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Key points:
• The technical development of the wave gradiometry method (WGM) is described.
• The theoretical background and major applications of the WGM are discussed.
• Future development of the WGM is summarized.

A  B  S  T  R  A  C  T
 

As dense seismic arrays at different scales are deployed, the techniques to make full use of array data with low computing cost
become increasingly needed. The wave gradiometry method (WGM) is a new branch in seismic tomography, which utilizes the
spatial  gradients  of  the  wavefield  to  determine  the  phase  velocity,  wave  propagation  direction,  geometrical  spreading,  and
radiation pattern. Seismic wave propagation parameters obtained using the WGM can be further applied to invert 3D velocity
models, Q values, and anisotropy at lithospheric (crust and/or mantle) and smaller scales (e.g., industrial oilfield or fault zone).
Herein,  we review the  theoretical  foundation,  technical  development,  and major  applications  of  the  WGM, and compared the
WGM with other commonly used major array imaging methods. Future development of the WGM is also discussed.
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1.  Introduction

Seismic  arrays  at  different  scales  have  been  deployed
worldwide  for  various  purposes.  On  regional  scales,  the
USArray  (Burdick  et  al.,  2008;  Krischer  et  al.,  2018;

Bissig et al., 2021), ChinArray (Liu QY et al., 2008, 2014;
Zhang L et al., 2020), and AlpArray (Hetényi et al., 2018;
Kästle  et  al.,  2022)  were  deployed  to  study  the  deep
structures  of  the  continents  beneath  the  United  States,
China, and Alpine mountains (From Nice in France in the
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west  to  the  Vienna  Basin  in  the  east),  respectively.
Numerous local seismic arrays have also been deployed to
address  local  tectonic  problems  related  to  subduction
zones, orogenies, and large faults, among others (Lippitsch
et  al.,  2003; Molinari  et  al.,  2016; Chen  CX et  al.,  2017;
Porter et al., 2016; Chang YN et al., 2022). Dense seismic
arrays  at  even  smaller  scales  have  been  deployed  for  oil,
gas,  and  other  mineral  resource  exploration  (Kim  et  al.,
1997; Savazzi and Spagnolin, 2009; De Ridder and Curtis,
2017;  Wang  Y  et  al.,  2022),  hydraulic  fracturing
monitoring  (Keranen  et  al.,  2014;  Yang  W  et  al.,  2021),
and engineering applications (Park et  al.,  1999; Xia JH et
al., 1999).

The  increased  array  density  makes  it  possible  to
compute spatial gradients of the wavefield more precisely,
and  thus  to  use  the  wave  equation  directly  in  imaging
subsurface. The wave gradiometry method (WGM) is one
of the new techniques to make full use of array data to find
phase  velocity,  azimuth,  radiation  patter  and  geometrical
spreading. A variety of methods have been used to process
data  from  seismic  arrays.  In  the  oil  and  gas  industry,  the
arrays are sufficiently dense to use migration techniques to
image  the  subsurface  (Kim  et  al.,  1997).  However,  such
methods  are  not  often  applicable  for  global  or  regional
seismology,  owing  to  the  uneven  distribution  of  seismic
sources  and  arrays,  as  well  as  sparse  deep  sampling.  In
these cases, methods such as travel time tomography (Aki
and  Lee,  1976;  Aki  et  al.,  1977),  full  waveform
tomography  (Tromp,  2020),  surface  wave  inversion  (Xia
JH et al., 1999), ambient noise tomography (Shapiro et al.,
2005;  Bensen  et  al.,  2008),  receiver  functions  (Vinnik,
1977;  Langston,  1979; Ammon  et  al.,  1989),  shear  wave
splitting  (Gao  SS  and  Liu  KH,  2009),  and  Eikonal
tomography  (Lin  FC  et  al.,  2009)  have  been  applied  to
study the lithosphere at different scales. For most of these
methods  (i.e.,  travel  time  tomography,  waveform
tomography, receiver functions, and shear wave splitting),
data  collected  at  each  station  in  the  array  are  treated  as  a
point  measurement.  For  some  techniques,  the  wave
amplitudes  are  not  used  or  are  treated  as  secondary
information  (e.g.,  in  travel  time  tomography,  receiver
functions, and shear wave splitting).

Surface  waves  are  frequently  used  for  analysis  owing
to  their  high  signal-to-noise  ratios.  For  example,  surface
waves  may be  inverted  to  investigate  1D structures  along
the ray path, and the 1D structures along different paths are
then  combined  to  form  a  3D  model  using  waveform
tomography  (Van  Der  Lee  and  Nolet,  1997).  In  addition,
group velocity and phase velocity dispersion curves can be
measured  and  inverted  to  produce  a  1D  model  of  a  grid,
and 1D models for all grids are combined to construct a 3D

model  (Knopoff  et  al.,  1966;  Barmin  et  al.,  2001;
Herrmann and Ammon, 2004; Fischer et al., 2005; Yao HJ
et al.,  2006; Liang CT and Langston, 2009).  In waveform
tomography,  waveform  modeling  is  often  very  time-
consuming,  particularly  for  high-frequency  waves.
Dispersion  curve-based  methods  are  the  most  commonly
used;  however,  the  methods  used  to  extract  dispersion
curves  vary  widely,  including  the  one  or  two-station
methods (Campillo and Paul,  2003; Yang YJ et  al.,  2007;
Fang  HJ  et  al.,  2015)  and  Eikonal  and  Helmholtz
tomographic  methods  (Lin  FC  et  al.,  2009;  Lin  FC  and
Ritzwoller,  2011;  Qiu  HR  et  al.,  2019).  The  mainstream
application of the WGM is also based on dispersion curves
(Liang CT and Langston, 2009; Porter et al., 2016).

Eikonal  and  Helmholtz  tomographic  methods  were
developed  recently  to  process  array  data.  These  methods
obtain  the  surface  wave  travel  times  by  tracking  the
isochronal wavefront and phase velocity dispersion curves
are  obtained  using  the  Eikonal  (Lin  FC  et  al.,  2009)  and
Helmholtz  equations  (Lin  CF  and  Ritzwoller,  2011),
respectively.  Both  methods  are  based  on  the  second
derivative of the travel time field. Geometrical spreading is
considered  in  Helmholtz  tomography,  but  radiation
patterns are not considered in either method.

Langston  (2007a,  b,  c)  proposed  the  WGM to  extract
the  phase  velocity,  wave  directionality,  geometrical
spreading,  and  radiation  pattern  of  a  wave  field.  Early
publications that applied the WGM ignored the attenuation
term in the amplitude variation; thus, the spatial amplitude
gradient  is  collectively  called  geometrical  spreading.  The
WGM  can  be  applied  to  the  entire  wavefield,  including
body  and  surface  waves.  Currently,  most  applications  of
the  WGM have  focused  on  surface  waves,  owing  to  their
large  amplitudes.  Using  waveforms  from  only  one
earthquake,  the  WGM  can  produce  local  phase  velocity
maps that cover the entire array. In addition, the amplitude
variations  estimated  by  the  WGM may  be  of  special  use
for investigating the attenuation of the structure.

The WGM had been proposed in years and it has been
well  applied  in  increasingly  more  cases.  For  readers  to
capture its basic theory and to learn possible applications,
here we outline the technical development of the WGM, its
theoretical  background,  and  major  applications,  and
compare  its  usage  with  those  of  other  techniques.  Future
development of the WGM is also discussed.

2.  WGM technical development history

Since  its  introduction  to  seismology  by  Langston
(2007a,  b,  c),  the  WGM  has  undergone  a  series  of
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technical  developments  and  has  been  applied  to  a  wide
range of datasets for different purposes. Figure 1 shows the
major technical development history of the WGM.

du/dr

∂u/∂x,∂u/∂y

In  2007,  Langston  published  a  series  of  studies  that
used  wavefield  spatial  gradients  to  obtain  the  phase
velocity  and  geometrical  spreading  for  a  1D  array
(Langston, 2007a), and the wave propagation direction and
radiation  pattern  for  a  2D  array  in  the  frequency
(Langston,  2007b)  and  time  (Langston,  2007c)  domains.
The  WGM  is  so  named  because  wavefield  gradients  are
the core of the technique. Langston (2007a) showed that if
a  seismic  source  is  aligned  along  a  linear  array,  it  is
possible  to  compute  the  spatial  gradient  ( )  of  the
waveform  and  further  obtain  the  phase  velocity  and
geometrical  spreading.  Owing  to  the  absence  of
information  in  another  dimension,  a  1D  array  cannot
constrain  the  azimuthal  propagation  properties  of  seismic
waves.  Langston  (2007b)  also  derived  the  formula  for
using  a  regular  2D  array  to  compute  the  2D  spatial
gradients  ( )  and  to  obtain  the  wave
directionality (propagation direction) and radiation pattern
in  addition  to  phase  velocity  and  geometrical  spreading.
However,  the  finite  difference  method  (Langston,  2007b)
is only suitable for regular arrays, and a 2D irregular array
may increase the truncation errors of the spatial wavefield
gradients.

∂ux/∂x,∂uy/∂y

Langston  and  Liang  CT  (2008)  used  the  WGM  to
compute  the  rotational  component  of  a  wave  field.  The
results indicated that a seismic array with three component
instruments can be used as a rotation meter. By rotating the
horizontal  component  waveforms  into  the  radial  and
transverse directions, which are assumed to be the X and Y
directions  ( ),  the  four  spatial  gradients  can
be  used  to  obtain  the  second-order  strain  and  rotation
tensors as follows:

strain =


∂ux

∂x
1
2

(
∂ux

∂y
+
∂uy

∂x

)
1
2

(
∂ux

∂y
+
∂uy

∂x

)
∂uy

∂y

 , (2-1)

rotation =


0

1
2

(
∂ux

∂y
−
∂uy

∂x

)
1
2

(
∂uy

∂x
− ∂ux

∂y

)
0

 . (2.2)

Based  on  USArray  data  from  the  western  US,  Liang
CT and Langston (2009) introduced the weighted inversion
method  to  compute  the  spatial  gradients  for  an  irregular
array (described in  section 3.2.1).  This  method makes the
WGM applicable to any array with arbitrary geometry and
was the first application of the method to a regional array
with an average station spacing of 70 km.

Unlike  Liang  CT  and  Langston  (2009),  Poppeliers
 

Technical lmprovements made to the wave gradiometry method
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equation solutions (Liu and Holt, 2015)
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(Ridder and Biondi, 2015)
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noise in an anisotropic Earth (Ridder and

Curtis, 2017)

Three-component wave gradiometry (Zhou et

al., 2017)

Wave gradiometry for Rayleigh wave

Azimuthal Anisotropy (Cao et al., 2020)
 

Figure 1.    History of the technical development of the wave gradiometry method (WGM).
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(2010,  2011)  suggested  using  wavelet  and  multi-wavelet
transforms  to  process  the  waveform  data  before  applying
the  WGM.  Poppeliers  et  al.  (2013)  then  derived  a
theoretical WGM for a 3D array.

Unlike  the  time  domain  WGM  based  on  Hilbert
transform  (Langston,  2007c),  Liu  YY  and  Holt  (2015)
proposed  a  linear  inversion  method  to  solve  the  wave
gradient  coefficients  which  used  for  estimating  phase
velocity. Referencing the Helmholtz tomography, they also
introduced  an  amplitude  correction  term  to  the  phase
velocity (described in sections 3.3.3 and 5.2).

De  Ridder  and  Biondi  (2015)  proposed  using  the
second  spatial  derivative  of  the  waveform  to  directly
obtain  the  phase  velocity.  In  the  frequency  domain,  the
wave equation can be written as follows:

c2 (r,ω)∇2û (r,ω)+ω2û (r,ω) = 0, (2-3)

c ω

û (r,ω)
r

∇2û (r,ω)

where    and    are  the  phase  velocity  and  angular
frequency, respectively;   is the Fourier transformed
dual  of  the  waveform  (u)  at  the  location  ;  and  the
Laplacian   is the second spatial derivative of the
Fourier  transform  of  the  waveform.  The  second  term  on
the  left  side  of  equation  (2.3)  is  the  second  temporal
derivative.  Thus,  the  square  of  the  phase  velocity  may be
obtained  by  linear  regression  of  the  second-order  spatial
and  temporal  derivatives.  The  main  challenge  in  this
method  is  calculating  the  second  order  spatial  derivative,
which may require more stations than the first order spatial
derivative.

Langston  and  Ayele  (2016)  applied  the  WGM  to  a
vertical  array along the San Andreas Fault  Observatory at
Depth (SAFOD). The method was shown to be a powerful
tool for inverting impedance profiles, and the results were
consistent  with  logging  measurements  (Langston  and
Ayele,  2016).  This  work  showed  the  possibility  of
applying  the  WGM  to  very  large  volumes  of  downhole
seismic  data,  particularly  for  distributed  acoustic  sensing
(DAS) data collected in the oil and gas industry.

Maeda  et  al.  (2016)  introduced  a  wavefield  gridding
method that can be used to obtain both the waveform and
the  spatial  wavefield  gradients  at  the  reference  location
where  a  waveform  is  not  recorded  (described  in  section
3.2.2).  Porter  et  al.  (2016)  developed  a  process  that
combined  ambient  noise  tomography  (ANT)  with  the
WGM to jointly obtain dispersion curves with long period
widths  and the 3D velocity  of  the  lithosphere  beneath the
United States.

In  2020,  the  WGM  was  applied  to  earthquakes  from
different  directions  to  find  azimuthal  anisotropy  for
various periods (Cao FH et al., 2020). Cao FH et al. (2023)
further jointly inverted the ambient noise, receiver function

and  wavefield  gradient  to  obtain  the  3D  velocity  model
and azimuthal anisotropy structure.

3.  Theoretical framework of the WGM

The  core  components  of  the  WGM  are  spatial
wavefield  gradients  (Langston,  2007a).  As  shown  in
Figure  2,  many  factors  can  contribute  to  the  subtle
differences  between  waveforms  observed  at  two  stations,
thereby  affecting  the  spatial  wavefield  gradients.  The
velocity  in  the  vicinity  of  the  sub-array  and  wave
propagation  direction  can  affect  the  alignment  of  the  two
waveforms,  resulting  in  waveform  differences.  The
geometrical  spreading and radiation  pattern  can  affect  the
relative  wave  amplitudes  with  respect  to  the  sub-array
geometry  and  the  azimuths  of  the  rays.  Thus,  the  WGM
utilizes subtle wavefield differences (i.e., spatial wavefield
gradients)  to  extract  the  major  wave  propagation
parameters:  phase  velocity,  wave  propagation  direction,
geometrical  spreading,  and radiation pattern.  The variable
phase velocity by azimuth can be further used to obtain the
azimuthal  anisotropy  (Cao  FH  et  al.,  2020).  The
differences  between  the  phase  velocities  of  the
radial/vertical  and  transverse  components  can  be  used  to
obtain  the  radial  anisotropy,  and  the  amplitude  variation
parameters can be used to obtain the attenuation.
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3.1.  Spatial wavefield gradients

The spatial gradients of a wavefield are directly related
to  the  wave  amplitude  and  its  time  derivative  (Langston,
2007a).  Considering  a  simple  case,  the  1D  homogeneous
wave equation for an isotropic elastic medium is:

1
c2

∂2u
∂t2 −

∂2u
∂r2 =

(
1
c
∂

∂t
− ∂

∂r

)(
1
c
∂

∂t
+
∂

∂r

)
u = 0, (3-1)

u c rwhere  ,   and   are wavefields (displacement, velocity, or
acceleration) that are functions of time and location, phase
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c
velocity,  and  the  coordinate  along  the  propagation
direction,  respectively.  The  phase  velocity    can  be
obtained directly by finding the second-order temporal and
spatial  derivatives  of  the  wavefield.  This  simple  form  of
the WGM was applied to obtain the Rayleigh wave phase
velocity directly from ambient noise field (De Ridder and
Biondi, 2015).

Assuming that the phase velocity c is constant within a
sub-array  (a  small  region),  then  the  wave  equation
(Equation 3.1) can be reduced to:

1
c
∂u
∂t
+
∂u
∂r
= 0, (3-2)

which  is  the  second  part  of  the  middle  term  in  Equation
(3.1)  and  represents  the  wave  propagating  in  the  positive
direction.  Therefore,  the  terms  in  the  middle  of  Equation
(3.1)  represent  waves  propagating  in  two  directions  (e.g.,
Whitham, 1999). Thus, the first-order spatial and temporal
gradients of the waveform can be used to obtain the phase
velocity of the wave and the properties of the medium.

For a plane wave propagating in the positive direction
in  a  sub-array,  the  wavefield  obeys  the  wave  equation  as
follows:

u (t,r) = f
[
t− pr (r− r0)

]
(3-3)

f
pr = 1/c

G (r)

where    is  the  function  representing  a  seismic  wavefield
that  varies  with  distance  and  time  and    is  the
slowness. By assuming that the wave amplitude changes as
a  function  of  distance r  is  ,  then  the  wave  model
becomes (Langston, 2007a):

u (t,r) =G (r) f
[
t− pr (r− r0)

]
(3-4)

Taking the spatial derivative of the wavefield gives:
∂u
∂r
= Aru+Br

∂u
∂t
, (3-5)

where

Ar =
∂G (r)
∂r

1
G (r)

, (3-6)

Br = −pr, (3-7)

Ar

Br

pr

where    is  the  normalized  amplitude  gradient  (called
geometrical  spreading  in  early  publications)  and    is  the
negative of the radial slowness. Note that   is assumed to
be constant for a small area.

1/Q
The  wave  model  (3.4)  is  sufficient  for  most  cases.

However,  if  the intrinsic attenuation of the medium ( )
is considered, then the following is obtained:

u (t,r) =G0 (r)exp
(
−ωr
2cQ

)
f (t− pr (r− r0)) , (3-8)

G0 (r)
ω

where    represents  the  wave  amplitude  varying  with
distance  due  to  geometrical  spreading,    represents  the

Qangular frequency, and   represents the quality factor.

Ar

Taking  the  spatial  derivative  of  the  wavefield
[Equation  (3.8)]  yields  an  equation  similar  to  Equation
(3.5), but   is modified as follows:

Ar =
∂G0 (r)
∂r

1
G0 (r)

− ω

2cQ
(3-9)

Ar

c ω

In  this  equation,  if  the  geometry  of  the  array  and  the
source location are known, the geometrical spreading (first
term on the right side) can be computed. Therefore,  if  ,
, and   are known, Q can be estimated.
For a wave propagating in a 2D space, Equation (3-4)

can be rewritten as
u (t, x,y) =G (x,y) f

(
t− px (x− x0)− py (y− y0)

)
, (3-10)

and the spatial gradients are:
∂u (t, x,y)

∂x
= Ax (x)u (t, x,y)+Bx (x)

∂u (t, x,y)
∂t

, (3-11)

∂u (t, x,y)
∂y

= Ay (y)u (t, x,y)+By (y)
∂u (t, x,y)

∂t
, (3-12)

Ax (x) =
1

G(x,y)
∂G(x,y)
∂x

, (3-13)

Ay (y) =
1

G(x,y)
∂G(x,y)
∂y

, (3-14)

Bx (x) = −px, (3-15)

By (y) = −py, (3-16)

Ax Ay

px py

where   and   are the normalized amplitude gradients in
the x and y directions, respectively. Here, it is assumed that
 and   are constant in a small array.

x = rsinθ;y = rcosθ
Based  on  the  relationship  between  the  Cartesian  and

cylindrical  coordinates  ( )，the  follow-
ing relationships can be obtained:

pr = pxsinθ+ pycosθ, (3-17)

c = (p2
x + p2

y)−
1
2 , (3-18)

θ = tan−1 px

py
, (3-19)

Ar (r) = Ax (x) sinθ+Ay
(
y
)
cosθ, (3-20)

Aθ = r
(
Ax (x)cos(θ)−Ay

(
y
)
sin(θ)

)
, (3-21)

pr c θ Ar Aθ

Ar Aθ

where  ,  ,  ,  ,    are  slowness,  phase  velocity,  wave
propagation direction, geometrical spreading, and radiation
pattern,  respectively  (note:    and    are  the  normalized
amplitude  gradients).  Equations  (3.11–3.21)  are  the
fundamental  formulas  used  in  the  WGM.  A  workflow  is
summarized  in  section  3.4,  and  the  technical  details  of
computing  the  spatial  gradients  and  WGM  parameters A
and B are presented in sections 3.2 and 3.3, respectively.
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3.2.  Computing the wavefield gradients

∂u/∂x ∂u/∂y

In  the  WGM,  the  first  and  most  important  step  is  to
find  the  spatial  wavefield  gradients.  Spatial  gradients

  and    can  be  measured  directly  by  strain
meters.  For  a  seismic  array  with  a  regular  geometry,  a
finite-difference  method  can  be  applied  to  compute  the
spatial  gradients  (Langston,  2007a).  Liang  CT  and
Langston (2009) proposed a weighted inversion method to
compute wavefield gradients  in an array with an arbitrary
geometry.  Liu  YY  and  Holt  (2015)  used  a  cubic  spline
interpolation  method  to  obtain  a  regularly  gridded
wavefield  before  applying  the  finite-difference  method  to
determine  the  spatial  gradients.  Maeda  et  al.  (2016)
proposed a wavefield gridding method based on first order
Taylor  series  expansion  to  simultaneously  obtain  the
gridded wavefield and spatial gradients.
3.2.1  Weighted inversion method

si(i = 0,1,2, ...,N) ui

Considering  the  irregular  geometry  of  the  USArray,
Liang  CT  and  Langston  (2009)  considered  a  sub-array
(Figure  3).  This  assumes  that  the  wave  functions  at
receiver   are  , respectively.
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Figure 3.    Geometry of an irregular sub-array. To determine the
spatial  gradients  of  the  primary  receiver  ,  at  least  three  more
auxiliary receivers ( ) are required. Here   and   are the
azimuth of the ray and the angle between the raypath and the line
connecting  receiver  2  and  the  master  receiver,  respectively.
(modified from Figure 2 in Liang CT and Langston, 2009).
 
 

s0

Based on the Taylor series, the spatial gradients at the
primary receiver   can be related to the wave functions at
all other receivers (auxiliary receivers) as follows:

ui−u0 =
∂u
∂x
δx+

∂u
∂y
δy+duerr

i , (3-22)

δx = xi− x0 δy = yi− y0

si s0 duerr
i

where  and   are the distances between
stations   and  . The truncation error   has the form:

duerr
i <= δx2

i

∂u2

∂2x
|s0 +δy

2
i

∂u2

∂2y
|s0 +δxδy

∂u2

∂x∂y
|s0 . (3-23)

By  taking  the  first  order  approximation,  Equation
(3.22) can be written in matrix form as[ u1−u0u2−u0uN −u0

]
=

[
δx1 δy1
δx2 δy2
δxN δyN

] [
∂u/∂x
∂u/∂y

]
. (3-24)

W
Considering  the  truncation  errors,  a  weighting  matrix
 can be left-multiplied to both sides of Equation (3-24):

W =

 w1 w2
. . . wN

 . (3-25)

The  weighting  parameters  are  based  on  truncation
errors  and  are  discussed  in  detail  in  Liang  CT  and
Langston  (2009).  By  solving  the  weighted  version  of
Equation (3.24), the spatial gradients can then be obtained.
3.2.2  Wavefield gridding method

ui S i

Maeda et  al.  (2016) proposed an alternative wavefield
gridding method. As shown in Figure 4, the study region is
divided  into  grids  with  uniform  spacing.  The  waveform
observed at station   can be expressed as:

ui = uG +
∂u
∂x

(xi− xG)+
∂u
∂y

(yi− yG)+duerr
i , (3-26)

uG

N
where   are the wavefields in the nearby grids. Assuming
that   receivers surround the grid, then a matrix [Equation
(3.27)] can be obtained:

u1u2
...uN

 =


1 δx1 δy1
1 δx2 δy2
...

...
...

1 δxN δyN


[ uG
∂u/∂x
∂u/∂y

]
, (3-27)

δxi δyiwhere    and    are  the  distances  between  the  grid  and
the i-th supporting receiver (black triangles in Figure 4a) in
the x and y directions, respectively.

Similarly,  a  weighting  matrix  can  be  applied.  By
solving  Equation  (3-27),  the  wavefield  and  wavefield
gradients  in  a  regular  grid  can  be  computed  simultane-
ously. Figure 4 shows an example of this process, in which
the waveforms at neighboring stations are used to form the
left-hand  side  of  Equation  (3-27).  Note  that  Equation  (3-
27) is applicable to a single point in time. After solving the
equations for all time points, the interpolated waveform is
obtained (red waveform in Figure 4b). Using this process,
the  waveforms  and  spatial  gradients  in  all  grids  can  be
computed.

3.3.  Computing WGM parameters A and B

Ax Ay Bx By,  ,  ,  and    are  the  middle  products  of  the
WGM.  Three  different  methods  can  be  used  to  compute
these  parameters:  the  frequency  domain  (Langston,
2007b),  Hilbert  transform  (Langston,  2007c),  and  linear
inversion (Liu YY and Holt, 2015) methods.
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3.3.1  Frequency domain method
A  Fourier  transform  is  applied  to  every  term  in

Equations (3-11) and (3-12), and both sides are divided by
the  Fourier  transform  of  the  original  waveform,  which
yields

∂̂u (ω, x,y)
∂x

/̂u (ω, x,y) = Ax (x)+ iωBx (x) , (3-28)

∂û (ω, x,y)
∂y

/û (ω, x,y) = Ay (x)+ iωBy (x) , (3-29)

ûwhere    represents  the  Fourier  transform  of  the  original
waveform. By identifying the real and imaginary terms on
the left sides of Equations (3-28) and (3-29), the following
equations are obtained:

Ax (x) = real{ ∂̂u (ω, x,y)
∂x

/̂u (ω, x,y)}, (3-30)

Ay (x) = real{ ∂̂u (ω, x,y)
∂y

/̂u (ω, x,y)} (3-31)

Bx (x) = im{ ∂̂u (ω, x,y)
∂x

/̂u (ω, x,y)}, (3-32)

By (x) = im{ ∂̂u (ω, x,y)
∂y

/̂u (ω, x,y)}, (3-33)

The  frequency  domain  method  is  simple  and  easily
implemented;  however,  it  can  be  very  unstable  for
frequencies with a very small or zero spectrum, which is a
major drawback.
3.3.2  Hilbert transform method

Langston (2007c) proposed a more accurate and stable
method  (comparing  to  the  frequency  domain  method)  in
time  domain,  which  base  on  the  Hilbert  transform  of
Equations (3-11) and (3-12):

H
[
∂u
∂x

]
= AxH [u]+Bx

∂

∂t
H [u] , (3-34)

H
[
∂u
∂y

]
= AyH [u]+By

∂

∂t
H [u] , (3-35)

U, j = H
[
∂u/∂ j

]
, ( j = x,y) U = H [u]

∂u/∂ j u
∣∣∣U, j

∣∣∣
|U | U, j

U ψ φ U, j

U

where    and    are  the

Hilbert  transforms  of    and  ,  respectively;    and
  are  the  envelopes  or  instantaneous  amplitudes  of 

and  ,  respectively;    and    are  the  phase  terms  of 
and   , respectively. Then

|Ux|eiψx = Ax |U |eiφ+Bx
∂

∂t

{
|U |eiφ

}
, (3-36)

∣∣∣Uy

∣∣∣eiψy = Ay |U |eiφ+By
∂

∂t

{
|U |eiφ

}
, (3-37)

ω (t) =
dφ (t)

dt
when    is  set  as  the  instantaneous  frequency,

the following equations are obtained:

Bx =
1

ω (t)

∣∣∣∣∣∂U
∂x

∣∣∣∣∣
|U | sin(ψx−φ) , (3-38)

By =
1

ω (t)

∣∣∣∣∣∂U
∂y

∣∣∣∣∣
|U | sin

(
ψy−φ

)
, (3-39)

Ax =

∣∣∣∣∣∂U
∂x

∣∣∣∣∣
|U | cos(ψx−φ)− 1

ω (t)

∣∣∣∣∣∂U
∂x

∣∣∣∣∣
|U |2

∂ |U |
∂t

sin(ψx−φ)

(3-40)
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Figure 4.    WGM-based wavefield gridding method. (a) Geometry of a subarray. Black triangles and blue dots represent the
stations of Chuanxi Array and Grid reference locations, respectively. Blue triangles are the supporting stations of the reference
location of red dot, and gray dash line presents the raypath. (b) Red and black waveforms with bandpass filtered (12-18 s) are
the reconstructed waveform ( ) at the reference location and the waveforms of supporting stations ( ), respectively. (c)
Red and blue traces are the reconstructed waveform ( ) and wavefield gradients ( ,  ) at the reference location.
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Ay =

∣∣∣∣∣∂U
∂y

∣∣∣∣∣
|U | cos

(
ψy−φ

)− 1
ω (t)

∣∣∣∣∣∂U
∂y

∣∣∣∣∣
|U |2

∂ |U |
∂t

sin
(
ψy−φ

)
(3-41)

where

∂U
∂x
=
∂u
∂x
− iH

[
∂u
∂x

]
∂U
∂y
=
∂u
∂y
− iH

[
∂u
∂y

]
U = u− iH [u]
∂U
∂t
=
∂ |U |
∂t
=
∂u
∂t
− iH

[
∂u
∂t

]
φ (t) = tan−1

[
−H [u( t)]

u(t)

]
ψ j (t) = tan−1

[ −H
[
u, j

(
t)
]

u, j(t
) ]

, j = x,y

ω (t) =
1
|U |2

{
∂u
∂t

H [u (t)]−u (t) H
[
∂u
∂t

]}

. (3-42)

3.3.3  Time domain linear inversion method

Ax Ay Bx By

Liu  YY  and  Holt  (2015)  proposed  a  linear  inversion
method  to  directly  invert  ,  ,    and    based  on
Equations  3.11  and  3.12.  The  matrix  equation  is  as
follows:

u (t1) u̇ (t1) 0 0
0 0 u (t1) u (t1)
...

u (tN)
0

...
u̇ (tN)

0

...
0

u (tN)

...
0

u̇ (tN)




Ax
Bx
Ay
By

 =


u,x (t1)
u,y (t1)
...

u,x (tN)
u,y (tN)

 ,
(3-43)

(ti) u̇ (ti) u,x (ti)
ti

where  ,    and    are  the  waveform,  its  time
derivative, and its spatial derivative at time  , respectively.

t1 . . . tN

This  method  assumes  that  all  four  parameters  are
constant in the time window [ ].  This is usually true
around  the  surface  wave  envelope  peak  time.  However,
this assumption may not always be true, particularly at the
wave  interface  times  of  multiple  phases.  We  believe  the
Hilbert  transform method is  currently  the  most  stable  and
accurate method available.

3.4.  Workflow for WGM imaging

Figure  5  shows  the  major  steps  involved  when  the
WGM is used for imaging purposes. For a regional seismic
array,  after  obtaining  the  original  waveforms,  the  general
pre-processing  steps  include  (Liang  CT  and  Langston,
2009):  (1)  inspecting  the  data  to  ensure  that  the  target
phases are clean and strong for all receivers; (2) removing

instrument responses, wave trends, and means; (3) filtering
waveforms  to  the  target  frequency  bands;  (4)  removing
waveforms  that  have  peak  amplitudes  ~30%  larger  or
smaller than the peak amplitude of waveform in reference
location  (Liang  CT  and  Langston,  2009)  or  the  median
peak  amplitudes  of  the  waveforms  in  the  same  sub-array
(Cao  FH  et  al.,  2023);  and  (5)  applying  the  reducing
velocity method by shifting the waveforms according to an
average phase velocity (e.g., 4 km/s) to remove the effects
of  the  background  velocity.  Thus,  the  computed  phase
velocity  represents  a  perturbation  with  respect  to  the
average velocity c. The spatial wavefield gradients are then
computed  using  either  the  weighted  inversion  [Equation
(3-27)]  or  linear  wavefield  gridding  [Equation  (3-24)]
method.
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Figure  5.     Workflow  of  the  WGM.  Eqs:  Differ.  Dir.:  Using
earthquakes  from  different  directions.  Differ.  CMP:  different
components.
 
 

Ax Ay Bx By

px = p′x+
sinθ

c̄
py = p′y+

cosθ
c̄

p′x p′y
c̄

θ

After obtaining the spatial gradients,  ,  ,  , and 
can be computed using one of the three methods described
in  section  3.3  using  either  of  the  frequency  domain
methods  [Equations  (3.30–3.33)],  the  Hilbert  transform
method  [Equations  (3.38–3.41)],  or  the  linear  inversion
method  [Equation  (3.43)].  The  four  parameters  are  then
substituted into Equations (3.18–3.21) to obtain the phase
velocity,  wave  direction,  geometrical  spreading,  and
radiation pattern. By accounting for the average velocity c,

the true slowness can be obtained using  , and

,  where    and    are  the  slowness  values
computed using a reducing velocity,   is the initial average
velocity, and   is the wave propagation direction.

All  of  the  parameters  are  a  function  of  time.
Technically,  the  WGM can  be  applied  to  any  phase  with
high signal-noise ratio (SNR>5). The surface wave energy
is  often  the  strongest  on  a  waveform,  particularly  for
teleseismic  data;  therefore,  many  WGM  applications  are
based  on  surface  waves.  For  surface  waves,  the  phase
velocity  and  other  parameters  are  selected  at  the  time
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corresponding to the envelope peak. The phase velocity at
the peak time is then used as the reduced velocity and the
process  is  repeated  from  step  (5)  until  the  phase  velocity
difference  between two successive  loops  is  less  than 0.01
km/s.  In  practice,  ~3  loops  are  usually  required  to  reach
this threshold.

Ar

The four parameters are the only middle products that
can  be  processed  further  to  obtain  the  properties  of  the
medium.  For  example,  by  processing  waveforms  from
different  directions,  phase  velocity  as  it  varies  with
azimuth  can  be  obtained,  as  well  as  the  azimuthal
anisotropy.  By  working  on  three  components  of  the
waveforms,  phase  velocities  of  Rayleigh  and  Love  wave
can be obtained for the inversion of shear wave velocity in
horizontal  and  vertical  polarization,  and  then  radial
anisotropy  can  be  computed.  Based  on  the  normalized
amplitude  gradient  ( ),  attenuation  can  also  be  obtained.
Currently,  WGM  is  commonly  used  to  compute  3D
velocities and anisotropy.

4.  WGM applications

Since  its  introduction  to  seismology,  the  WGM  has
been  applied  to  a  wide  range  of  datasets  for  different
purposes. The major applications are summarized in Table 1
and their timeline is shown in Figure 6. Theoretically, the
WGM can  be  applied  to  the  full  waveform  to  obtain  the
major  WGM  attributes  (i.e.,  phase  velocity,  wave  propa-
gation  direction,  geometrical  spreading,  and  radiation
patterns). However, each study may have a different focus.
As shown in Table 1, the applications can be divided into 4
categories  based  on  the  target  data  type.  Full  waveforms
were analyzed in six studies, ambient noise data was used
in  four  studies  to  extract  phase  velocities  and  anisotropy,
and body waves were the focus of four studies.  However,
most studies were concentrated on surface waves owing to
their  strong  energy.  The  arrays  used  for  data  collection
varied widely in scale (i.e., from a few meter to thousands
of kilometer) and in their average station spacing (1 m–70
km).  The  frequency  bands  of  the  waves  varied  from  100

 

  Table 1.    Major applications of the WGM in previous studies.
 

Data
Type Application Array Major Results

Full
waveform Langston et al., 2007a, c Ns = 8,dx = 15m

1D
Proposed the WGM and time/frequency domain methods to

compute A and B parameters. Obtained slowness and
geometrical spreading along the ray path.

Full
waveform Langston et al., 2007b

dx =
2D

 10–20 km

Proposed 2D WGM to compute the 4 WGM attributes:
phase velocity, wave direction, geometrical spreading, and

radiation pattern.

Full
waveform

Langston and Liang CT,
2008

dx =

2D
ANZA Array

10 km

Used 2D array to compute rotational components of the
wave field.

Full
waveform

Barker and Langston,
2016

dx =

1D+2D
Ns=24

2 m

Used 1D array and 2D gradiometer to test the WGM’s
performance on phase separation and source location, etc.

Full
waveform Maeda et al., 2016 2D

Hinet (Jappan)
Proposed the wavefield gridding method to extract spatial

gradients

Full
waveform Challu et al., 2021 4×4

dx =

2D
Ns= ,

5 m

Used the WGM attributes with AI techniques to distinguish
explosions from earthquakes.

Ambient
noise field

De Ridder and Biondi,
2015;
De Ridder and Curtis,
2017

dx =
dx =

2D, Ocean Bottom Cable,
Inline 50m

Crossline 300 m

Used second order derivatives of the noise wavefield to find
phase velocity and anisotropy based on the Helmholtz

equation.

Noise
field Cao RK et al., 2020 8×11

dx =

2D
 array
5 m

Similar to Ridder and Curtis (2017), but further inverted
phase velocity dispersion to obtain a 3D velocity model.

Noise
field Edme and Yuan SH, 2016

dx =

2D,
3 sub-arrays, each with 3

seismometers,
 1.5–3 m.

Used three 3-station wave gradiometers to measure wavefield
gradients, from which the dispersion curve and wave

direction were obtained.
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Hz to 150 s, which was highly dependent on the geometry
of the array.

4.1.  WGM application to full waveforms

The WGM is applicable to the full waveform. The first
few  studies  by  Langston  et  al.  were  based  on  the  full
waveform (sections 4.1.1 and 4.1.2). In addition, Maeda et
al.  (2016)  proposed  a  WGM-based  wavefield  gridding
method  (section  3.2.2)  to  obtain  the  full  wavefield  along
with  the  spatial  gradients  in  regular  grids.  Challu  et  al.
(2021)  used  the  WGM  to  process  full  waveforms  along
with  artificial  intelligence  methods  and  to  distinguish
between  explosions  and  earthquakes.  These  applications
are  representative  examples  that  show the  applicability  of
the WGM to all phases.

4.1.1  WGM attributes for different phases
The  first  few  WGM  studies  used  full  waveform

analysis  to  determine  the  propagation  parameters  of  all
phases. For example, the very first study applied the WGM
to  a  linear  array  to  obtain  the  ray  parameter  and
geometrical spreading as they varied over time (Langston,
2007a).  The  linear  array  in  the  Mississippi  (US)  embay-
ment consisted of eight strong motion accelerometers with
an  average  spacing  of  15  m.  The  two  explosion  sources
were  located  1.3  km  and  2.5  km  along  the  receiver  line.
The  original  waveforms  recorded  by  the  seismometers
were  corrected  for  displacement  and  bandpass  filtered
(10–15 Hz) before the WGM was applied. Figure 7 shows
the  overlapping  computed  ray  parameters  (background
color)  and  waveforms  for  the  central  six  receivers.  The
estimated  ray  parameters  were  consistent  with  the

 

Continued
Data
Type Application Array Major Results

Body
waves

Langston and
Ayele, 2016

1D
Vertical well Obtained impedance and attenuation profiles in the SAFOD well.

Body
waves

Sollberger et al.,
2016

2D
Moon Array

Ns=4

Used WGM to obtain phase velocity, rotational ground motion, propagation direction, and
shear wave arrivals, which were inverted to obtain the surface structure of the Moon.

Body
waves

Van
Renterghem et
al., 2018

=
dx = 1.5

1D
Length  250 m

m

Used spatial gradients to obtain phase velocities, which were then used to obtain the
horizontal wavenumber .

Surface
waves

Liang CT and
Langston, 2009

dx = 70

2D
USArray

 km
Proposed linear inversion method to obtain spatial gradients.

Surface
waves Poppeliers, 2011 dx = 3

2D
Glendora Array

 m
Ns=13

Used wavelet transform in the WGM.

Surface
waves

Liu YY and
Holt, 2015

dx = 70

2D
USArray

 km
Developed velocity correction based on the Helmholtz equation.

Surface
waves

Porter et al.,
2016

dx = 70

2D
USArray

 km
Combined noise+WGM to obtain 3D velocities beneath the continental US (0–150 km).

Surface
waves

Zhou L et al.,
2017

dx = 70

2D
USArray

 km
Used three components to obtain SH and SV velocities.

Surface
waves

Cao FH et al.,
2020 dx = 20

Ns = 303

2D ChinArray
–35 km Obtained azimuthal anisotropy for different periods.

Surface
waves

Cao FH et al.,
2023

dx = 20
2D ChinArray

–35 km
Ns=303

Combined noise+WGM+receiver function to obtain 3D velocity and anisotropy at 0–100 km
depth.

Surface
waves

Chang YN et al.,
2022

dx = 6.5
2D, Local;

 km;
Ns=163

Obtained 3D vS at 0–20 km depth and for a grid spacing of 5 km.

Note: dx=station spacing; Ns=number of stations
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waveforms.
Barker  and  Langston  (2016)  used  a  geophone  array

with a specifically designed gradiometer (Figure 8a) to test
the  performance  of  the  WGM  in  a  2D  array.  In  such  a
small-scale array with a frequency band of 20–115 Hz, the
slowness  changed  substantially.  The  wave  propagation
directions  are  similar  to  the  source-receiver  path  but  still

exhibit obvious variations. This may imply that, for a high-
frequency band,  wave  propagation  is  strongly  affected  by
the structure within and outside the array.
4.1.2   Using  the  WGM  to  compute  strain  and
rotation tensors

x y ux

uy ux uy

x y

u1,2+u2,1

u1,2−u2,1

For  a  2D  array,  the  two  horizontal  component
waveforms can be rotated to the   and   directions (  and
).  The  spatial  derivative  of  either  of  the    or    with

respect  to    or    can  then  be  obtained.  Based  on  these
results,  Langston  and  Liang  CT  (2008)  obtained  the
second-order strain and rotation tensors (Equations 2.1 and
2.2).  Figure  9  shows  the  doubled  shear  strain  ( )
and rotation ( ). Attributes of P-SV and SH waves,
including horizontal slowness and its changes, and changes
in  geometrical  spreading,  radiation  pattern,  propagation
azimuth,  and  wave  polarization  can  be  determined  by
measuring  the  horizontal  strain  and  rotation  of  the
wavefield  along  with  the  three  displacement  components.
Gradiometer cells comprising an array of three-component
seismographs  can  be  used  to  provide  estimates  of  the
wavefield gradients.

To  compute  the  third-order  strain  and  rotation  tensors
(Equations 4.1 and 4.2),  the spatial  gradients  with respect
to the z-axis are required; thus, at least two receivers must
be located along the z-axis.

 

Applications of the wave gradiometry method

2007 2009

2010

2012

2016

2021

2022

2011

2015

2019

2020

Wave propagation parameters in New Madrid

Seismic Zone (Langston, 2007b);

Gradiometry analyses for the 4 March, 2008

TAIGER explosions (Langston et al., 2009)

Wave gradiometry for USArray: Rayleigh

waves (Liang and Langston,  2009)

Wave Gradiometry analyses for a backfilled mine

(Poppeliers, 2010)

Comparison of point and array-computed rotations for the

TAIGER explosions (Kendall and Langston, 2012)

Q value and velocity in San Andreas fault (Langston and Ayele,

2016)

Reconstruction of a 2D seismic wavefield (Maeda et al., 2016)

The elastic structure of the lunar crust(Sollberger et al., 2016)

3D Vs model within the continental U.S. (Porter et al., 2016)

Explosion Discrimination (Challu et al., 2021)

3D Vs model of Anninghe-Zemuhe fault zone

(Chang YN et at., 2022).

Multiwavelet gradiometry analyses for the

M 8.8 Chilean earthquake (Poppeliers, 2011)

The wave gradiometry and its link with

Helmholtz equation solutions of USArray

(Liu and Hole, 2015)

Near-surface Scholte wave velocities at Ekofisk

(De Ridder and Biondi, 2015)

The receiver perturbations in seismic wavefield

gradiometry (Sollberger et al., 2019) zone

Near-surface 3D seismic velocity

(Cao RK et al., 2020)

Anisotropy of he Southeastern Tibetan Plateau

(Cao FH et al., 2020) 
Figure 6.    Timeline of major applications of the WGM by previous studies.
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Figure  7.     Ray  parameters  (background  color)  determined
using the WGM were consistent with the major phases. Prefracted
and  Psed  are  refracted  and  sedimentary  P  waves,  respectively
(modified from Figure 5 in Langston, 2007a).
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ε γwhere    and    are  the  strain  and  rotation  tensors,
respectively.  At  the  free  surface,  if  it  is  assumed  that  the
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Figure 8.    (a) Designed seismic gradiometer. Red dots are seismic sensors, pentagram presents source. (b) Feather plot of the
measured wave propagation directions (vector directions) and slowness (vector lengths).  The waveform is co-plotted on the
central station (gray continuous curve). The upper right inset shows the ray connecting the source and the central receiver in
the array (modified from Figure 1 and Figure 7 in Barker and Langston, 2016).
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ui, jFigure 9.    Using two horizontal component waveforms (a) to compute strain and rotation (b).   is the spatial derivative of

the  i-th  component  waveform  with  respect  to  the  j-th  axis.  Four  time  series  are  (from  top  to  bottom):  bulk  normal  strain,
differential normal strain, shear strain, and rotation (modified from the Figures 6 and 9 in Langston and Liang CT, 2009).
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traction normal to the surface vanishes, the corresponding
shear strain is zero and the normal strain in the z direction
can  be  associated  with  the  normal  strain  in  the  other  two
directions  (Spudich  et  al.,  1995;  Robertsson  and  Curtis,
2002), which yields
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The strain and rotation tensors can then be written as:
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Therefore,  even  without  the  spatial  derivative  with
respect to the z-axis, the strain and rotation tensors can be
determined  fully  when  an  isotropic  medium  is  assumed.

ϵ33 ϵ12 γ12

γ12

Figure  9  shows  the  ,  ,    ,  and  the  different  normal
strains in time series.   represents the rotation around the
z-axis.

4.2.  WGM application to ambient noise field

The  WGM  is  also  applicable  to  ambient  noise  fields
(De  Ridder  and  Biondi,  2015).  The  majority  of  such
studies  were  based  on  the  Helmholtz  equation  without
considering the source term. Referring to Equation 2.3, the
second  term  on  the  left  side  is  the  second  temporal
derivative. Therefore, the square of the phase velocity can
be obtained by linear regression of the second-order spatial
and temporal derivatives (Figure 10).

De  Ridder  and  Curtis  (2017)  used  this  method  to
determine the velocity and anisotropy of the same dataset.
Cao RK et al. (2020) applied a similar technique to obtain
the dispersion curve for each location in a 2D array with a
spacing of 5 m and inverted a 3D model for the upper 25 m.
Based on the first-order derivative WGM, Edme and Yuan
SH (2016) designed a seismometer comprising 3 sensors to
obtain the near-surface structure.

4.3.  WGM application to body waves

A few studies  have focused on body waves.  Langston
and  Ayele  (2016)  applied  the  WGM  to  a  vertical  array
along  the  SAFOD  to  obtain  the  impedance  profile  and
estimate  the  average  attenuation.  Sollberger  et  al.  (2016)
used  spatial  gradients  to  obtain  the  phase  velocity  and
rotational  ground  motion,  which  were  used  to  identify
shear  wave  arrivals  on  Moonquake  waveforms.  Van
Renterghem  et  al.  (2018)  used  the  WGM  to  separate
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Figure 10.    Ambient noise field imaging based on the WGM. (a) Snapshot of seismic noise filtered from 0.6 to 0.8 Hz. (b)
Scatterplot  of  the second-order spatial  vs.  temporal  gradients.  Red and blue dots correspond to the two locations marked in
Figure 10a (Figure 1 in De Ridder and Biondi, 2015).
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downgoing and upgoing body waves.
4.3.1   Computing  impedance  and  attenuation  in  the
SAFOD drilling hole

Langston  et  al.  (2016)  used  the  body  waves  recorded
by the SAFOD seismic array. The main SAFOD hole was
drilled  to  1.5  km  vertically,  then  continued  to  a  depth  of
2.4  km at  an  angle  of  ~60°  from vertical  into  an  actively
creeping segment of the San Andreas Fault (Hickman and
Zoback, 2004; Zoback et al., 2011). The WGM-determined
P wave velocities were generally consistent with the sonic
log  above  1.6  km  (Figure  11b).  The  inconsistencies

observed  below  1.6  km  were  due  to  the  geometry  of  the
array as it deviated from vertical (Figure 11a).
4.3.2  Identifying Moonquake shear waves

Sollberger  et  al.  (2016)  found  a  special  use  for  the
WGM with respect to seismic waveforms on the Moon, or
Moonquakes.  The  Apollo  17  lunar  seismic  profiling
experiment  consists  of  four  stations  with  ~60  m  spacing.
Similar to Langston and Liang CT (2008), they computed
the  rotation  vector  based  on  the  WGM  to  distinguish
between P and S waves, which was then used as a tool for
picking shear wave arrivals. The basic assumption was that
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Figure  11.     (a)  Geometry  of  the  San  Andreas  Fault  Observatory  at  Depth  (SAFOD)  well.  (b)  WGM-estimated  P  wave
velocity (black dots with error bars). Red line: sonic logging with a 75 m moving average; blue line: vertical seismic profiling.
(c) Inverted impedance profile with Q=22 (modified from the Figures 4 and 6 in Langston et al., 2016).
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the  shear  energy  associated  with  the  S  wave  should  be
substantially larger than that of the P wave.

v =
(

vx vy vz

)
For  a  ground  motion  rate  ,  the

rotational ground motion rate is

r =
1
2
∇× v =

1
2

 ∂yvz−∂zvy
∂zvx−∂xvz
∂xvy−∂yvx

 (4-8)

∂iv j v jwhere   is the spatial derivative of   with respect to the
i-th axis. However, at the free surface, the traction normal
to  the  surface  vanishes,  which  imposes  additional
constraints  on  the  vertical  derivatives  z  of  the  particle
velocities  (Spudich  et  al.,  1995;  Robertsson  and  Curtis,
2002):

r =
1
2
∇× v =

 ∂yvz
−∂xvz

∂xvy−∂yvx

 . (4.9)

In  Figure  12,  the  colored  background  of  the  center
column  is  the  sum  of  the  squares  of  the  two  rotational
ground  motion  components  around  orthogonal  horizontal
axes  (rx,  ry)  obtained  from  the  spatial  gradients.  As
expected,  the  P  wave  was  associated  with  minimal
rotational  energy.  The  direct  S  waves  had  the  strongest
rotational  energy,  while  the  reflected  S  wave  rotational
energy was strong enough to identify its phase.

4.4.  WGM applications to surface waves

Surface  waves  are  often  the  strongest  in  a  seismic
waveform,  particularly  for  teleseismic  waves.  Therefore,

most applications of the WGM have been based on surface
waves, particularly for regional-scale studies.
4.4.1   Applying  the  WGM  to  an  irregular  regional
array

Liang  CT  and  Langston  (2009)  applied  the  WGM  to
the  USArray  in  the  western  US.  This  was  the  first
application of the WGM to a regional array to obtain phase
velocity maps for periods up to 120 s. They found that the
waveform from a single earthquake could be used to obtain
the structure beneath a dense array. This makes the WGM
superior  to  other  methods  when  a  limited  number  of
seismic sources are available, such as on the Moon.
4.4.2   Combining  the  WGM  and  ambient  noise
tomography to image the lithosphere beneath the US

Liu  YY  and  Holt  (2015)  applied  the  WGM  to  the
USArray  in  the  eastern  US.  They  introduced  the  phase
velocity  correction  term  by  considering  the  Helmholtz
equation.  They  also  determined  the  linear  relationship
between  the  apparent  amplitude  decay  and  the  focusing
and defocusing effects. Based on this method, Porter et al.
(2016)  combined  the  relatively  shorter  period  (8–40  s)
dispersion  curves  from  ambient  noise  cross-correlation
with  relatively  longer  period  (20–150  s)  curves  obtained
from the  WGM (Figure  14).  The dispersion curves  of  the
overlapping  periods  were  then  averaged  over  the  two
datasets.  By  combining  the  two  datasets,  the  dispersion
curve was extended to cover periods of 8–150 s. Therefore,
inversion  could  image  the  structure  to  a  depth  of  150  km
(Figure  15).  The  results  of  this  study  indicated  that  the
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Figure  12.     Using  the  WGM  to  determine  phase  velocity  (color),  rotational  ground  motion  (black  curve  in  the  center
column),  and propagation direction (arrows in  the  right  column).  Ray-path  directions  are  shown as  dashed lines.  The shear
waves  were  identified  by  the  increasing  rotational  ground  motion.  The  top  and  lower  rows  are  for  events  EP-3  and  EP-5,
respectively (Figure 2 in Sollberger et al., 2016).
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major  advantage  of  the  WGM  is  its  capability  to  extract
much deeper structures than ANT.
4.4.3   Using  WGM  to  invert  for  3D  velocity  and
azimuthal anisotropy

Figure 15 shows the capacity of the WGM to invert for

3D velocity structures to a depth of 150 km. Cao FH et al.
(2020)  extended  the  WGM  to  extract  the  azimuthal
anisotropy based on a regional array. Figure 16 shows the
azimuthal anisotropy measurements for sample stations in
eight  blocks.  Using  earthquake  waveforms  from  different
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Figure  13.     Applying  the  WGM to  the  USArray.  The  results  are  based  on  waveforms  from  one  earthquake  in  the  Kuril
Islands (Figure 8 in Liang CT and Langston, 2009). The four major parameters obtained from the WGM are phase velocity
(a), azimuth variation (b), geometrical spreading (c), and radiation pattern (d).
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azimuths,  the  phase  velocities  for  the  different  azimuths
were extracted (colored dots in Figure 16). The medians of
all  18  azimuth  windows  (black  dots  in  each  sub-figure)
were  modeled  as  2nd  order  sine/cosine  functions  (red
curves) to obtain the anisotropy parameters.  The fits were
generally  good  for  the  majority  of  the  stations.  However,
for stations such as KLX01, 4th order sine/cosine functions
may be necessary to account  for  back-scattering owing to
complex local structures. The same process was applied to
all stations.

Figure 17 shows the anisotropy for T=60 s. For a single
location, an azimuth dependent dispersion curve inversion
(ADDCI, Liang CT et al.,  2020) was applied to invert for
3D  velocities  and  azimuthal  anisotropy.  Cao  FH  et  al.
(2023)  combined  ANT  and  WGM  to  obtain  dispersion
curves for periods of 5–60 s, and inverted with the receiver
functions  to  obtain  the  high-resolution  3D  vS  model  and
azimuthal anisotropy structure of the southeastern Tibetan
Plateau.
4.4.4   Applying  the  WGM  to  a  dense,  short-period
seismic array to image fault zones

Chang YN et  al.  (2022)  applied  the  WGM to  a  dense
array along the Anninghe-Zemuhe fault. The average spa-
cing of the array was ~6.5 km, and the corner frequency of
the instruments was ~0.2 Hz (10 s). Synthetic tests were con-
ducted to analyze the resolution of the method (Figure 18).
For an array with an average station spacing of ~5 km, the
WGM  is  able  to  resolve  a  velocity  anomaly  of  ~5  km,
which is  the  same as  the  array’s  spacing.  Data  noise  may
lower  the  resolution  somewhat  by  smearing  the  blocking
boundary, but the resolution is ~1.5 times the array spacing
(7.5 km) for noise levels up to 8%.

Finally,  the  Rayleigh  wave  phase  velocities  within
period range of 5–15 s were extracted using the WGM, and
the 3D S wave velocity structure of the upper crust (3–20
km)  along  the  Anninghe-Zemuhe  fault.  was  inverted

(Figure 19). The inversion results were consistent with the
known geological structure, suggesting that the WGM can
be  used  to  effectively  invert  high-resolution  3D  velocity
structures  in  a  small  area.  This  is  particularly  useful
because an increasing number of  short-period instruments
are  being deployed to  monitor  seismicity  along faults.  By
applying the WGM, the 3D velocity structure of the upper
crust  can  be  obtained,  which  is  almost  impossible  when
using  the  ANT  method  (owing  to  the  small  scale  of  the
array).

5.   Comparisons  with  other  imaging
methods

As seismic arrays are used increasingly for subsurface
imaging,  many  techniques  have  been  developed  to  fully
utilize  these  data.  Most  recently,  ANT,  Eikonal
tomography,  and  its  cousin  Helmholtz  tomography  are
some  of  the  main  imaging  techniques  used  in  global
seismology. Table 2 summarizes these four methods.

5.1.  WGM vs. ANT

ANT was introduced by Campillo and Paul (2003) and
then  used  widely  at  different  scales  to  image  the
subsurface.  ANT  starts  with  finding  the  empirical  Green
functions  between  two  stations  by  cross-correlating  the
ambient noise at both stations. Because the surface waves
dominate  the  ambient  noise  field  (Zhang  H  et  al.,  2022),
the  surface  waves  are  often  the  strongest  phases  in  the
empirical Green functions. Therefore, the ANT is reduced
to  surface  wave  tomography  by  directly  inverting  the
empirical  surface  wave  or  inverting  the  dispersion  curves
of  the empirical  surface waves.  The dispersion curves are
often measured using the frequency-time analysis (FTAN)
method (Bensen et al., 2008).

The WGM works on the actual waveform whether it is
the  ambient  noise  field  or  the  waveform  emitted  by  an
earthquake.  For  the  most  common  practices,  the  WGM
works  on  the  surface  waves  emitted  by  an  earthquake.
Unlike  the  ANT,  the  WGM computes  the  phase  velocity
dispersion  curves  by  determining  the  spatial  wavefield
gradients.

Although  both  ANT and  the  WGM are  often  reduced
to surface dispersion curve inversion, the methods differ in
many  ways.  The  working  frequency  band  is  the  most
prominent  difference.  The  empirical  Green  function  is
relatively weak for periods longer than 40 s, as it is limited
by  the  frequency  band  of  the  ambient  noise  source.
Therefore,  ANT  is  often  applicable  only  for  periods  less
than  40  s.  In  contrast,  the  WGM  is  best  suited  for  long
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Figure  14.     Ambient  Noise  Tomography  (ANT)  combined
with  the  WGM  to  obtain  a  wide-band  dispersion  curve.  The
ANT  is  often  limited  to  periods  less  than  40  s  owing  to  the
limited frequency of the noise source.
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periods. For example, in the USArray, Porter et al. (2016)
extracted  dispersion  curves  with  periods  of  8–40  s  using
ANT and 20–150 s using the WGM. Therefore, the ANT is
better  at  extracting  surface  structures  from  waves  with
periods  less  than  20  s,  while  the  WGM  is  better  at
extracting deep structures from waves with periods greater
than 40 s. The best practice is to combine the two datasets
(Figure  14),  as  in  Porter  et  al.  (2016)  and  Cao  FH  et  al.
(2023).

Both ANT and the WGM work on periods of 20–40 s.

Porter et al. (2016) and Cao FH et al. (2023) compared the
phase  velocities  for  the  overlapping  periods  using  both
methods.  As  shown  in  Figures  20  and  21,  the  phase
velocities  obtained  using  ANT  and  the  WGM  were
remarkably consistent with each other, and the majority of
the  velocity  differences  were  less  than  0.05  km/s.  The
azimuthal  anisotropies  of  the  overlapping  periods  were
also  remarkably  consistent  between  methods  (Figure  21;
Cao  FH  et  al.,  2023).  These  analyses  indicate  that  the
WGM works as well as ANT in the frequency band that is
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Figure 15.    3D shear wave velocity model of the continental US based on joint inversions of WGM and ANT the tick labels
on the top and bottom of color bars indicate absolute velocity and velocity disturbance, respectively. (Figure 2 in Porter et al.,
2016).
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applicable to both methods.
In  addition  to  the  velocity  structure,  the  WGM  has

advantages  for  working  on  the  surface  wave  with  longer
periods  (T>  40  s)  and  can  extract  the  wave  propagation
direction, amplitude variations with distance, and azimuth.
Based  on  these  parameters,  attenuation  can  also  be
obtained (Equations 3-8 and 3-9).

5.2.  WGM vs. Eikonal and Helmholtz tomographies

Lin  FC  et  al.  (2009,  2011)  proposed  Eikonal  and
Helmholtz  tomographic  methods  to  obtain  local  phase
velocities  and  anisotropy  from  a  dense  array.  These  two
methods  are  based  on  the  Eikonal  and  Helmholtz
equations, respectively, and yield phase velocity estimates.
Eikonal  and  Helmholtz  tomographies  use  travel  time
spatial  gradients  of  certain  phases  extracted  from  cross-
correlating  waveforms,  while  the  WGM  uses  the  spatial
wavefield  gradients  directly.  Eikonal  and  Helmholtz
tomographies  do  not  analyze  the  radiation  patterns  with
depth,  as  in  the  WGM.  Liu  YY  and  Holt  (2015)
summarized  the  relationship  between  the  WGM  and
Eikonal and Helmholtz tomographies.

Eikonal  tomography (Lin FC et  al.,  2009)  is  based on

the 2D Eikonal equation:
1

c’(x,y)2 = |∇τ (x,y)|2 (5-1)

c′ (x,y)
(x,y) τ

(
x,y

)
∇ (x,y)

where    is  the  dynamic  phase  velocity  (or  apparent
velocity) as a function of location  ,   is the phase
travel time that can be extracted by tracing the isochronous
surface  of  the  surface  waves,  and    is  the  spatial
gradient of the phase time.

Helmholtz tomography (Lin FC and Ritzwoller,  2011)
is based on the Helmholtz equation:

1
c (x,y)2 = |∇τ (x,y)|2− ∇

2G (x,y)
G (x,y)ω2

(5-2)

G (x,y)
c (x,y)

where   is the wave amplitude (as in Equation 3-10)
and    is  the  structural  phase  velocity  (or  corrected
velocity as named by Lin FC and Ritzwoller (2011)). The
main  difference  between  Eikonal  and  Helmholtz
tomography  is  that  amplitude  correction  (second  term  in
Equation  5.2)  is  considered  in  Helmholtz  tomography  to
obtain the phase velocity.

A =
(
Ax,Ay

)
The  wave  amplitude  term    determined  by

the WGM has an intrinsic relationship with the Helmholtz
equation (Liu YY and Holt, 2015):
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Figure 16.    Using WGM to extract azimuthal anisotropy at each station. Original phase velocities varying with azimuth are
plotted as colored dots to the left. The median velocity of each 10° azimuth window is a black dot. The median velocities of
the  18  azimuth  windows  were  modeled  (red  curve)  to  obtain  anisotropy  parameters  for  each  station.  a  and  b  are  the
coefficients of the anisotropic model of Rayleigh wave. (Figure 4 in Cao FH et al., 2020).
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  Table 2.    Different array imaging methods currently in use.
 

Imaging
Method Data Major Outputs Network Imaging

Depth
Period

(USArray) Resolution

WGM Noise (De
Ridder and

Curtis, 2017)
and full

waveform
(Liang CT and

Langston,
2009)

Velocity, anisotropy,
attenuation, and
radiation pattern

Linear (dense), 2D
(dense), 3D, and
vertical (dense)

Lithosphere 20–150s
(Porter et al., 2016)

Based on station
density (1.5×

station spacing)

Ambient Noise
Tomography

(ANT)

Noise Velocity
Anisotropy

Linear and 2D Crust 5–40 s Based on ray path
density (N/A)

Eikonal
Tomography

Noise (Lin FC
et al., 2009) and
full waveform

Velocity and
anisotropy

2D (dense) Lithosphere N/A Based on station
density (N/A)

Helmholtz
Tomography

Noise and full
waveform (Lin
FC et al., 2011)

Velocity, anisotropy,
and attenuation

2D (dense) Lithosphere 20–100 s
(Jin G and Gaherty,

2015)

Based on station
density (N/A)
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Figure 17.    Azimuthal anisotropy at all stations for T=60 s. Color bar on the upper right is present amplitude of anisotropy.
(Figure 8 in Cao FH et al., 2020).
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A = ∇lnG =
∇G
G

(5-3)

A2+∇.A =
(
∇G
G

)2

+
∇2G
G
− (∇G)2

G2
=
∇2G
G

(5-4)

B = − (
px, py

)
Based  on  Equations  3-15  and  3-16,  ,

which yields:
|B| = |p| = |∇τ| (5-5)

The corrected structural velocity is given as follows:
1

c (x,y)2 ≈ |B|
2− A2+∇.A

ω2
(5-6)

A B

Equation  (5-6)  indicates  that  the  phase  velocity
obtained  by  the  WGM  (Equation  3-18)  may  be
contaminated  by  backscattering  effects.  By  adding  a
correction term (second term in Equation 5-6), a structural
phase  velocity  that  is  more  indicative  of  the  actual
structure  can  be  obtained.  The  phase  velocity  term  is  a
combination  of  the    and    vectors.  Lin  FC  and
Ritzwoller (2011), Jin G and Gaherty (2015), and Liu YY
and  Holt  (2015)  all  determined  that  the  corrected  phase
velocity represents the structural velocity, which has better

constraints on the structure of the medium.
Similarly, Eikonal and Helmholtz tomographies are all

essentially  built  upon  dispersion  curve  inversion.  Similar
to  the  WGM,  both  Eikonal  and  Helmholtz  tomographies
can  be  used  for  long  periods.  As  shown  in  Figure  22,
although,  the  WGM  treats  the  phase  as  a  constant  (first-
order approximation of the spatial wavefield gradient) over
a small range, the phase velocity and anisotropy estimated
using  the  WGM  are  remarkably  consistent  with  those
estimated using Eikonal tomography (second order spatial
gradient of the phase travel time). The major advantage of
the WGM is its ability to extract geometrical spreading and
radiation patterns. In addition, the WGM has more flexible
applications  than  Eikonal  or  Helmholtz  tomographies;
thus,  the  WGM  can  be  applied  to  more  network  types
(Table  1),  seismic  phases  (Table  1),  and  can  be  used  to
identify body wave arrival times (Sollberger et al., 2016).

6.  Conclusions

In  this  review,  we  have  outlined  the  theoretical
foundations,  technical  development,  and  major
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Figure  18.     Resolution  test,  in  which  the  real  velocity  model  and  velocity  structure  were  computed  using  synthetic
waveforms  with  different  noise  levels  and  a  central  period  of  10  s  (source  location  is  (0,  0,  0)).  (a)  Real  velocity  model
(different  colors  are  different  speed  regions,  triangles  are  array  locations)  with  (b)  no  random noise  added,  (c)  4% random
noise added, and (d) 8% random noise added (Figure 4 in Chang YN et al., 2022).

 274  Liang CT et al. Earthquake Science 36 (2023)

 
 



applications  of  the  WGM  and  compared  it  with  other
major  array imaging methods.  The WGM uses the spatial
wavefield  gradients  to  obtain  4  major  attributes:  phase
velocity,  wave  directionality,  geometrical  spreading,  and
radiation  pattern.  These  attributes  can  be  used  to  further
extract the strain and rotation tensors (Langston and Liang
CT, 2008; Sollberger et al., 2016), and can also be used to
extract structural information such as velocity, anisotropy,
attenuation, and impedance, among others.

The  WGM  can  be  applied  to  the  full  waveform
(Langston, 2007a, b, c), body waves (Langston and Ayele,
2016; Sollberger et al., 2016), or surface waves (Liang CT
and  Langston,  2009;  Porter  et  al.,  2016;  Cao  FH  et  al.,
2020).  It  can  also  be  applied  to  ambient  noise  data  (De

Ridder and Curtis, 2017).
Spatial  gradients  can  be  computed  in  various  ways,

including the weighted inversion (Liang CT and Langston,
2009), wavefield bi-cubic spline interpolation (Liu YY and
Holt,  2015),  and  Taylor  expansion-based  wavefield
gridding  (Maeda  et  al.,  2016)  methods.  The  advantages
and  disadvantages  of  these  three  methods  may  require
further analysis.

The  WGM  attributes  based  on  spatial  gradients  can
also be computed in several ways, including the frequency
domain  (Langston,  2007a),  Hilbert  transform  (Langston,
2007c),  and  linear  inversion  (Liu  YY  and  Holt,  2015)
methods.  The  Hilbert  transform  method  may  have  the
highest temporal resolution among these methods.
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Figure 19.    S wave velocity maps at depths of 3, 5, 7, 9, 11, 15, 18, and 20 km. Black dashed lines are block boundaries and
circles are earthquakes that occurred at each depth. The earthquakes on each map are those with depths 1 km above and below
the depth threshold. For example, the seismic source depths in the 3 km depth map are located at 2–4 km (Figure 7 in Chang
YN et al., 2022).
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The  WGM  has  been  applied  to  arrays  with  a  large
range of scales. The USArray (average spacing of 70 km)
may  be  the  largest  array  to  which  the  WGM  has  been
applied, while the mini gradiometer (station spacing of less
than 1 m) designed by Barker and Langston (2016) could
be the smallest array to which the WGM has been applied.
The frequency band ranges from tens of Hz to 150 s.

The horizontal resolution of the WGM is ~1–1.5 times
the station spacing. Although the properties are calculated
for grids that can be denser than the array, the resolution of
the  WGM  may  also  be  affected  by  the  smoothing  factor
and sub-array radius.,

Similar  to  ANT,  and  Eikonal  and  Helmholtz
tomographies,  the  WGM  can  also  be  reduced  to  the
inversion of  dispersion curves.  However,  the WGM has a
few advantages for imaging deep Earth structures:

(1) For regional arrays (e.g., USArray and ChinArray),
the imaging depth of the WGM can be as deep as the entire
lithosphere or deeper. As shown by Porter et al. (2016), the
WGM can image to a depth of 150 km. This is because the
WGM works for the longest periods that an instrument can
record. However,  the period band for ANT is usually less
than 40 s owing to the limited frequency band of the noise
source; therefore, its imaging depth is limited to the crust.

(2)  The  WGM  has  the  potential  to  resolve  3D
attenuation  structures,  as  it  can  extract  geometrical

spreading  attributes.  Langston  and  Ayele.  (2016)
determined  the  attenuation  for  the  SAFOD  profile  using
the WGM. The attenuation is theoretically included in the
geometrical spreading term (Equation 3-9).

(3) The WGM has the potential to be used as a tool for
measuring strain and rotation tensors (Langston and Liang
CT, 2008; Sollberger et al., 2016; Equations 4-6 and 4-7).
This would expand the usability of general seismographs.

(4) The WGM can be used as a tool  to identify major
phases.  The  WGM  attributes  fluctuate  substantial  at  the
phase arrival times. Langston (2007c) used this property to
identify  the  sedimentary  phase,  whereas  Sollberger  et  al.
(2016) applied the WGM to identify shear waves by their
rotation energy variations.

Although  dramatic  achievements  have  been  made,
improvements are still required:

(1)  Applying  the  WGM  to  all  possible  phases.  The
applications of the WGM are still  largely concentrated on
surface  waves.  Applications  to  other  phases,  including
abundant  reflected  and  refracted  phases  from  deep
interfaces  (e.g.,  tPcP,  PKP,  and  Sdiff)  could  be  used  to
study the deep structure of the Earth and wave propagation
properties.  The  application  of  the  WGM  to  Moonquake
data is a good example of this.

(2)  Inverting  for  3D  attenuation.  Langston  and  Ayele
(2016) extracted the attenuation using the SAFOD seismic
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Figure 20.    Absolute values of the differences between phase velocities calculated using ANT and the WGM (Figures S1 and
S2 in Porter et al., 2016).
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array.  However,  separating  intrinsic  attenuation  from  the
focusing  and  de-focusing  effect  remains  challenging.
Inverting  for  3D  attenuation  would  be  a  major
development for the WGM.

(3)  Inverting  for  radial  anisotropy.  Inverting  for  3D
azimuthal  anisotropy  based  on  the  WGM  has  been
successful (Cao FH et al.,  2022); however, its potential to
extract 3D radial anisotropy has not been tested. Zhou L et
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Figure  21.     Comparison  of  the  results  calculated  using  ANT  and  the  WGM.  (a),  (d),  and  (g)  are  phase  velocity  maps
calculated using ANT. (b), (e), and (h) are phase velocity maps calculated using the WGM. The base maps in (c), (f), and (i)
show the  absolute  values  of  the  differences  between  the  two  methods.  Black  and  yellow bars  represent  the  Rayleigh  wave
azimuthal anisotropy calculated using ANT and the WGM (Figure S7 in Cao FH et al., 2023).
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al.  (2017)  applied  the  WGM  to  the  vertical,  radial,  and
transverse components of the USArray and found that the
phase  velocities  for  SH  and  SV  waves  were  generally
consistent, but the subtle differences may reveal the radial
anisotropy.  Inverting  for  3D  radial  anisotropy  is  a  new
research direction that should be addressed in the future.

(4)  Joint  analysis  with  other  techniques.  Porter  et  al.
(2016) jointly inverted ANT and the WGM. Cao FH et al.
(2023)  jointly  inverted  dispersion  curves  obtained  using
the  WGM and  ANT,  and  receiver  functions.  Because  the
different  methods  may  have  different  sensitivities,
combining these techniques may provide more constraints
to address tectonic problems.

(5) Application to datasets in the oil  and gas industry.
The  oil  and  gas  industry  has  massive  datasets  with  dense
2D arrays.  Applying  the  WGM to  these  datasets  may  not
only  add  new  value  to  existing  data  but  may  also  create
new opportunities for the WGM.

(6)  Application  to  data  collected  by  optical  fibers.

Distributed  acoustic  sensing  (DAS)  is  becoming  more
commonly  used  in  the  energy  industry  and  earthquake
research.  Because  DAS sampling  can  be  extremely  dense
according  to  the  purpose  of  the  study,  these  datasets  are
ideal for applying the WGM.
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