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The	Greenland	Ice	Sheet	is	
losing	mass



The	positive	melt-
elevation	feedback	
enhances	ice	losses	of	
Greenland	Ice	Sheet
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Figure 1. Ice sheet hysteresis. If the ice sheet is in an unstable con-
figuration (dashed black branch), a slight perturbation will either
cause it to converge into the stable state (upper red branch) or to
melt completely. For a given temperature, the dotted line gives the
critical surface elevation (Sect. 3). If the surface elevation is lower
than hc, a complete meltdown of the ice sheet is inevitable. Once
the temperature threshold, Tc, is crossed, the time for a collapse of
a certain fraction of the ice sheet can be estimated via Eq. (17).

rate per degree of warming, which is regularly measured and
comprises a large number of physical processes (e.g. Box,
2013). For simplicity we rescale the surface mass balance by
the constant ice softness parameter, A, to obtain h = (a0 +
�0 ·h)

1/m. The steady-state solution for the surface elevation
of the ice sheet is thus governed by the following equation:

h

m � �0 · h � a0 = 0, (7)

which has two positive solutions for h as long as the surface
mass balance on the ground is negative, i.e. a0 < 0. Note that
the surface mass balance can be positive even if a0 < 0. If the
ice sheet is in an unstable configuration, a slight perturbation
will either cause it to converge into the stable state with a
positive surface mass balance or to melt completely.

Our simple approach qualitatively captures the basic hys-
teresis behaviour of the Greenland Ice Sheet caused by the
melt elevation feedback (Fig. 1, in which we have assumed
the surface mass balance to depend linearly on temperature):
For a given surface temperature, a stable state of the ice sheet
(red line) annihilates an external perturbation in surface el-
evation by changes in surface mass balance (grey arrows).
The unstable solution branch defines the basin of attraction
for the stable state. A surface elevation that is lower than the
unstable solution branch cannot be sustained. In that case the
melting reduces the surface elevation to practically zero even
without further external perturbation (grey arrows). Beyond
a certain surface temperature threshold (vertical dotted line),
no ice sheet can be sustained.

2.2 Critical surface mass balance in steady state

As illustrated in Fig. 1, there is a critical temperature above
which the ice sheet is not sustainable. Let us denote the cor-
responding surface elevation by hc. The critical point

(

Tc,hc)

has to fulfill two conditions, i.e. being a solution of the gov-
erning Eq. (7) and minimum of the function

F(h) = h

m � �0 · h � a0, (8)

which we can determine by setting the derivative of F to
zero. Consequently,

hc =
✓

0 · �
m

◆1/(m�1)

. (9)

Inserting this into the governing equation yields the critical
surface mass balance at the ground:

a0c

= �(m � 1) ·
✓

0 · �
m

◆
m/(m�1)

. (10)

For illustrative purposes we have assumed a0 to decline
linearly with the surrounding temperature and plotted the so-
lution of Eq. (7) against that temperature with an arbitrary
offset in Fig. 1.

3 A simple temporal equation for the melt elevation

feedback

Once the critical surface mass balance and surface elevation
threshold (as derived in the previous Sect. 2) is transgressed,
a meltdown of the ice sheet is inevitable in our conceptual
model. Let us define the time ⌧

↵

as the time it takes to melt
a fraction ↵ of the initial ice volume and the threshold tem-
perature Tc as the temperature above the pre-industrial level
at which the surface mass balance becomes negative. Robin-
son et al. (2012) find a range of 0.8–3.2 �C for the thresh-
old warming beyond which no ice sheet can be sustained
on Greenland. Their best estimate for the threshold is 1.6 �C
above pre-industrial level. The study uses a regional climate
model of intermediate complexity (Robinson et al., 2010)
coupled to the SICOPOLIS (SImulation COde for POLyther-
mal Ice Sheets) ice sheet model (Greve, 1997). Using a dif-
ferent model combination, Ridley et al. (2010) find that in
their model the ice sheet cannot be sustained for a warm-
ing of 2 �C. They combine the HadCM3 atmosphere–ocean
general circulation model (Gordon et al., 2000) with an at-
mospheric resolution of 2.5�⇥3.75� (Pope et al., 2000) to an
ice sheet model of 20 km horizontal resolution (Huybrechts
and De Wolde, 1999).

Some studies assume that the threshold is associated with
a mean negative surface mass balance (Gregory et al., 2004b;
Ridley et al., 2005; Toniazzo et al., 2004). In Fig. 2 we use
1.6 �C as a threshold value for both models because this value
is given by Robinson et al. (2012) and consistent with Ridley
et al. (2010) and is thus a simple and transparent choice. This
number can be easily adjusted if new estimates are obtained.
For the translation from percentage ice thickness change to
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But	isn’t	this	picture	too	simple?	
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Bedrock	response	is	important	for	marine	ice	
sheets



Kingslake et al. 2018

Bedrock	response	is	important	for	marine	ice	
sheets
• Grounding line re-advance in 

Antarctica



Kachuch et al. 2020
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Bassis et al. 2017

Bedrock	response	is	important	for	marine	ice	
sheets
• Grounding line re-advance in 

Antarctica

• Slow down of marine ice 
sheet collapse of Pine Island 
Glacier

• Heinrich events
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PISM	simulations
• thermo-mechanical coupling 

• shallow ice approximation + shallow shelf approximation (for 
sliding) 

• resolution: 15km 

• surface model: positive degree day 

• spin up: equilibrium state under present day climate 

• forcing: step forcing with temperature anomaly 

• melt-elevation	feedback: temperature lapse rate 

• solid Earth response and GIA	feedback: Lingle-Clark model



Modeling	the	ice	and	the	bedrock

718 R. Winkelmann et al.: PISM-PIK – Part 1
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Fig. 1: Superposition of SIA and SSA velocities.

Upper panel: Schematic diagram of ice profile and different flow regimes. Throughout the grounded

ice region, the ice velocity is determined by linear superposition of the SIA (blue arrows) and the

SSA velocities (red arrows). Ice sheet with negligible basal sliding. The velocity is dominated by

the Shallow Ice Approximation. Friction at the bed leads to shearing in the ice column and a velocity

profile as depicted in blue. Ice stream. Both SIA and SSA velocities are relevant for the ice flow.

The SSA serves as a sliding law for the shear flow. Ice shelf. The plug flow regime is dominated by

the SSA leading to a uniform vertical velocity profile.

Lower panel: An example cut through the sheet-stream-shelf transition of the Lambert Glacier and

Amery Ice Shelf in the equilibrium simulation described in Martin et al. (2011). The model output

velocity v=vSIA+vSSA is shown in black. The onset of an ice stream is diagnosed to be where the

SSA velocity (red) exceeds the SIA velocity (blue).
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Fig. 1. Superposition of SIA and SSA velocities. Upper panel: schematic diagram of ice profile and different flow regimes. Throughout the
grounded ice region, the ice velocity is determined by linear superposition of the SIA (blue arrows) and the SSA velocities (red arrows). Ice
sheet with negligible basal sliding. The velocity is dominated by the Shallow Ice Approximation. Friction at the bed leads to shearing in the
ice column and a velocity profile as depicted in blue. Ice stream. Both SIA and SSA velocities are relevant for the ice flow. The SSA serves
as a sliding law for the shear flow. Ice shelf. The plug flow regime is dominated by the SSA leading to a uniform vertical velocity profile.
Lower panel: an example cut through the sheet-stream-shelf transition of Lambert Glacier and Amery Ice Shelf in the equilibrium simulation
described in Martin et al. (2011). The model output velocity v=vSIA+vSSA is shown in black. The onset of an ice stream is diagnosed to be
where the SSA velocity (red) exceeds the SIA velocity (blue).

2.2 Velocity combination, sliding and grounding
line motion

Following the basic idea of superposition of SIA and SSA
from Bueler and Brown (2009), both SIA and SSA velocities
are computed on the whole model domain in PISM-PIK, en-
abling a smooth transition both from non-sliding ice which is
frozen to the bedrock to faster-flowing ice in regions where
significant sliding occurs, and from rapidly-sliding ice across
the grounding line to floating ice (indicated in Fig. 1).
Bueler and Brown (2009, Eqs. 21 and 22) use a weighting

function in order to combine the SIA and SSA velocities in
the PISM base version

v=f (|vSSA|)vSIA+(1�f (|vSSA|))vSSA (14)

where |vSSA| = v2SSAx
+ v2SSAy

. The weighting function
f (|vSSA|) ensures a continuous solution of the velocity from

the interior of the ice sheet across the grounding line to the
ice shelves. It is approximately 1 for small |vSSA| and ap-
proximately 0 for large |vSSA| so that the SIA velocity fully
governs the overall velocity where the SSA velocity is small
(in the interior of the ice sheet). However, the choice of the
weighting function is an additional degree of freedom which
is not constrained by observations and is therefore not used
in PISM-PIK. Instead, the contributions resulting from the
two approximations are simply added, still ensuring a smooth
transition of the velocity across the grounding line. Thus in
PISM-PIK the basal velocities for grounded ice are the SSA
velocities vb=vSSA and

v=vSIA+vSSA. (15)

On ice shelves, experiments with simplified setups have
shown that the SIA contribution is negligible due to the low
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not constant



0 100 200 300 400 500

Time (kyrs)

1

2

3

4

5

6

7

V
ol

um
e

(m
S
L
E
)

η = 1 × 1021 Pa·s

PISM	simulations	show	four	distinct	types	of	
GrIS	dynamics
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• stabilization 

• incomplete 
recovery 

• irreversible loss 

• oscillations 

5 K/km

7 K/km

6 K/km



5.0 5.5 6.0 6.5 7.0

1e
+

19
1e

+
20

1e
+

21
5e

+
21

M
an

tl
e

vi
sc

os
it
y

⌘
(P

a·
s)

309

128 187 244

�T = 1.5 K(a)

5.0 5.5 6.0 6.5 7.0

Temperature lapse rate � (K km�1)

189

142

112 248

124 132 159 152

�T = 2 K(b)

5.0 5.5 6.0 6.5 7.0

128 74

120 119

�T = 3 K(c)

loss

partial
recovery

oscillation

stabilization

High	lapse	rates	promote	ice	sheet	collapse	
High	mantle	viscosities	promote	oscillations

Zeitz et al., ESD Discussions 2021

• stabilization	
• incomplete	
recovery	

• irreversible	loss	
• oscillations	
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Oscillating	regime	of	the	Greenland	Ice	Sheet
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Figure 3. Spatial distribution of ice thickness at a temperature anomaly of �T = 2K for the parameters ⌫ = 1⇥1021 Pa · s, �= 6K/km.

Maps and cross-sections of the bedrock topography and ice thickness show the initial state at the start of the simulation (A,D), the state with

minimal volume after 40 kyrs (B,E) and the recovered state after 73 kyrs (C,F). The red outline and the red shaded areas indicate the ablation

regions. The dashed lines in (E) and (F) show the initial topography of the ice sheet.
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• upper half-tile: 
maximal vol 

• lower half-tile: 
minimal vol 

• high contrast: 
high 
overshoot / 
oscillation 
amplitude



2.5

5.0

7.5
(a)

bed model

(b)

precip. scaling

2.5

5.0

7.5

V
ol

um
e

(m
S
L
E
) (c)

spin up

(d)

mask

0 100 200 300 400 500

Time (kyrs)

2.5

5.0

7.5
(e)

litho 100km

litho 50km

0 100 200 300 400 500

Time (kyrs)

(f)

rain

Robustness analysis

Oscillations	are	robust	against	variations	in	
modeling	choices
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Let’s	discuss	Greenland	oscillations!

More details in  
Zeitz et al., Earth System 
Dynamics Discussions (2021)
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