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ӻXX , ӻYY , ӻZZ , ӻXY , ӻYZ , ӻZX    Unitary forces of 1 MPa are applied to the faces of each element 

uXX , uYY , uZZ , uXY , uYZ , uZX          

 UXX , UYY , UZZ , UXY , UYZ , UZX 

sXX ,  sYY ,  sZZ ,  sXY ,  sYZ ,  sZX

Utot (x,y,z)= sXXUXX+  sYYUYY+ sZZUZZ+ sXYUXY+ sYZUYZ+ sZXUZX

 Computation of corresponding displacements on surface 

       Sum of contributions from each element in the assembly

              Estimation of scale parameters to be uniformly applied to Uij

• Deformation source modeling approaches typically rely on a-priori shape assumptions 

• Attempts in literature simulating cavities as aggregates do not always fulfill continuum 
mechanics principles and are limited to elastic half-space, or use expensive re-meshing 

• The stress field of a uniform distribution of couples of forces is equivalent to that caused 
by uniform normal stresses applied to the internal surface of a pressurized cavity (Fig.1) 

• This concept is implemented in a FEM mesh, applying a stress tensor to the faces of 
cubic solid elements, creating an elementary forward model suitable to be assembled in 
a source of potentially any shape (Fig.2) 

• We obtain a geometry-free source model, in a full FE space, allowing for pre-computed  
solutions on surface to be uniformly scaled with 6 scaling factors.

Design of a composite source method using FEM
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Fig. 2    The elementary unit mechanism

Original figure in Trasatti et al. (2008)

Fig. 1



Synthetic testing and validation

FEM assembly vs analytical source 

FEM assembly vs FEM cavity*
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Sxx = 2.654 Syy = 2.654 Szz = 2.155
Sxy = -0.095 Syz = 0.236 Szx= 0.237

Sxx = 2.755 Syy = 2.755 Szz = 2.172
Sxy = -0.153 Syz = -0.179 Szx= -0.179

a = 2951 m (volume eq) b/a = 0.333
dip = 60° Strike = 45°

* pressure applied to cavity boundaries

• Synthetic tests prove the equivalence with the deformation fields 
produced by corresponding cavities, with uniform pressure applied to 
the boundaries Fig.3 

• Sources with oblique symmetry axes ( dip ≠ 90°, strike ≠ 0°) require also 
the shear components i.e. all 6 scaling factors  (see example below) 

Fig. 3    



Inversion algorithm flowchart

END

do i=1, N  *
N= number 
of iterations

i +1

if i<N

if i=N

accepted

rejected

read data
· es. InSAR,GNSS, tilt
· correlation lengths 

read prior info
· bounds for prior 
  probability distribution 

read responses
· surface displacements 
· surface grid nodes 
· elements centroids  

get initial model
randomly from prior

Compute misfit
likelihood L(m)=p(m|d) 
using covariance matrix

Metropolis-Hastings
candidate model (m1) 
acceptance based on 
likelihood ratio:

                  L(m1 )
                  L(m0 )
Į� �min[1,     ]

Candidate model
       becomes 
 the current model

* parallel independent chains computation allowed  posterior probability density 
(PPD) of model parameters
from saved models   

save current model

Perturb current model (m0)
selecting a random move from 
the recipe (17 moves):

- scaling factors (displacements,
           data error)

- V-cell nucleii number**, position

       Two sets of 3D Voronoi cells:
          - IN = deformation source 
          - OUT = outer crust      

** trans-dimensional moves changing the model dimension
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the algorithm tends to a parsimonious solution

Comparison of source configurations
analytical source (Yang et al. 1988)

Voronoi cells synthetic  

FEM assembly

Voronoi cells model

Sxx = 2.577
Syy = 2.577
Szz = 1.994

Sxy = 0.000
Syz = 0.000
Szx = 0.000

a = 1500 m

ΔP = 1·106 Pa 

b/a = 0.5 

IN = 49
OUT = 78

Cells IN = 1
Cells OUT = 14

N°elements = 30  (Vol= 3.7·106 m3)

dip = 90° 

strike = 0° 

A   

C    

B   

D   

N°elements = 30N°elements = 30



• Modeling free of a-priori geometry assumptions, source shape defined by the data 

• Advantages of FEM domain potential complexities (topography, 3D fully heterogeneous) 

• Based on pre-computed set of solutions to be scaled, improving cost-efficiency 

• Supported by a sophisticated bayesian trans-dimensional inversion algorithm   

• Rigorous in terms of continuum mechanics 

• Work in progress:  Application to Long Valley Caldera, CA 

• Promising approach in the view of more realistic source representations (irregular shapes) 

Conclusions and final remarks
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