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› Nonlinear Schrödinger equation (NLSE)
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› Complex wave envelope 𝜓

𝝍 𝑥, 𝑡 ∈ ℂ

› Wave elevation 𝜂

𝜂 𝑥, 𝑡 = Re 𝝍 𝑥, 𝑡 𝑒𝑖 𝑘𝑥−𝜔𝑡 ∈ ℝ
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Theory & Background



› Sech envelope soliton – stable
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› Multi-soliton – breathe
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› NLSE amplitude scaling transformation
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Research gap

› NLSE time reversal symmetry

› NLSE Galilean symmetry

Fundamental properties of NLSE



› Galilean transformation
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› Galilean-transformed soliton
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Theory (NLSE)



6

Flume

Piston-type paddle

Absorptive beach

𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑣𝑖𝑡𝑦~0 if 𝛼 ≈ 8°

30m
Paddle Specification

Working depth: 0.4-0.9 m 

Frequency: 0.5-2.0 Hz

Working frequency (for original envelope soliton waves): 1.5 Hz 

Experiments



Theory (NLSE)
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Experimental results
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Higher-order modelExperimental results

1. Higher-order NLSE modelling (MNLSE) 
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waves. Physics of Fluids 23, 016601 (2011).



2. Soliton order effect
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• In terms of initial condition, we let

𝜓G,sech 𝑎, 𝑘, 𝑐, 𝑥 = 0, 𝑡 = 𝑅𝜓sech 𝑎′, 𝑘′, 𝑥 = 0, 𝑡 ,

where R is the order factor, 𝑎′ =
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• It was derived analytically that
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HOSM simulation of Galilean envelope soliton 
(Multi-soliton of order 4)
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Envelope evolution Spectrum evolution
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› Summary

- At 𝒪 𝜖3 level the Galilean envelope solitons are steady;

- Experiments do not support the steadiness of the solution;

- The MNLSE shows good agreements with the experiments;  

- Connection between Galilean-transformed soliton and multi-soliton dynamics;

- Soliton fission and supercontinuum as a result. 

› Results are currently in press:
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