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3D hydrodynamics with Free surface

A 3D hydrodynamics of potential flow of an ideal
incompressible deep fluid with a free surface in a
presence of gravity field is considered:

—00 < X< 00, —00 <Y< 00, —00 < Z<n(xY,t)

AZ
Free surface n(T,t) lg

/\ )
Fluid d)(f,z,t)L

. F=(xY)
Boundary conditions: n(7, £) — shape of the surface
0 1 (7, t) — velocity potential at the
(‘Tti + E|V¢\Z +on =0 surface
atz=n(x,y, t) - . e
@ VRV = @ ’ o(T, z, t) — velocity potential inside
at T YTV T G the Fluid
Hamiltonian system
The system is Hamiltonian, n and ¢y — On _0H 9% _ oH
Hamiltonian variables [V. E. Zakharov, ot 5y’ ot on
1968].

n
H= %/dxdy/ (v¢)2dz+§/n2dxdy

Zakharov, V. E. (1968). Stability of periodic waves of finite amplitude on the surface of a deep fluid. Journal of
Applied Mechanics and Technical Physics, 9(2), 190-194.



The Zakharov Equation

In the assumption of small wave steepness p < 1 the Hamiltonian can be expanded
into the power series of n and . Applying canonical transformation n, ¢ — b, b* one
can simplify the original Hamiltonian by removing all so-called non-resonant terms:

Simplified Hamiltonian
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The equation of motion in this case is the traditional Zakharov equation:
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T%’/@ — four-wave interaction coefficient (very complicated in 2D).
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The most compact form can be found in [V.V. Geogjaev, V.E. Zakharov, 2017].

Geogjaev V. V., Zakharov V. E. Numerical and analytical calculations of the parameters of power-law spectra for
deep water gravity waves //JETP Letters.—2017.—T. 106.—N2. 3. - C. 184-187.




Four-wave interaction coefficient in 1D case

In 1D case coefficient 722/(:(3 has an explicit form [Dyachenko, 2020]:
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Dyachenko A. I. Canonical system of equations for 1D water waves // Studies in Applied Mathematics. - 2020. - T.
144.-N2. 4.-C. 493-503.



Resonant manifold

The coefficient Tizé:(3 has a special property allowing further simplification of the
Hamiltonian by using canonical transformations:
T =0 if kkikks <0, (1)

Any canonical transformation applied to Hamiltonian system has to keep the value of
coefficient T,kféf3 unchanged on the resonant manifold:

k+ki = ko +ks,
wptwg, = Wk, T W, (2)

In 1D case all solutions of equations (2) can be divided into two parts: trivial and
non-trivial solutions:
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Canonical transformations: equation in b, b*

One can apply canonical transformation to replace 722/(:(3 by new four-wave

interaction coefficient ﬂTkkf,‘(:% coinciding on the resonant manifold:
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The Hamiltonian and the dynamical equation for bin k-space now are the following:
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Using operators kand &, which are multiplication by |k| and /g|K| in Fourier space,
the equation of motion in x-space takes the form:
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Canonical transformations: equations in ¢ and ¢

The diagonal part of four-wave interaction coefficient on the resonant manifold can
be written as:

ﬁ|k||k1 [ min(|&|, |k1]), if all kare positive (or negative)
Tew =3 =2 Kllky | min(|K], K1), if kky < 0and koks < O 4)
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Now we replace the original coefficient by the new coefficient %Zk’:?

T = kil ks |k (5)

The canonical transformation (b — ¢) replaces TkZ k3 by Tk2 k3 and allow to divide
waves into two groups: waves running to the leFt and to the right:
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Dyachenko A. I. Canonical system of equations for 1D water waves //Studies in Applied Mathematics. - 2020. - T.
144.-N2. 4. - C. 493-503.



Canonical transformations: equations in ¢ and ¢

Hamiltonian in terms of ¢ and ¢~ can be written in x-space:
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Corresponding equations of motion are supercompact equations:
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To 2D case: equation in b

To generalize the coefficent to the case of 2D waves we replace wave numbers by
vectors k — k, coefficient Dkz’k3 — D k3 and the products of wave numbers by

scalar products, and thus taklng into account angular dependence:
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Now b = b(x, y, t), operator k now is multiplication by |k| = \/kZ + k3, & — by 1/ ||
in k-space, and partial derivatives are replaced by V operators.
1D Equation of motion in band b* variables turns to the:
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The comparison of coefficients in 2D case

Comparison of the original two-dimensional Zakharov coefficient T’fzZ 3 with the
1 1

generalized coefficient Tkzk 3 on the resonance manifold was carried out by Dr. V.V.
1
Geogjaev. The figures show the behaviour of coefficients on Phillips curve

respectively.
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The comparison showed that the coefficients are very similar which justifies the
generalization.



To 2D case: equationin ¢t and ¢

The same procedure can be perFormed for equationsin ¢ and ¢—. Now we also

replace coefficient Dkz’k3 — §2Lk3,d+ — ikby,, 85 — —iko_y,.

Now ¢ = c™(x, ¥, t), ¢~ = ¢ (x,, t) and the Hamiltonian takes the following form
in x-space:
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The corresponding equations of motion now are:
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Numerical simulations

As a physical problem to test our models we consider 1D perturbed standing wave
Ao = 20m., u = |Vn| ~ 0.26 in a water channel with vertical smooth walls:
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Interms of band ct, ¢~ the surface can be recovered by following canonical
transformations:
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This results in the following conditions for variables:

b(—kx, ky) = b(kx, ky); ¢ (—kx, ky) = " (kx, ky) (10)
Thus, condition (10) for b variables is maintained at each time step while calculating

in equation (6). In the case of variables c*, ¢~ one can use only the first equation in
(7) with condition (10) for ct, ¢ variables:
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2D Spectra dynamics

Equation in b, b*:
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1D spectra and energy dynamics
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Surface dynamics

Equation in b, b* Equationsin ct, ¢~
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Thus, the results obtained in both proposed models are very similar. Consequently,
the 2D supercompact equations should also be very similar to the original 2D
Zakharov equation.



Conclusion

» Two new Hamiltonian models have been proposed to describe the dynamics of
2D deep water waves. The derivation of the models was based on the use of
compact forms of the 1D Zakharov equation.

* As a physical problem the dynamics of standing waves in a water channel with
smooth vertical walls was considered. Similarities in overall dynamics in both
models and comparison with original 2D Zakharov equation allow us to conclude
that these models can be successfully applied to numerical simulations of 2D
deep water waves.

Thank you for your attention!



