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ABSTRACT

Geometrical invariants of magnetic field gradient tensors are used to classify the topological structures of a magnetic field. This study
presents a statistical analysis on the geometrical invariants of magnetic field gradient based on high-quality data measured by magnetospheric
multiscale mission in turbulent magnetosheath. The method for the classification of velocity field topologies cannot be applied to magnetic
field with strong intensity directly because the magnetic field cannot be transformed to zero by selecting a co-moving reference frame in
which the velocity is zero. During a strong magnetic field, flux ropes and tubes are the most possible magnetic structures. Statistics in the
plane formed by geometrical invariants show that about 23% are force-free structures comprised of 20.5% flux tubes and 79.5% flux ropes.
The remaining actively evolved structures are comprised of 30% flux tubes and 70% flux ropes. Moreover, the conditional average of current
density and Lorentz force decomposition in geometrical invariants plane are investigated. The results show that flux ropes carried more
current density than flux tubes for the same geometrical invariants, and flux ropes tend to associate with magnetic pressure force and flux
tubes tend to associate with magnetic tension.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0134514

I. INTRODUCTION

Plasma turbulence is ubiquitous in the interstellar medium, the
atmosphere of stars, the Earth’s magnetosphere, and nuclear fusion
devices.1 It plays an import role in transferring energy and momentum
between flow and magnetic field as well as energy cascades from large
toward small spatial scales.2 Understanding space plasma turbulence is
of applicable value, since turbulence is related to solar energetic par-
ticles,3 cosmic rays,4 geomagnetic storm,5 and enhancement of MeV
electron flux in radiation belt.6 Highly perturbed magnetosheath
formed by the interaction of supersonic solar wind on geomagneto-
sphere is an ideal natural laboratory to study the mechanism of colli-
sionless plasma turbulence.7 Based on observations of magnetosheath,
researchers have made considerable progress on plasma turbulence,
revealing the mechanism of magnetic reconnection in electron scale,8,9

identifying the structures in terms of the Vlasov equation,10 and the
statistics of kinetic dissipation during turbulence.11–13

Coherent structures are universal in both space and laboratory
plasma turbulence. Even in homogeneous isotropic hydrodynamic

turbulence, there appears to be intermittent vortex structures.14 The
solar wind is a plasma turbulence system where the magnetic field
structures had been well studied, such as neutral X lines,9 current
sheet,15 and field discontinuities.16 Usually, magnetic frozen condition
breaks at X lines and magnetic field line decouples with fluid motion,
associated with the heating of charged particles.5 Numerical study
shows that coherent current sheet structures span a wide range of
scales and are responsible for heating and dissipation.17 Solar wind dis-
continuities modulate the turbulence state in magnetosheath and the
interaction of the solar wind vs the magnetoshpere.16 In addition, not
all coherent structures are dynamical and enhance energy transforma-
tion or dissipation. Force-free magnetic field configurations, in which
magnetic field is parallel to the current density, can be stable and just
advected by flow.18 It is a prerequisite to diagnose these magnetic field
structures for understanding the mechanism of plasma turbulence in
magnetosheath. The magnetic field gradient tensor is one term in the
dynamical equation describing the evolution of the turbulent velocity
field that should be paid attention to.
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The velocity gradient tensors play an important role in the identi-
fication of the vortex structures19–21 and turbulent energy dissipa-
tion.22 The related methods for velocity gradient tensors can be
extended to magnetic gradient tensors of plasma turbulence. Recently,
the general classification of three-dimensional velocity fields23 was
applied to analyze multipoint in situ observations of the solar wind
and magnetosheath.24–27 The coherent structures in the solar wind
were identified based on the analysis of the geometrical invariants of
magnetic field gradient tensor.26 Hnat et al.26 found that the structures
are mainly comprised of 3D plasmoids (� 1=3), flux ropes (� 3=5),
and 3D X-point (� 1=5), supporting strong turbulence existing in
solar wind.28 The gradient construction method has been performed
in the co-ordinates of the volumetric tensor eigenvectors and thus
accounts for possible deformations of the irregular multiple point
spacecraft tetrahedron.29 However, it should be noted that, only when
the isotropic condition satisfies, the method used to classify the topol-
ogy of velocity field is suitable for analyzing the magnetic field.
Blackburn et al.30 pointed out that the classification method is based
on Lagrangian viewpoint. Under a Lagrangian frame, local velocity is
zero, and each point can be regarded as a critical point, so that critical
point terminology can be used to classify the topology. For magnetic
field, the background field cannot be removed by using a Lagrangian
frame, which means both magnetic field and its gradient determines
topology of field lines. Moreover, Quattrociocchi et al.31 derived the
evolution equations of the geometrical invariants of magnetic field gra-
dient tensor and show that the term including magnetic field cannot
be neglected under non-homogeneous cases. The magnetosheath is a
transitional region from the solar wind to the magnetosphere, which is
a non-homogeneous case, and it is meaningful to investigate the statis-
tic properties of the geometrical invariants of magnetic field gradient
in this region.

Along with the execution of a multipoint exploration program
for the geomagnetosphere,32,33 innovative and systematic algorithms
to calculate the first and second order gradient of magnetic field have
been put forward and developed.29,34–38 The algorithm has been suc-
cessfully applied to analyze the structure of the current sheet, geomag-
netic tail,29,34,35 ring current,39 and the curvature of turbulent
magnetic field in magnetosheath.40 Combining multiple analysis
methods and in situ observations of Magnetospheric Multiscale
(MMS) mission, we analyze the magnetic structures in magnetosheath
based on the classification of magnetic topology.

Magnetospheric Multiscale(MMS) mission conducted by
NASA is the latest multipoint detection program for revealing the
law of magnetic reconnection.8 MMS composed of four identical
spacecraft with 11 instruments having 25 sensors. Relying on these
precise sensors, energetic charged particles, statistical properties of
plasma, and electric and magnetic fields can be measured with
unprecedentedly high—on the order of milliseconds—time resolu-
tion and accuracy.8,41 To resolve the reconnection mechanism in
electron scale, the orbit of four MMS spacecraft in tetrahedra for-
mation with about 10–160 km8 enables researchers to calculate
the precise spatial gradient of physical quantities by means of a
multiple point algorithm.29 After getting the data through MMS,
the spatial gradient of velocity and magnetic field can be analyzed.
In summary, the data from MMS and the multiple analysis meth-
ods enable us to study different structures in magnetosheath
turbulence.

In this work, we aim to investigate the geometrical invariants of
magnetic field gradient tensor with a set of MMS measurements in
magnetosheath. First, the gradient tensor of magnetic field is deter-
mined by using the multiple point method;29 second, the statistical
properties of the geometric invariants of the magnetic field gradient
tensor with and without Lorentz force are evaluated and compared
with the results obtained by Hnat et al.26 in the solar wind. Finally, the
conditional mean value of current density and Lorentz force decompo-
sition in geometrical invariants plane are analyzed.

II. METHOD
A. Multiple point method

This study calculates the spatial gradient of B by using the multi-
ple point method developed by Shen et al.29 The method was designed
to determine the spatial gradient at the mesocenter of the multiple
point. First, the volume tensor Rln � 1

4

P4

a¼1
ralran is determined, where

r denotes the position co-ordinates with respect to mesocenter, a
denotes the number of crafts ranging from one to four for MMS, sub-
scripts l and n denote the components of x � y � z co-ordinates.
Second, the gradient tensor of magnetic field vector A0

mn is determined
from the following equation:

A0
mn ¼

1
4

X4

a¼1

BamralR
�1
ln ; (1)

where Bam denotes the measurement ofm-component of B at ra. Note
that Rnl will become abnormal when the polyhedron of the spacecraft
is distorted considerably. For the purpose of avoiding the error caused
by abnormal Rnl , Shen et al.29 derived the gradient in the eigenspace of
Rnl . More details could be found in Ref. 29. In addition, the residual
error of A0

ii that should be zero according to no divergence of magnetic
field was also corrected by Shen et al.,34

Amn ¼ A0
mn þ kR�1

mn ; (2)

where k ¼ �A0
ii=R

�1
ii is a Lagrangian multiplier. Equation (2) will be

used to determine the gradient of magnetic field in this study.

B. Geometrical invariants of magnetic field gradient
tensor

Gradient fields of magnetic field characterize the local quantita-
tive and qualitative behavior of MHD flows. According to the linear
approximation, the magnetic field Bðr; tÞ surrounding an arbitrary
point (r0) in MHD flow can be expressed as

Bjðr; tÞ ¼ Bjðr0; tÞ þ Ajnðr0; tÞðxn � x0nÞ ; (3)

where Ajn is the element of gradient tensor (A) of B that can be com-
puted based on Eq. (2). The geometrical invariants of A are defined as

P ¼ �trðAÞ ¼ 0; Q ¼ � 1
2
trðA2Þ; R ¼ � 1

3
trðA3Þ; (4)

which are unchanged under the rotation operation of the frame. Here,
P ¼ 0 is attributed to non-divergence of the magnetic field. Note that
the geometrical invariants also determine the eigenvalues ki 2 C of A
in terms of the characteristic equation jA� kiIj ¼ k3i þ Pk2i þ Qki
þR ¼ 0. It can be shown that in the ðR;QÞ plane, the surface
determined by D � 27=4R2 þ Q3 ¼ 0 divides the eigenvalues into
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two categories.26 When D > 0, two eigenvalues of A are complex
and one is real, and when D < 0, three eigenvalues are real. In
addition, the current density flux can also be calculated from the
A via Faraday’s law r� B ¼ j, where the permeability is regarded
as a unit here. The mean current density magnitude h j i of all sam-
ples is used to make R and Q—nR ¼ R=h j2i3=2, nQ ¼ Q=h j2i non-
dimensional.

C. Typology of magnetic field lines

Figure 1 shows the expected types of magnetic field lines in
the plane formed by the invariants Q and R. The curve corre-
sponds to D ¼ 0 that is used to classify the eigenvalues of A. Figure
1(a) shows the typologies for the critical point at which magnetic
strength is weak or can be regarded as zero, which are adapted
from the classification of velocity field.42 In the topological study
of three-dimensional flow by Chong et al.,23 the typologies in
D > 0;R < 0 region (upper left) are called stable focus/stretching,
in D > 0;R > 0 region (upper right) unstable focus/compressing,
in D < 0;R < 0 region (lower left) stable node/saddle/saddle,
and in D < 0;R > 0 region (lower right) unstable node/saddle/
saddle. For magnetic field lines, Hnat et al. put forward a simpler
classification showing invariants with D > 0;R � 0 are quasi-2D
flux structures, D > 0; jRj � 0 corresponding for plasmoids and
D < 0 corresponding to 3D reconnection structures. We want to
emphasize that Fig. 1(a) can describe all structures of velocity field
because each point of flow field can be a critical point if we choose
to observe the co-moving frame with flow. However, for magnetic
field, the magnetic strength cannot be removed in the co-moving
frame and it also plays a role in the dynamical equation of magnetic
field gradients.25,31 Therefore, the situations with non-negligible

magnetic strength should be considered individually. Figure 1(b)
shows the typologies of magnetic field lines that cannot be
regarded as critical points. Assuming that the guide field is strong
and the variation of magnetic strength in the field direction is
small within the scale of MMS tetrahedra, there are two kinds of
typologies, flux rope for D > 0 and flux tube for D < 0. The value
of R determines the left-handed or right-handed for flux rope,
narrowing or expanding for flux tube, which also depends on the
direction of the magnetic field. This study mainly focuses on data
with a strong guide field, which corresponds to the typologies
shown in Fig. 1(b).

III. DATA

Five datasets are selected from measurements during this study.
Time intervals and the spacecraft positions of selected data are shown
in Table I. Since this study intends to investigate geometrical invariants
of magnetic field gradient and associated work done by the Lorentz
force, magnetic field data measured by the Flux-Gate Magnetometer
(FGM)43 and particle data measured by Fast Plasma Investigation
(FPI)41 are used. The fluid bulk velocity is assumed to be equivalent to
ion bulk velocity. The fluid density is calculated from ion number den-
sity q ¼ Niðmi þmeÞ, where mi and me are mass of proton and elec-
tron, respectively. All data are in burst mode, and the sampling
frequency of magnetic field and ions are 128 and 6.6Hz, respectively,
which has high time resolution to show details of turbulence. For con-
structing the gradient of magnetic field, the quantity measured by
MMS 1–4 are interpolated onto the time grid of the magnetic field of
MMS1.

Figures 2(a)–2(e) show the time signals of measurements belong
to interval February 25, 2016 00:48 to 00:55. The number density of
ions at mesocenter is shown in Fig. 2(a) with small fluctuations

FIG. 1. Expected sketches of the mag-
netic field line typologies in each quadrant
of the invariants’ plane with (a) weak mag-
netic field and (b) strong magnetic field.

TABLE I. The basic information of the data used in this study.

No. Time interval Location (GSE, Re) hNii (cm�3) hVi (km/s) jhBij (nT) Brms=jhBij b

1 18-Oct-2015 14:57–15:10 (7.4, 8.6, �0.8) 9 232 38.8 0.34 1.26
2 21-Oct-2015 14:48–15:04 (7.7, 8.3, �0.8) 17 178 31.7 0.91 1.92
3 21-Oct-2015 15:33–15:56 (7.1, 8.3, �0.8) 13 139 31.9 0.84 2.24
4 04-Dec-2016 10:28–10:42 (11.0, 1.6, �1.0) 6 96 40.0 0.34 0.52
5 25-Feb-2016 00:48–00:55 (4.0, �10.3, �1.0) 30 151 52.6 0.18 0.68
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(DNi � 5) overlaid on a large scale variation from 20 to 50 cm�3.
There also are abrupt declines and increments, implying a breaking up
of incompressible assumption. Figure 2(b) shows the bulk velocity
components of ions, showing that turbulent fluctuations have small
magnitude. Large scale behavior of Vx and Vy are relatively stable, but
there is about 100 km/s variation for Vz at 00:48:45 and 00:52:30,
which may be due to magnetic reconnection process. The magnetic
field components measured by FGM are shown in Figs. 2(c)–2(e). We
can see that the fluctuation in magnetic field is weak, and the back-
ground field is dominant. The magnitudes of magnetic field compo-
nents are close to each other. Large variations of Bz coincide with the
variations of Vz in panel (b). Basic descriptions of data are shown in
Table I. The mean values of ion number density (hNii), plasma bulk
velocity, magnetic field intensity (hBi), and plasma beta b? are differ-
ent for five sets of data. Here, b is calculated based on normal pressure.
The magnitudes of bulk velocity span from about 100–230 km/s, 100
times larger than spacecraft velocity, so that the motion of spacecraft
can be ignored during observation.

Figures 3(a)–3(e) show the spectra of the ion bulk velocity mag-
nitude and magnetic field of data table 1–5 used in this study. Here,
x-axis represents the frequency that can be translated to wavenumber
based on mean convective velocity, provided that Taylor hypothesis is
valid.7,44 In Figs. 3(a)–3(e), spanning from 10�2Hz to ion cyclotron

frequency (Xi), the scaling of both velocity and magnetic field exhibit
a f �5=3 behavior, which proves that the data we have selected are in a
strong turbulent state.45 The scaling �5/3 of the energy spectrum in
the initial range of hydrodynamic case was first derived by Obukhov
based on the isotropic, universal, and self-similar assumption of small
scale turbulence; the core idea was established by Kolmogorov
(K41).46 For plasma turbulence, the condition is more complex.
Because of the existence of large scale magnetic field, the interaction
between small and large scale motion is not only through the eddies
cascade but also through Alfv�en waves, which results in a non-local
interaction. Based on this picture and dimensional analysis,
Iroshinikov and Kraichnan derived a k�3=2 spectrum.47 When the fre-
quency is larger than Xi, the B spectrum becomes steeper and the
spectrum of V becomes a plateau. The flatten of the V spectral power
at higher frequencies indicates that the signal to noise ratio becomes
too large and the measurements at these frequencies should not be
trusted. More studies about spectral indices can be found in Ref. 7.

IV. RESULTS

Relying on the Lorentz force, the turbulent energy not only cas-
cades in scale space but also transforms between fluid flow andmagnetic
field associated with the structure evolving. There is a particular current
carrying structure, called force-free magnetic field configurations

FIG. 2. Signals of data measured by
MMS: (a) number density of ions, (b) bulk
velocity of ions, and (c–e) components of
magnetic field.
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(FFMFC), that the direction of current density flux aligns with the direc-
tion of magnetic field resulting in zero Lorentz force. The FFMFC are
also energy minimizing states under the condition of conservation of
magnetic field helicity. Therefore, the FFMFC are stable and mainly
advected by flow.48 Here, we first focus on the distribution of the
FFMFC in magnetosheath turbulence.

One simple criterion for diagnosing FFMFC is examining the
angle between current density and magnetic field. Because current
density equates to curl B dividing permeability, the cosine of angle is
as follows:

f ¼ cos a ¼ r� BSC � BSC= jr � BSCjjBSCjð Þ ; (5)

where subscript SCmeans the mesocenter of MMS.
Figures 4(a) and 4(b) show the probability density of counts PðfÞ

involving all samples from data 1 to 5 in f and a space, respectively.
The samples with jfj larger than 0.94 are identified as FFMFC, which

are the same as Hnat et al.26 We find about 23% of the samples is
FFMFC being passively advecting, smaller than the proportion in solar
wind, which is about 25%.26 If the direction of current density is ran-
dom and not affected by the direction of magnetic field, the PDF char-
acterizing angle between the current density and the magnetic field
should be constant in a space, indicated by the red line in Figs. 4(a)
and 4(b). Actually, the PDF computed from MMS data deviate from
the ideal line, shown as the black line. The PDF is minimal at
f ¼ 0ða ¼ p=2Þ and increases with jfj, reaching a maximum and
decreases again at both ends. Figure 4(b) shows that the PDF loses
symmetry when jfj is larger than critical value (0.94), near f ¼ �1:0
and less than f ¼ 1. This asymmetry cannot be explained by MHD
theory, because MHD equations are invariant when B turns to �B.
Therefore, the probability with the same jfj should be the same.
However, the parallel and anti-parallel current densities would gener-
ate different spiral magnetic field line, which may interact with

FIG. 3. Spectrums of the magnitude of ion bulk velocity (red line) and magnetic field (blue line). (a–e) correspond to data no. 1–5. The black line indicates scaling law
� f�5=3, and the green line is the ion cyclotron frequency calculated by hBi, shown in Table I. The magnetic field signals are normalized by ffiffiffiffiffiffi

ql
p

, where q is density deter-
mined from hNii, and l is permeability.
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electrons and protons differently, because electrons and protons
move in magnetic field with different chirality. The lower probability
at f ¼ �1 may be related to the different interactions that the energy
dissipation is easier through wave particle interaction near f ¼ �1
than near f ¼ 1.

The distributions of sample number of FFMFC and non-FFMFC
in ðnR; nQÞ plane are shown in Figs. 5(a) and 5(b), respectively. We
separate the plane into grids with size 0:1� 0:1, and the counts of
samples in each grid is computed. The color of each grid is rendered
according to its count, large count corresponding to red and small
count corresponding to blue. Note that, every grid contains at least ten
samples. The solid black line is the solution of D ¼ 0 in ðnR; nQÞ
plane. Above the solid line, D is larger than zero, and below the solid
line, the value of D is negative. For FFMFC, the total numbers of sam-
ples are about 1:68� 105, of which more than 90% are distributed
near nR ¼ 0 and nQ ¼ 0. The samples of FFMFC have an inverted

calabash-shaped distribution with a statistical preference at nQ > 0.
The proportion of D > 0 is about 79.5%, and D < 0 is about 20.5%.
For non-FFMFC, the total numbers of samples are about 3:89� 105

and the distribution has a bell shape with a statistical preference at
nQ < 0. Compared to FFMFC, non-FFMFC have a smaller propor-
tion of D > 0 about 70%, and D < 0 about 30%. The different pat-
terns of FFMFC and non-FFMFC shows that Lorentz force plays an
important role in the dynamical evolution of magnetic field gradient.

According to the location in the ðnR; nQÞ plane, we can identify
the topology of magnetic field structure of each sample.26 For MHD
flow, magnetic field intensity is also a factor that determines the topol-
ogy in addition to the values of nR and nQ. The data used in this study
are mainly located at the region of magnetosheath near the magneto-
pause where the magnetic field is strong. In the case of this situation,
the dominant structures are flux ropes and recessive structures are flux
tubes. For FFMFC, the percentage of flux ropes is 79.5% and flux tubes

FIG. 4. (a) Probability density of counts
PðfÞ deduced from data 1–5. Green lines
indicate jfj ¼ 0:94, the critical value to
distinguish passive and active magnetic
field configurations.26

FIG. 5. Count distribution of samples in
ðnR; nQÞ plane computed by data 1–5:
(a) is for jfj > 0:94 corresponding to
FFMFC and (b) is for jfj <¼ 0:94. Color
bar denotes the counts, ranging from 100

to > 104.
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is 20.5%. For non-FFMFC, the percentage of flux ropes is 70% and
flux tubes is 30%. Note that both Figs. 5(a) and 5(b) are symmetric
with respect to nR ¼ 0, implying that there is no preference for right-
hand or left-hand flux ropes and expanding or narrowing flux tubes.
These patterns are different from the joint PDF of geometrical invari-
ants of velocity field gradient that shows a tear drop region at
R > 0; Q < 0, and R < 0; Q > 0 quadrants, which is also the loca-
tion where the most extreme events are found.24,30,49,50

It should be noted that the pattern of distribution of ðnR; nQÞ is
similar to the results shown by Hnat et al.,26 supporting that the turbu-
lence in the magnetosheath is partly consistent with the solar wind.
Hnat et al. use the following criterion for classification of topology,
ðD > 0; jnRj > 0:05Þ for plasmoids, ðD > 0; jnRj < 0:05Þ for
quasi-2D flux ropes, and ðD < 0Þ for structures consistent with 3D
neutral X-points. However, Hnat’s classification cannot be applied to
this study where data have strong guide field. We will try to determine
the percentages of magnetosheath data satisfying the Hnat’s criterion
without considering specific structures. For FFMFC, samples for
ðD > 0; jnRj > 0:05Þ, ðD > 0; jnRj < 0:05Þ, and ðD < 0Þ are in
ratios 0.16:0.64:0.2, and for non-FFMFC, corresponding ratios are
0.10:0.60:0.30. The counterpart ratios in the solar wind are
0.19:0.54:0.27 for FFMFC and 0.09:0.52:0.39 for non-FFMFC.26 The
proportion of samples with jnRj < 0:05 in the magnetosheath is obvi-
ously larger than that in the solar wind, which may be related to the
strong magnetic field.

The Ohmic heating related to the current sheet is one channel for
electron heating in collisionless space plasma turbulence.51 In addition,
both observation12 and kinetic simulation52 have shown that the term
�ðP � rÞ � V is mostly responsible for converting a bulk flow into
internal energy of the plasma. By investigating the distribution of
mean current in ðnR; nQÞ plane, we can distinguish the role of differ-
ent structures on electron heating. Figures 6(a) and 6(b) show the
mean magnitude of the current density flux within different ðnR; nQÞ
grid for FFMFC and non-FFMFC, respectively. The colors from blue
to red denote the normalized intensity h jiR;Q=rj, where rj is the stan-
dard deviation of j jj, h�iR;Q denotes conditional average of samples
located in ðnR; nQÞ grid. The maximum of h jiR;Q=rj is about five and
minimum is about zero. It is obvious that intense currents mostly

occur at the edge of the pattern where nQ > 0 in Figs. 6(a) and 6(b).
The weak current mostly occurs at the neighborhood of ð0; 0Þ
where the field gradient is small. For non-FFMFC, the current density
at D < 0 region is evidently smaller than the current density at D > 0.
We can conclude that the flux rope topologies are responsible for the
dissipation of plasma turbulence since they carry large current,
whereas the flux tube topologies carry little current. The patterns of
current density distribution are similar with the results shown by Hnat
et al.26 Moreover, Fig. 6 provides more information on the intensity of
current density. This shows that the intensity of current carried by
FFMFC is larger than that carried by non-FFMFC, and non-FFMFC
current density shows a stronger asymmetry with respect to D than
FFMFC.

In MHD turbulence, the Lorentz force yielded by the action
between large scale magnetic field and current plays a significant role
in the non-local interaction. When the background field is strong, the
small scale turbulence structures can be swept by the magnetic field,
and cross-scale interaction occurs by counterpropagating waves.53

Here, we investigate the distribution of decomposition of Lorentz force
in nR� nQ plane. We decompose the Lorentz force into two terms as
follows:

j� B ¼ B � rB�r B2=2
� �

; (6)

where the first term can be regarded as surface stress, and the second
term is magnetic pressure force. In addition, B � rB also characterizes
how curved is the magnetic field line, that is why it is called tensile
stress. Figures 7(a) and 7(b) show the conditional average
hjB � rBjiR;Q=rf and hjrðB2=2ÞjiR;Q=rf in each (nR, nQ) grid,
respectively. Here, only non-FFMFC samples are considered,

jxj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22 þ x23

p
, and h�iR;Q denotes conditional average of sam-

ples in ðnR; nQÞ grid and rf is the standard deviation of Lorentz force
intensity calculated by all non-FFMFC samples. Figure 7(a) shows that
the tensile stresses tend to be strong at both sides and bottom of the
pattern and decrease with nQ as nQ > 0. The intensity of the tensile
stress near the right side of D ¼ 0 line seems larger than the left side
of D ¼ 0 line. The reason resulting in this asymmetry is unknown.
Figure 7(b) shows that the magnetic pressure forces tend to be strong

FIG. 6. Conditional average current den-
sity intensity in each (nR, nQ) grid for (a)
FFMFC and (b) non-FFMFC.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 025107 (2023); doi: 10.1063/5.0134514 35, 025107-7

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


at both sides and at the top of the pattern and increases with nQ as
nQ > 0. Note that the color bar for magnetic pressure force ranges
from 0 to 6, whereas the color bar for the tensile stress ranges from
0 to 3. The region where the current density is intensive, shown in
Fig. 6(b), does not coincide with the strong force decomposition region
shown in Figs. 7(a) and 7(b), implying that the angle between the cur-
rent and the magnetic field is small for D > 0 and nR � 0 region.

V. CONCLUSIONS

In summary, we analyzed the geometrical invariants of magnetic
field gradient tensors and the distribution of current density and
Lorentz decomposition in the (nR, nQ) plane using high-quality mea-
surements from MMS in turbulent magnetosheath. In particular, we
pointed out that the method for classification of velocity field topolo-
gies cannot be applied to the magnetic field directly because the large
scale component of magnetic field cannot be removed by Galilean
transformation, but the bulk velocity can be removed by Galilean
transformation. In order to guarantee the analysis are reliable, we
selected five sets of data in which MMS configuration meets nearly
regular tetrahedron such that the ratios between minimum and maxi-
mum of the eigenvalues of the volume tensor are at least larger than
0.7. The typical �5/3 spectrum associated with the turbulence cascade
are validated by Fourier transform of the signal of the magnetic field
and the ions’ bulk velocity. By using the multiple point method, the
full gradient tensor of B is determined, and the corresponding invari-
ant Q and R are calculated. The magnetic field structures are classified
into FFMFC and non-FFMFC according to the angle between j and B.
The percentage of FFMFC is about 23% and non-FFMFC is about
77%. Furthermore, relying on the distribution of samples in ðnR; nQÞ
plane, the ratio of different magnetic field topologies is identified. For
passive FFMFC structures, the flux ropes make up about 79.5%, which
are dominated compared to the flux tubes (20.5%). For actively evolv-
ing structures, the proportion of flux tubes increases up to 30% of total
samples, whereas the flux ropes cover up to 70%.

Furthermore, the distribution of current density and Lorentz force
decomposition in (nR, nQ) are also investigated. It is evident that the flux
ropes are dominant current carrying structures as compared to flux
tubes. For the same (nR, nQ), FFMFC structures carry more current den-
sity than non-FFMFC structures. The Lorentz force is decomposed into
the tensile stress and the magnetic pressure force. The conditional aver-
age in (nR, nQ) plane shows that the flux ropes tend to associate with the
magnetic pressure force; on the contrary, flux tubes tend to associate
with the tensile stress of magnetic field lines. This result is helpful to iden-
tify the structures that are responsible for transporting energy directly
frommagnetosheath into the inner magnetosphere and ionosphere.
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