for high-! perpendicular shocks).
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Three-Fluid and Hybrid Simulations of TS2 

The shock structure is dominated 
by dispersion rather than ion 
reflection.

The secondary peaks in the ion 
density are produced by reflected 
solar wind and pickup ions.



Ion Reflection at the Termination Shock  
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Decreased ion velocities and increased ion densities upstream of the termination 
shock indicate reflected ion populations in the hybrid simulation.
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Model Validation With Voyager 2 Data, TS3 
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The pickup ion 
temperature can be 
constrained by fitting 
the simulated shock 
structure to Voyager 2 
observations.

nSW=  0.0013 cm-3

TSW= 4200 K
B= 0.067 nT
nPUI= 0.25 nSW
APUI= 0.2
TPUI= 13.4 MK
Te= 0.83 MK
pe= 0.0173 pPa

Zieger et al., 2015
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Generalized Ohm’s Law:

convective ambipolar ohmic

! = −$%×' +
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The Hall term dominates 
in the cross-shock electric 
field.

The convective and 
ambipolar terms more or 
less compensate each 
other.



Conclusions

• The termination shock is a low-Mach number dispersive shock wave with a 
soliton edge and a quasi-stationary trailing wave train.

• Both termination shock crossings of Voyager 2 (TS2, TS3) are subcritical 
shocks, where dispersion dominates over ion reflection.

• General agreement among the three-fluid, hybrid, and PIC simulations of the 
termination shock.

• Kinetic effects (reflected solar wind ions) only slightly modify the shock 
structure.

• The simulations closely reproduce the Voyager 2 termination shock 
crossings.

• The cross-shock electric field is dominated by the Hall term.


