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Supplementary

An update of ENSO

Stochastic and long term 
dynamic features 
appear present

Seasonal 
synchronisation is 
enhanced in the delay 
oscillator

Link to HEBE spectral 
features
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Spectral signatures of ENSO
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Discuss …?



It is helpful for Tipping Element cascade to chaos studies

and increasing

turbulence

physics

properties.

ENSO delay oscillator dynamic structure
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= 𝑎𝐴 ℎ 𝑡 − 𝜏1 − 𝑏𝐴 ℎ 𝑡 − 𝜏2 + 𝑐 𝑐𝑜𝑠 𝜔𝑎𝑡

𝐴 ℎ = 𝛼 ℎ − ℎ3

Gives a 1d universal map of sub-harmonic resonance (Tziperman et al 1994; Bruun et al 2017) and intermittency

Equatorial wave guide physics
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Thermocline depth ℎ 𝑡 vibration 



Feigenbaum constant 𝛼, Period doubling subharmonic 

Eigenmode decay 2𝑛2 : 8.7dB, Feigenbaum, (1980)

3𝑛2, 3𝑛2 + 𝐼𝑛𝑡𝑒𝑟𝑚𝑖𝑡𝑡𝑒𝑛𝑐𝑦, Bruun et al (2017)

Period doubling to chaos gives an exact sub-harmonic resonance signature 

(which is Universal)
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𝛼 = 1.875

𝛼 = 1.780

Seasonal entrainment is enhanced in the intermittent tipping cascade  
and it includes combination tones (an emergent phenomena).

2000 yr burn, 10,000 year record 

update

update



Lower frequency components : sub-tropical 
dynamics and tropical to sub-tropical coupling

Heydt et al, (2021)
The 65-75 year mode due to tropical-extratropical coupling. 

Period-three phase-locking between bi-decadal and penta-

decadal modes, Skakála and Bruun (2018)

𝑑𝑇𝑡𝑟

𝑑𝑡
= 𝐸𝑁𝑆𝑂 𝑡 + 𝛼𝑂Δ𝑇𝑡𝑟,𝑒𝑥(𝑡, 𝛿) + 𝛽𝐴𝑇𝑒𝑥 𝑡



Heartbeat of the Southern Oscillation explains 

ENSO climatic resonances

JGR Oceans, Volume: 122, Issue: 8, Pages: 6746-6772, First 

published: 26 July 2017, DOI: (10.1002/2017JC012892) 

SOI update 

Adding the most recent 5 years 

(2018 – 2023):

Canonical EL Nino 1 year mis-

match (supports stochastic 

activation theory).

Persistent La Nina phase 

(supports modulated Heartbeat 

theory with a non-linear 

threshold 2015 to 2035).

Any questions 

….



Figure S2. SSTA data and SSTA models: SSTA Signal analysis with DFSA. SSTA data (black
line) estimated model: blue line including red-noise AR(1), red line -- the underlying
combined frequency states, light blue line, the 75 year frequency state, green line the 180 year
frequency state. Horizontal black dashed lines show SSTA mean of -0.26 and 0oC.

ENSO dynamic structure plots from Bruun et al, 2017 



ENSO dynamic structure plots from Bruun et al, 2017 



ENSO dynamic structure plots from Bruun et al, 2017 



References

Bruun, J. T., Icarus Allen, J., and Smyth, T. J. (2017), Heartbeat of the Southern Oscillation explains ENSO climatic resonances, J. Geophys. Res. 
Oceans, 122, 6746– 6772, doi:10.1002/2017JC012892.

Skákala, J., & Bruun, J. T. (2018). A mechanism for Pacific interdecadal resonances. Journal of Geophysical Research: Oceans, 123, 6549– 6561. 
https://doi.org/10.1029/2018JC013752

Peter C Young, P. C.; Allen, P. G. and Bruun, J. T. (2021), A re-evaluation of the Earth's surface temperature response to radiative forcing 
Environ. Res. Lett. 16 054068, DOI 10.1088/1748-9326/abfa50

Shi F, Duan A, Yin Q, Bruun JT, Xiao C, Guo Z. (2021) Modulation of the relationship between summer temperatures in the Qinghai-Tibetan 
Plateau and Arctic over the past millennium by external forcings, Quaternary Research (United States), volume 103, pages 130-138, 
DOI:10.1017/qua.2021.3. 

Bruun J.T., Evangelou S.N.. (2019) Anderson localization and extreme values in chaotic climate dynamics. arXiv, 
https://doi.org/10.48550/arXiv.1911.03998

Sudakov I, Vakulenko SA, Bruun J.T. (2022) Stochastic physics of species extinctions in a large population, Physica A: Statistical Mechanics and 
its Applications, volume 585, pages 126422-126422, 126422, DOI:10.1016/j.physa.2021.126422.

Tarran GA, Bruun J.T. (2015) Nanoplankton and picoplankton in the Western English Channel: abundance and seasonality from 2007–2013, 
Progress in Oceanography, volume 137, pages 446-455, DOI:10.1016/j.pocean.2015.04.024.

Bruun J.T, Tawn JA. (1998) Comparison of Approaches for Estimating the Probability of Coastal Flooding, Journal of the Royal Statistical Society 
Series C: Applied Statistics, volume 47, no. 3, pages 405-423, DOI:10.1111/1467-9876.00118.

https://doi.org/10.1002/2017JC012892
https://doi.org/10.1029/2018JC013752

