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Velocity distributions in particle simulations
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Kappa distribution
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Recipe for a Kappa distribution

» Kappa distribution is equivalent to

a multivariate-t distribution Jonorate mr.ma. s~ N(O.D)
(AdeI & MClce 2015) generate x2 ~ Ga(k — 1/2,2)

Algorithm 1-2
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Algorithm A
* LOCld The 3'D normal dlSTf‘lbUTth function Gamma-generator(k, \) :
. S-‘-ep 2 generate uniform random Uy, Us,--- ,Upy € (0,1]
if k£ is an integer then
* Load a chi-squared distribution of L se—In ([T, U)

v degrees of freedom (Equivalent to | clsif k is a half integer then
a gamma distribution with k=k-1/2) generate n ~ N(0, 1)
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. Divide 1 by 2 i




Monte-Carlo (PIC) results: k=3.5
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+ Power-law tail of ~v**(2k), ~E**(k+1/2)

+ It extends well beyond the inscribed Maxwellian



Kappa loss-cone (KLC) distribution

» Kappa distribution with an approximated loss-cone
(Summers & Thorne 1991)

» Useful for study in the inner magnetosphere
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Kappa loss-cone (KLC) distribution

- As results of lengthy calculation,
we have developed two procedures at this point.

v 2k—1
X «+ N(1,0)

Y < Gamma(v/2,2)
Gamma(j +1,1)

Re @+ X3/Y) Gamma(k, 1)

Uy « 01 VKR sin(2mws)
U, « 01 VKR cos(2mws)

return vg, vy, v,

function Gamma(k, \)
if k is a half integer then
generate uniform random Uy, Us, - -+, Ug_1/2 € (0,1],u1,uz € (0,1]
X« —2) {ln (Hi:ll/2 U;) + cos?(2muy ) In u2}
elseif £ is an integer then
generate uniform random Uy, Uy, - -+ , Ui € (0,1]
X + —22In ([Te, U)
endif

return X

X « N(1,0)

Y < Gamma(p/2,2)
Gamma(j + 1,1)
Gamma(xk — 1/2,1)

(1+R)
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Ty < 01 VKR sin(2mwy)
U, + 61 VKR cos(2mws)

R+

return vz, vy, vz

function Gamma(k, \)

if k is a half integer then

generate uniform random Uy, Us, - -

Uk—1/2 € (0,1],u1,uz € (0,1]

X + —2)\ {ln (Hi-:ll/2 U;) + cos?(2muy) In uz}

elseif k is an integer then

generate uniform random Uy, Us, - -

X « -2xIn ([I2, U3)
endif

return X
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Relativistic Kappa distribution

* Kappa distribution * Relativistic Kappa distribution
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» Useful for study in high-energy astrophysics & particle physics

* Previous "power-law" models often assume a sudden low-energy cutoff



Some mathematics

- Relativistic Kappa distribution
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Probability Generalized Beta prime distribution Rejec’rion function
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The algorithm

Main procedure

a ¢ 0.56, b< 0.35, Ry < 0.95 - Beta prime distribution can be
compute 73, 74, 75 for given k,t using Eqgs. (40)—(42) gener'a‘red from 2 gamma distributions
repeat

generate XI,X2 ~ U(O, 1) PPObiIlISTIC SW'TCh X XF(a,(S) XF(O{,]_)
T A PP, _ ) — _t\*9 T \%D)
if X1 < mg then i + 3 B (Oz,ﬂ) XF(,3,5) XF(,B,I)

elseif X < w3 + m4 then i < 4 _

elseif X; < m3+ms +m; then i< 5 * No need for the normalization factors

else 10 : - Gamma variates can be easily generated
S '

generate X3 ~ Ga(i/2,1), X4 ~ Ga(k +1—1/2,1)

T Kt X =2

........... T TR
until .Xg < Rp or X, < R(z;a,b) :
..................................... RCJZC'HOH

generate X5, Xg ~ U(0,1)
P+ Vz(x+2)
pe < p (2X5—1) * Rejection function will be discussed
Py < 2p1/X5(1 — X5) cos(2m X) in the last section
Dy 2p\/X5(1 — X5) sin(27rX6)




Normalized density

Numerical test
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Acceptance efficiency (1/2)

« In the relativistic cases,
we need a rejection method to
adjust the distribution.

(1+2x)vVxr+2

R(z:a,b) =
(#:,5) V2 4+ axl/?2 + b\ 2x + x3/2
1.00 = Modified Canfield method
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- We have added ftwo hyper-
parameters to a rejection
function by Canfield+ (1987)

- Best hyperparameters are
found by a grid-search
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Acceptance efficiency (2/2)

* The new function improves efficiency for relativistic kappa
distributions as well as Maxwell-Jittner distributions
(relativistic Maxwell distributions)

* Drastic improvement: 70% --> 95%

- Maxwell=Jittner distributions

~~~~~~ ~a /;/,, ’/"’———‘
0.8+ SN A 4
Sed_ -7
,I II
0.6 ol
/, ,'
/
0.4 K SZ & Nakano (2022)
/' === Schnittman+ (2013)
0.21 #7777 === Canfield+ (1987)
JPta --- Sobol (1976)
0.0 a ,
103 10-1 101 103

Tu/mc?

- Relativistic Kappa distributions
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Summary

» 1. Kappa distribution <-- Multivariate-t distribution

» 2. Kappa loss-cone distribution <-- Lengthy calculation

» 3. Relativistic kappa distribution <-- Beta prime distributions
+ 4 Efficient rejection function for relativistic distributions

+ References:
e Zenitani & Nakano, Phys. Plasmas 29, 113904 (2022) 3 & 4

e Zenitani & Nakano, in prep. 2 & loss-cone distributions



