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Soliton solution of the NLSE

𝜓!"" 𝑥, 𝑡 = 2𝜂
exp[−2𝑖𝜉 𝑥 − 𝑥# − 2𝑖 𝜉$ − 𝜂$ 𝑡 + 𝑖𝜃′]

𝑐ℎ[2𝜂(𝑥 − 𝑥′) + 4𝜉𝜂𝑡]

𝜁! = 𝜉! + 𝑖𝜂!

jth soliton complex discrete eigenvalue:

𝜒 = 2𝜂

𝑉 = 2𝜉

𝑥′

𝜃′
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Scattering problem for an arbitrary shaped wave filed

Mathematical formulation on the infinite line:

Φ! =
−𝑖𝜁 𝜓
−𝜓∗ 𝑖𝜁 Φ Zakharov-Shabat system

lim
𝒙→%&

Φ = 𝑒%'(!
0

, lim
𝒙→)&

Φ =
𝑎(𝜁)𝑒%'(!

𝑏(𝜁)𝑒)'(!
Wave function 
asymptotics

Practical formulation on the interval 2L:

Φ*+(−𝐿) = 𝑒%'(,
0

; Φ*+(𝐿) =
𝑎*+(𝜁)𝑒%'(,

𝑏*+(𝜁)𝑒)'(,

Φ*+(𝐿, 𝜁)
Φ-

*+(𝐿, 𝜁)
= 𝑆

Φ*+(−𝐿, 𝜁)
Φ-

*+(−𝐿, 𝜁)

{ 𝑎*+ 𝜁. = 0; 𝜌. = 6
𝑏*+ 𝜁
𝑎*+- 𝜁 (/(!

; 𝑟 𝜉 =
𝑏*+ 𝜉
𝑎*+ 𝜉

}

𝑎*+ 𝜁 = 𝑆00𝑒1'(,;

𝑎′*+ 𝜁 = [𝑆20 + 𝑖𝐿(𝑆00 + 𝑆22)]𝑒1'(,
𝑏*+ 𝜁 = 𝑆10;
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| 𝜁 = 𝜉 + 𝑖𝜂

complex-valued
spectral parameter of the 
scattering problem

Wave field at a fixed
moment of time

𝜓(𝑥, 𝑡!)

Scattering data !

{ 𝑎 𝜁" = 0; 𝜌" = /
𝑏 𝜁
𝑎# 𝜁 $%$!

; 𝑟 𝜉 =
𝑏 𝜉
𝑎 𝜉

}
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On behaviour of scattering coefficients 𝐚 𝜻 , 𝒃 𝜻 in the 𝜁- plane
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6-soliton solution example

𝑎& 𝜁 =4
'%(

&
𝜁 − 𝜁'
𝜁 − 𝜁'∗

,

Exact result for the infinite line:
Leading order answer for the finite interval L:

𝑏 𝜁" = 6𝜌"𝑎&# 𝜁
$%$!

𝑎&,+, 𝜁 = 𝑎& 𝜁 + 𝑜&,

𝑏&,+, 𝜁 =𝑎& 𝜁 ∑'%(& -" .#$% &#&" '

$/$"
+ 𝑜&

𝑜& = p 𝜁 o(𝑒/01(%!2)

lim
2→4

𝑏&,+, 𝜁' =𝑏 𝜁'
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�1 =-0.1 + 0.5 i

�2 = 0.1 + 1.0 i

�3 =-0.1 + 2.0 i

�4 = 0.1 + 2.5 i

�5 =-0.1 + 1.0 i

�6 = 0.1 + 0.5 i
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(b) machine precision
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Anomalous numerical errors of the 
direct scattering transform (DST) procedure

Expansion near 𝜁':

Dependence of the errors on L:

Critical errors:

2-soliton example:

A. Gelash and R. Mullyadzhanov, Anomalous errors of direct scattering 
transform Physical Review E 101, 052206 (2020).



DST is stable with respect to input wave field distortions, i.e. represents a  “well-posed”
problem! The anomalous errors can be always fixed using high precision arithmetic. 
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6-soliton solution + noise

Scattering data recovery for 2000 random noise realizations



A.A. Gelash, and D.S. Agafontsev, "Strongly interacting soliton gas and
formation of rogue waves", Phys. Rev. E, 98, 042210 (2018)

𝜓"## 𝑥, 𝑡 =

𝐝𝐞𝐭

0
𝑞$,$∗
⋮

𝑞$,' ⋯ 𝑞(,'
(𝒒𝟏/ 𝒒𝟏∗ )
𝜁$ + 𝜁$∗

⋯ (𝒒𝟏/ 𝒒𝒏∗ )
𝜁$ + 𝜁(∗

⋮ ⋱ ⋮

𝑞(,$∗
(𝒒𝒏/ 𝒒𝟏∗ )
𝜁( + 𝜁$∗

… (𝒒𝒏/ 𝒒𝒏∗ )
𝜁( + 𝜁(∗

𝐝𝐞𝐭

(𝒒𝟏/ 𝒒𝟏∗ )
𝜁$ + 𝜁$∗

⋯ (𝒒𝟏/ 𝒒𝒏∗ )
𝜁$ + 𝜁(∗

⋮ ⋱ ⋮
(𝒒𝒏/ 𝒒𝟏∗ )
𝜁( + 𝜁$∗

⋯ (𝒒𝒏/ 𝒒𝒏∗ )
𝜁( + 𝜁(∗

𝜙3 = −𝑖𝜁3 𝑥 − 𝑥3- − 𝑖𝜁31𝑡 − 𝑖𝜃3-/2

𝒒𝒋 = (𝒆/6) , 𝒆76))𝑻

Inverse scattering transform for multi-soliton wave field

We need high precision arithmetic !
−200 −100 0 100 200

0

1

2

3

4

x

|ψ
| −5 0 5

0

1

2

3

x

|ψ
|

−2 0 2
0.4

0.5

Reλn

Im
λ
n

(a)



Bound-state soliton gas as the limit of adiabatically growing integrable turbulence 
D.S. Agafontsev, A.A. Gelash, R.I. Mullyadzhanov and V.E. Zakharov



Solitonic model of the grown-up wavefields

Top row: Grown-up wavefields (blue lines) the corresponding solitonic model (red lines). 
Bottom row: Distributions of soliton amplitudes and velocities at different stages of the pumping.
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Numerically computed probability distributions of 
soliton phases and position parameters

It is uniform!
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