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Abstract

It is quite common in digital soil mapping (DSM) to quantify the uncertainty of issued predictions, that
is to make probabilistic predictions. Yet, little attention has been paid to its validation. Probabilistic
predictions are only of value for end users if they are reliable and ideally also sharp. The prediction
interval coverage probability (PICP) is currently used in DSM to validate the reliability of prediction
intervals but it is ignorant of a potential one-sided bias of its boundaries. Therefore, we propose to extend
the current validation procedure with metrics used in the broader probabilistic literature. These metrics
not only evaluate probabilistic predictions in prediction interval format but also quantiles or full
conditional probability distributions. We suggest the quantile coverage probability (QCP) and
probability integral transform (PIT) histogram as alternative to PICP and proper scoring rules for relative
comparisons of competing probabilistic models. As scoring rules, we present the interval score (IS) and
the continuous ranked probability score (CRPS), which can be decomposed into a reliability part (RELI).
We illustrated the use of these metrics in a case study using soil pH and soil organic carbon from the
LUCAS-soil database. Thereby, probabilistic predictions of five different models were compared: a
reference null model (NM), quantile regression forest (QRF), quantile regression post-processing of a
random forest (QRPP RF), kriging with external drift (KED) and quantile regression neural network

(QRNN). For KED and QRNN, one-sided bias was found. This was not apparent from PICP but was
1
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shown by use of the PIT histogram and QCP. RELI summarized the trends found in QCP, PICP and PIT
histograms to one numerical value. CRPS and IS were especially harsh to outliers and low sharpness.
According to CRPS and IS, the best probabilistic predictions were obtained by QRF and QRPP RF and

the worst by NM.
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1 Introduction

Soils are of great importance to humankind since they provide various ecosystem services that contribute
to food production, climate mitigation and air- and water quality (Keesstra et al., 2016). In order to
maintain these services, soil as a resource has to be adequately managed and protected. This requires
quantitative soil information at high spatial resolution, prompting the increasing popularity of digital
soil mapping (DSM) (Chen et al., 2022). DSM creates soil maps through statistical inferences from a
prediction model, using exhaustively accessible environmental covariates as predictors and soil sample
data for model training (McBratney et al., 2003). Unavoidably, these predictions and thus the generated
soil maps are not error-free. Map error originates from a variety of sources but most importantly it comes
from the inability of the covariates to explain all soil spatial variation (Nelson et al., 2011). Other sources
of error include the limited ability of a model to exploit all information provided by the covariates, a
too-small training sample size, and measurement errors in the training data.

Estimation of the overall error can be done using a design-based approach, with independent test data
obtained from probability sampling (Brus et al., 2011). Using this approach, map predictions are
compared to the independent observations. The model performance, i.e. map accuracy, can then be
quantified by well-established validation metrics such as the mean error (ME), root-mean-squared error
(RMSE), and Nash-Sutcliffe model efficiency coefficient (MEC) (Piikki et al., 2021).

End users might not only be interested in the overall map accuracy but might require information
about the accuracy at each and every location in the mapped study area. In such case, a design-based
statistical inference is not suitable because it only provides summary measures of the map accuracy.
However, with a model-based approach (Heuvelink, 2018) location-specific information about the
prediction accuracy can be derived through the use of a probabilistic prediction model. A probabilistic
prediction model goes beyond point prediction and estimates the entire conditional probability
distribution of a soil property of interest, either directly or from a large set of conditional quantiles
(Lauret et al., 2019). We refer to them as predictive distributions. They are generated for every location
in the area of interest, in which the mean of the predictive distribution is typically used as a point
prediction. The predictive distribution defines the probability of obtaining a large or small prediction

error. A narrow, also called sharp, predictive distribution indicates that the point prediction is likely
3
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close to the true value. In such case we are confident about the obtained point prediction and do not
expect to have a large prediction error. With a wider predictive distribution, it cannot be ruled out that
the prediction error is large, meaning that we are more uncertain if the true value is close to the predicted
value. In DSM, we usually refer to this general concept as uncertainty (Heuvelink, 2018). In the
following, we will use the more general term ‘probabilistic prediction’ as a synonym to uncertainty
prediction.

While uncertainty is completely characterized by a predictive distribution, often it is summarized
through a prediction interval (PI) for a more intuitive and practical interpretation. PI indicates a range
in which the true value is expected to be found, given an assigned probability. Usually, a 90% prediction
interval (PI) is used in DSM (Chen et al., 2022). For instance, if the 90% PI of the pH of the soil at some
location is given by [5.3, 7.1], we claim that there is a chance of 90% that the true soil pH is between
the lower limit of 5.3 and the upper limit of 7.1.

Indicating the uncertainty, usually in the form of a PI, has multiple advantages, such as: (i) preventing
end users from getting a wrong sense about the accuracy of a soil map, thus allowing them to decide if
the quality of the map is sufficient for the intended purpose (Heuvelink, 2018); (ii) allowing uncertainty
propagation if the soil map is further used as input in other simulations or models (Heuvelink, 1998);
and (iii) enabling to consider uncertainty in decision making (Breure et al., 2022; Lark et al., 2022).
Because of these reasons, it is strongly encouraged to deliver the underlying uncertainty next to the
actual predicted soil attributes.

Traditionally, much attention has been paid in DSM to quantify uncertainty of kriging models
(Goovaerts, 2001), such as ordinary kriging or kriging with external drift (Webster and Oliver, 2007).
However, machine learning algorithms that are able to predict conditional quantiles are getting
increasingly popular in DSM (Kasraei et al., 2021; Lagacherie et al., 2019; Vaysse and Lagacherie,
2017). Two examples of such techniques are quantile regression forest (Meinshausen, 2006) and
quantile regression neural network (Cannon, 2011), which are probabilistic adaptions of a random forest
and an artificial neural network, respectively. Recently, Kasraei et al. (2021) introduced quantile
regression post-processing, which makes use of a quantile regression (Koenker and Hallock, 2001)

implemented in a two-step algorithm.
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Even though often disregarded, probabilistic predictions must be validated too since a poor
uncertainty map could encourage harmful decisions if used in practice. The validation of probabilistic
predictions is more complicated than the validation of point predictions as the former are characterized
by probabilities and can occur in different forms such as Pls, quantiles, predictive distribution functions,
or a mixture of them. Two general attributes that are usually evaluated for probabilistic predictions are
reliability and sharpness (Gneiting and Raftery, 2007). Reliability, also known as probabilistic
calibration, is a measure of the consistency between the predicted probability and the empirical
frequency of independent test data. A probabilistic prediction should also be informative, which can be
expressed by its sharpness. Sharpness is measured by the concentration of probabilistic information.
Hence, high sharpness is characterized by a narrow PI or predictive distribution. Gneiting and Raftery
(2007) define the goal for probabilistic prediction to “maximize the sharpness of the predictive
distributions subject to reliability”. In DSM we usually measure sharpness by the prediction interval
width and validate reliability with the prediction interval coverage probability (PICP) (Goovaerts, 2001).
PICP evaluates if the probability assigned to the Pls is equal to the frequency of empirical test data
within the PIs. Various studies compared the reliability of probabilistic prediction models frequently
used in DSM based on PICP (e.g. Kasraei et al., 2021; Szatmari and Pasztor, 2019; Vaysse and
Lagacherie, 2017). Vaysse and Lagacherie (2017) and Szatmari and Pasztor (2019) reported suboptimal
PICPs for kriging as they were outperformed by quantile regression forest. Contrarily, Kasraei et al.
(2021) had mixed results for quantile regression forest and obtained more stable results with quantile
regression post processing combined to various machine learning models.

One reason for these ambiguous results may lie in the use of PICP as a validation metric. Pinson and
Tastu (2014) pointed out that PICP is not an optimal metric to measure reliability, since it cannot account
for one-sided bias. Therefore, it is of interest to expand the current validation procedure in DSM with
more validation metrics for probabilistic predictions. In other academic fields, in which probabilistic
predictions have a longer tradition, its validation is more comprehensive (Bracher et al., 2021; Lauret et
al., 2019; Pinson et al., 2007; Zhang et al., 2014). These fields naturally include a broader set of
validation metrics such as proper scoring rules (Gneiting and Raftery, 2007), probability integral

transform histograms and the quantile coverage probability (Lauret et al., 2019).
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The overall objective of this study is to introduce well-established concepts for the validation of
probabilistic predictions from other academic fields to DSM. In a case study, using Land Use and
Coverage Area Frame Survey (LUCAS) data, their added value will be illustrated for several
probabilistic prediction models relevant to DSM. The performance of these models will then be

compared on the basis of the old- and the newly introduced metrics.

2 Materials and Methods

2.1 Study area, soil data and covariates

We used the soil pH and soil organic carbon (SOC) data from LUCAS-soil 2015 in the area of Germany
and Benelux, which consisted of 2,018 data points. LUCAS-soil contains various soil attributes for all
countries of the European Union. The large size, open license and consistent methodology makes
LUCAS-soil attractive for testing new methods in DSM. Each soil sample of LUCAS-soil is a composite
sample of five topsoil subsamples (0 — 20 cm) (Orgiazzi et al., 2018). pH was measured according to
ISO 10390:1994 (ISO, 1994) with a glass electrode both in water and in a calcium-chloride solution. In
this study we only used pH measured in calcium-chloride. SOC was obtained according to ISO
10694:1995 (ISO, 1995) through the determination of the sample weight loss after dry combustion and
removal of carbonates. Further, we log-transformed SOC to log(SOC) to remove skewness. The study
area and sampling locations and values of pH can be found in Fig. 1. Those of log(SOC) are given in
Fig. Al in the Supplementary Information (SI).

We used the pre-processed covariates from Poggio et al. (2021), which consisted of various
environmental factors important in the context of soil formation. These were, among others, vegetation
indices, climate variables, land cover and lithology. Additionally, we addressed multicollinearity by
randomly dropping one covariate of each covariate pair that had a Pearson correlation bigger than 0.9
and eliminated covariates with near-zero variance. This led to a list of 89 covariates. In a few places, the
covariate space was incomplete. We excluded two soil samples that fell in such areas, leading to a total

of N = 2,016 soil samples used in this study.
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Fig. 1. LUCAS-soil sampling sites in Germany and Benelux with color-coded values of soil pH.

2.2 Study design

In an outer loop, the original dataset of size N was fully randomly split for S times (S = 25) into a training
set (75%) for model fitting and a test set (25%) for the validation of model performance. Five prediction
models with probabilistic capabilities were trained (Section 2.3) to issue both point predictions and
probabilistic predictions (Section 2.4) for pH and log(SOC) at every sample site of the test set. Prior to
model training, for some of these models, a hyperparameter selection or a step-wise variable selection
grounded on the Akaike Information Criterion was implemented. The hyperparameter selection was
based on a grid search within an inner loop with K-fold cross-validation (K = 5) of the training set. Note,
that the selection was executed on the basis of optimizing point prediction performances, not
probabilistic prediction performances. After the training, the test set was used to validate the point

predictions with standard validation metrics (Section 2.5) and the probabilistic predictions with the PICP
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160  and newly proposed validation metrics (Section 2.6). Finally, the performances obtained from the outer

161 loop were stored and aggregated over the S repetitions. The whole study design is conceptualized in

162 Fig. 2.
163
164
Original Dataset
for s=1toS:
¢ ¢ Outer loop
Training set (75%) Test set (25%)
for k=1toK: |
vlv 1 Inner loop
Training folds (K-1) Validation fold (k)
A4
i Grid search ;<—
v v
Prediction & observation Hyperparameter Variable selection
matrix (QR training) selection
Y ¢ A4 + A4 \J
[ QRF.P RF } [ QREF training J [QRNN 1raining] [ KED training ] [ NM training ]
training
Probgbilistic Point predictions
predictions
Validation of predictions /‘
PICP, QCP, PIT, CRPS,

RELL IS, PIW RMSE, ME, MEC

165

166  Fig. 2. Conceptualization of the study design.

167
168 2.3 Probabilistic Prediction models

169  2.3.1 Null Model

170 The null model (NM) uses the mean of the training set as a point prediction and the empirical cumulative
171 distribution function (CDF) of the training set as a predictive CDF for all prediction points. Note that
172 this implies that both the point prediction and the probabilistic prediction are spatially invariant. NM

173 acts as a reference compared to the other models.
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2.3.2  Quantile Regression Forest
Quantile regression forest (QRF) (Meinshausen, 2006) is a probabilistic adaption of the random forest
(RF) algorithm (Breiman, 2001). QRF and RF make use of an ensemble of decision trees. Each single
decision tree of the ensemble is grown with a recursive partitioning of the feature space on an individual
bootstrapped training dataset, in which different nodes are created. However, only a random subset of
covariates is used in the partitioning of each node. The information given at a prediction site is then run
through each decision tree to obtain the corresponding terminal nodes, also known as leaves. The RF
point prediction is then the weighted mean of the training observations stored in the corresponding
leaves of every tree. QRF makes use of the fact that the RF prediction is a linear combination of the
training data. It uses the RF weights and indicator transforms of the training data to estimate the CDF at
multiple thresholds, from which the quantile prediction is inferred.

QRF was implemented in the statistical language R (R Core Team, 2023) via the quantregForest
R-package (Meinshausen, 2017). The maximum node size (nodesize) and the number of randomly
selected covariates in the partitioning of decision trees (mtry) were selected on the basis of a grid-search

parameter tuning. For the number of trees fitted in the ensemble (nfree), we used the default of 500.

2.3.3 Quantile regression post-processing with a random forest

Kasraei et al. (2021) introduced quantile regression post-processing (QRPP) to DSM, which originates
from the field of hydrology. It makes use of linear quantile regression (QR) (Koenker and Hallock,
2001), which is comparable to standard linear regression but with the difference that it predicts
conditional quantiles instead of a conditional mean. For that, the quantile loss function, also known as
pinball loss function, is minimized in the training process. In QRPP, a QR is fitted on the relationship
between point prediction values obtained by a model and observed values. Therefore, the fundamental
difference in comparison to other probabilistic prediction models is that the actual probabilistic
prediction is not embedded within the model algorithm, making it a two-step procedure. Thus, it has a
flexible usage and can be combined with any point prediction model. In this study, we combined QRPP

with a RF model (QRPP RF).
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RF was modeled with the randomForest R-package (Liaw and Wiener, 2022). The parameters for RF
were selected with the same parameter tuning procedure as in QRF. QR was implemented through the

quantreg R-package (Koenker, 2022).

2.3.4 Kriging with external drift
Kriging with external drift (KED) (Webster and Oliver, 2007) is a hybrid interpolation technique, based
on a geostatistical model that represents the dependent variable as the sum of a non-constant trend, i.e.
external drift, and a zero-mean stochastic residual. The external drift is usually modeled with multiple
linear regression, while the stochastic residual is interpolated with kriging. The trend parameters are
estimated with generalized least squares, in order to account for autocorrelation of the residuals. KED
prediction error variances, which are used to generate the predictive distribution, can then be calculated
from both the kriging variance and the estimation variance of the trend parameters (Brus and Heuvelink,
2007). Finally, it is assumed that the predictive distribution follows a normal distribution (Goovaerts,
2001; Heuvelink, 2018).

For each training set, a stepwise-variable selection based on the Akaike Information Criterion was
implemented. The variograms needed for kriging were fitted with the automap R-package (Hiemstra,

2022), and KED was executed with the gstat R-package (Pebesma, 2022).

2.3.5 Quantile Regression Neural Network

Quantile regression neural networks (QRNN) (Cannon, 2011) is a probabilistic adaption of an artificial
neural network (ANN). QRNN has the classic multilayer perceptron architecture, which consists of
multiple layers, including an input layer, at least one hidden layer and an output layer. Layers are
composed of neurons that are connected to the neurons of the previous and following layer. These
connections have an associated weight term and each neuron possesses a bias term, apart from neurons
in the input layer. The neurons of the input layer supply covariate input data to the first hidden layer, in
which in every neuron an output is computed from the weights, bias and a defined hidden layer transfer
function which introduces non-linearity. The output then serves as input to the next layer. This continues

until the output layer is reached, in which the conditional quantiles are computed with an output layer

10
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transfer function. The numeric values of the biases and the weights are determined with a
backpropagation algorithm. The loss function used in QRNN is a differentiable approximation of the
quantile loss function originating from QR.

QRNN was modeled with the grnn R-package (Cannon, 2019). By default, we used only one hidden
layer and the identity function for the output layer transfer function. The number of neurons in the hidden
layer (n.hidden), the hidden layer transfer function (7h and Th.prime) and the weight decay (penalty)

were determined using a hyperparameter selection.

2.4 Estimation of the predictive distribution

A predictive CDF can be generated with either a parametric or a nonparametric approach (Lauret et al.,
2019). In a parametric approach, assumptions about the shape of the distribution are made beforehand.
Hence, in order to generate a predictive distribution, one first has to determine the desired distribution
from a parametric family (e.g. Gaussian, exponential, Weibull) and next estimate the parameters of the
predictive CDF. Kriging and hence also KED uses a parametric approach, in which a normal distribution
is typically assumed (Section 2.3.4).

With QRNN, QRPP RF and QRF, a non-parametric approach is used based on predicted quantiles.
Nonparametric distributions do not have to adhere to restrictive assumptions imposed by the preselected
parametric family (Lauret et al., 2019). However, these methods only predict a finite number of
quantiles. Hence, if it is desired to generate a predictive CDF from quantile regression methods, one has
to approximate the CDF from these quantiles (Zamo and Naveau, 2018). We did this using a quantile
set consisting of 199 quantiles at the 0.5% to 99.5% percentile. Additionally, QRF and QRNN did not

provide point prediction values directly, so they were obtained by taking the mean of the quantile set.

2.5 Point prediction validation metrics

Next to probabilistic predictions, we also issued and validated point predictions, to show the
performance of the models outside of the probabilistic context. The root mean square error (RMSE) is
the most commonly used validation measure in DSM (Piikki et al., 2021) and indicates how much the

predictions deviate from the observations:
11
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RMSE = \/}m (1)

where 7 is the size of the test set, y; (i = 1,...,n) are the predicted values and y; the observed values of
the test data.
The mean error (ME) is a bias indicator. Other than RMSE, it can have both positive and negative

values (Piikki et al., 2021). A value close to zero indicates that the point predictions are free from bias.

ME = 251 (yi— y)- ®)

The Nash—Sutcliffe model efficiency coefficient (MEC) (Nash and Sutcliffe, 1970) is a relative

€1ror measure:

Sit1 (i — y)?

MEC = 1— ,
Y (yi—y)?

(©)

in which y is the arithmetic mean of the test data. In case of perfect agreement between test observations
and predictions, the MEC is equal to one. The NM is expected to have a MEC close to zero. Note that

MEC will be negative for models that perform worse than the NM.

2.6 Uncertainty validation metrics

2.6.1 Prediction interval width
The prediction interval width (PIW) is a measure for the sharpness of a probabilistic prediction. PIW

indicates the width of a certain T - 100 per cent PI, for any value of T between 0 and 1:
PIW(T) =511 (u;— L), 4)

where /;is the lower bounding quantile and «; the upper bounding quantile that together define a v - 100
per cent PI. Usually, central PIs are of interest, meaning that the probability mass below /; and above u;

are equal. Therefore, /; and u; are determined by the chosen T value:

li= CIE1—T)/2, u;= CIE1+1)/2, &)
where qé1_f) 2 and q%1+f) s2 are the (1 —1)/2 and (1 + 7)/2 quantiles of the predictive distribution of y;.

Lower PIW values imply higher sharpness, i.e. lower uncertainty (Kasraei et al., 2021; Pinson et al.,

2007). Therefore, lower PIW values are preferred, given the constraints of reliability. The degree of
12
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sharpness is also related to the point prediction performance. For example, when we have a small RMSE,
then our probabilistic predictions will have high sharpness, given they are reliable. Although PIW
formally is not a validation metric, because its value is independent of the test data, it should be included

in the evaluation of probabilistic predictions.

2.6.2 Prediction interval coverage probability

To assess the reliability of PIs, PICP is commonly adopted in DSM (Piikki et al., 2021). Most analyses
rely on PICP as a single reliability metric (Kasraei et al., 2021; Lagacherie et al., 2019; Szatmari and
Pasztor, 2019; Vaysse and Lagacherie, 2017). The underlying idea is to evaluate what percentage of soil

samples from the test set lies in the 7+ 100 per cent PlIs:
PICP(T) = 257 8(1; < y; < w;) - 100, (6)

where § is an indicator function, with a Boolean argument:

1 iftis TRUE
5() = {0 else : ™

In an ideal case, PICP(7) is equal to T - 100 per cent, e.g., for a 90% PI we desire a PICP of 90%.
Multiple PICPs are usually calculated for different PI levels (7 values). This then represents the
reliability over the whole predictive distribution. A reliability plot allows a visual evaluation of the
reliability by plotting the PICP against the associated PI level. It is then desired that the points are on or
close to the 1:1 line. Values below and above the 1:1 line indicate over-pessimistic or over-optimistic
PIs, respectively. Note, that in DSM the reliability plot was introduced in Goovaerts (2001) and referred
to as ‘accuracy plot’. However, ‘reliability plot’ is a more generally accepted term within other academic
fields (Lauret et al., 2019). Schematic examples of PICP reliability plots are shown in Fig. 3.

One clear advantage of PICP is that its value has an intuitive interpretation. Nonetheless, PICP has
also a disadvantage, which has not yet been addressed in DSM. As demonstrated in Pinson and Tastu
(2014), PICP does not account for a systematic one-sided bias. This occurs when the quantile predictions
of the lower and upper boundary of a PI are both either positively or negatively shifted. For example,
for a central 90% PI we expect that 5% of the test data are below the lower boundary and 5% above the

upper boundary. However, if we have a one-sided bias, in which both boundaries are shifted by +4%,
13
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we would observe that 9% of the test data are below the lower boundary and 1% above the upper
boundary. In this case, we would still obtain a PICP of 90%, yet it ignores the asymmetrical coverage.

The effect of one-sided bias on PICP is conceptualized in Fig. 3.

2.6.3 Quantile coverage probability
A simple solution that overcomes the shortcoming of PICP but otherwise has similar properties is the
use of the quantile coverage probability (QCP). It has the same underlying logic as PICP but it evaluates

single quantile predictions. It computes which fraction of the test set is below a quantile:

QCP(7) = 737 8(y; < q) - 100. ®

This has the advantage that a potential bias will not be hidden. In some studies only the coverage based
on quantiles is computed and the PICP is left out entirely (Lauret et al., 2019; Vasseur and Aznarte,

2021). Examples of QCP reliability plots are also shown in Fig. 3.

2.6.4 Probability integral transform

The probability integral transform (PIT) histogram (Gneiting et al., 2007) is another visual tool for the
assessment of reliability. We found one example of PIT usage within DSM in Nussbaum et al. (2014).
It evaluates if the test observations y; cover the whole range of the predictive CDFs. It starts by

computing the percentiles P; associated to the test observations y; in the predictive distributions F;:

P;=F(y). ®

When plotting the obtained P; as a histogram, this should ideally be a uniform distribution. An uneven
distribution indicates that some parts of F; are disproportionally often or sparsely covered. A sloped,
convex or concave shape of the histogram indicates one-sided biased, over-optimistic or over-

pessimistic probabilistic predictions, respectively. These cases are schematically exemplified in Fig. 3.
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Fig. 3. Reliability plots of PICP and QCP and PIT histograms for four hypothetical scenarios: an optimal, one-

sided biased, over-pessimistic and over-optimistic scenario.

2.6.5 Scoring rules

The so far presented validation metrics (PICP, QCP and PIT) indicate the reliability of a single
probabilistic prediction model without a required reference or comparison. However, one may also be
interested in a relative comparison of competing probabilistic prediction models (Gneiting and Raftery,
2007). For this purpose, scoring rules can be used. Scoring rules are measures that evaluate the quality
of a probabilistic prediction model and return a numeric score value. Based on the obtained score values
the performance of competing probabilistic prediction models can be compared and ranked. Further, it
is desired that scoring rules are proper. The term proper refers to the concept that there is no incentive
to report any predictive distribution other than the one of true belief of the model (Gneiting and Raftery,

2007). In the next subsections we suggest two proper scoring rules. Both are negatively oriented, so that

smaller values indicate a better score. Further, they consider both sharpness and reliability.
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2.6.6 Interval Score
The Interval Score (IS) is a scoring rule that evaluates PIs (Bracher et al., 2021; Gneiting and Raftery,
2007). Therefore, IS depends on the chosen 7 value. It is calculated for each test observation y; and

subsequently averaged over the whole test set, to get one final score value:

1
IS(7) = -3 (u— 1) + 15 - '%Z:’;l Li—yd 6(yi<l) + 1f — %Z?:l (i —u) - 6(vi >wy). (10)

The first term in Eq. 10 is the average width of the PIs, meaning that sharper PIs receive a lower penalty.
The other two terms only consider test observations that are below /; and above u;. These observations
get a penalty with the distance to the boundaries of the PI. Hence, unlike PICP and QCP, IS also
penalizes how far outside a PI the observations are. This may seem contradictory at first because unless
we issue a 100% PI, it is desired that a fraction 1 — T of the observations are outside the PI. Yet, as
already mentioned, IS additionally considers the width of a PI in its scoring. Therefore, a wider PI may
lead to fewer observations outside its boundaries but it simultaneously gets punished for its low
sharpness.

To our knowledge, IS was not yet used in DSM. The fact that IS is a scoring rule that evaluates
probabilistic predictions in PI format can be an advantage (Bracher et al., 2021) since probabilistic
predictions in DSM are usually issued as Pls. Fig. 4 shows a schematic visualization of how single IS(

7) values are calculated.

2.6.7 Continuous Ranked Probability Score

The Continuous Ranked Probability Score (CRPS) is a widely used scoring rule for continuous variables
(Lauret et al., 2019). We know of two instances where CRPS was used in DSM (Caubet et al., 2019;
Nussbaum et al., 2014). Other than IS, CRPS directly evaluates the whole predictive CDF. The
calculation of CRPS is comparable to that of point prediction metrics like the mean squared error. It is
defined as the integral of the squared difference between the predictive CDFs F; and empirical CDFs
from observed test data. The latter can be also interpreted as a Heaviside step function H, since its CDFs

are generated from single test samples y;:

CRPS = 31 [ (Fiy) — Hy — y))*dy, (i
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where

1 ift=0
H(t):{O else - (12)

A schematic visualization of how a single CRPS value is calculated is given in Fig. 4. Additionally, the
median CRPS can be evaluated to reduce the influence of outliers in the scoring.

For probabilistic models that return quantiles, there is no continuous predictive CDF as required for
Eq. 11. Instead, a step function is generated from a quantile set which approximates the continuous CDF
(Section 2.4). In this context, the equations from Hersbach (2000) can be applied, see SI. To calculate
CRPS, crpsDecomposition from the verification R-package (NCAR - Research Applications
Laboratory, 2015) was used. This package applies an equation from Hersbach (2000), i.e. Eq. Al in SL
We also used it in the case of KED, even though KED provides a continuous predictive CDF. However,
in case of KED, Eq. Al functions as numerical integration and the approximation error in comparison

to Eq. 11 will be small due to the large number of quantiles used in the approximation.

(a) (b)
a _ 2
Tt
¢ =u— B P N
e d=ui_li+m'(yx u;) a d
2 b
«— 7+ 100 per cent PI ——»
c -
il ! | | !
l; Vi Uy L L Vi
00 © y (@) y
— Hy -
4| T Fm
0757 | == 1-a-Fo)y
CRPS
0.50
0.254
0.00

Fig. 4. Schematic representation of two examples of how individual values of IS(7) (a-b) and CRPS (c-d) are

calculated. The examples on the left show a case in which the mean of the predictive distribution is the same as
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the observed value; the examples on the right show a predictive distribution where the observed value is at the
extreme of the distribution. Note, that the area of CRPS is squared, hence the added 1 — (1 — F(y))? and F(y)?. This

figure was inspired by illustrations in Bracher et al. (2021).

2.6.8 Reliability decomposition

CRPS can be decomposed into different parts (Hersbach, 2000). In this study, we only introduce and
use the reliability part (RELI). In RELI, the mean coverage of the quantiles used to approximate the
predictive CDFs are evaluated. Therefore, it is closely related to QCP and PIT but it returns a single
numerical value. It further considers the distance between the quantiles in its weighting. More technical
information about the computation of RELI is given in SI. As for CRPS, RELI was computed by the

function crpsDecomposition from the verification R-package.

3 Results

In the following sections, only figures for pH are shown. Figures for log(SOC) can be found in SI. We

refer to both soil properties in the text but prioritize pH.

3.1 Point prediction performance

According to MEC and RMSE presented in Table 1, the point prediction performances of pH from QRF,
QRPP RF, KED and QRNN were very similar. KED had the single best RMSE of 0.81 but QRPP RF
and QRF were close with an RMSE of 0.82 and QRNN with 0.83. As expected, by far the worst point
predictions were produced by NM, whose RMSE was with 1.26 around 35% bigger than that of the
other models. QRF, QRPP RF and QRNN obtained negative ME values that deviated most from 0.
Nevertheless, with a ME of —0.013, —0.015 and — 0.017 respectively, the differences to zero were
very small compared to RMSE which indicates that systematic prediction errors were negligible.

For log(SOC), point prediction performances were considerably different (Table Al in SI). Here,

QRF and QRPP RF generated the best results and slightly outperformed QRNN. KED was apart from
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NM the worst model. Overall, with a maximum MEC of 0.43, log(SOC) point predictions were poorer

compared to pH, where the highest MEC was 0.58.

Table 1. Point prediction performances for pH.

NM QRF QRPP RF KED QRNN
MEC —0.0016 0.57 0.58 0.58 0.56
RMSE 1.26 0.82 0.82 0.81 0.83
ME —0.000 —0.013 —0.015 —0.007 —0.017

3.2 Probabilistic prediction performance

3.2.1 Prediction interval width

Fig. 5 illustrates PIW for pH at various PI levels to indicate the sharpness of the five prediction models:
NM, QRF, QRPP RF, KED and QRNN. Throughout the predictive distribution, NM received the highest
PIW values, which were on average 36% larger compared to the other models. KED and QRPP RF
shared similar PIW values. For PI between 10% and 90%, PIW of QRF was slightly larger than those
of KED and QRPP RF but at the extremes, their values had a similar level. Also, QRNN had similar
PIW values as KED and QRPP RF up to the 60% PI. Thereafter, QRNN obtained PIW values that were
much smaller compared to the other models. For example, for the 99% PI, the PIW of QRNN was about
46% smaller than that of QRPP RF, which had the second lowest value. Almost the same patterns were
found for log(SOC) (Fig. A2), except for KED. Here, KED was less sharp than QRPP RF and had PIW

values that were similar to that of QRF.
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Fig. 5. Sharpness diagram indicating the PIW for multiple PI levels of the predictive distribution for pH.

3.2.2 Prediction interval coverage probability & quantile coverage probability

Fig. 6 and Fig. 7 show PICP and QCP reliability plots of pH, respectively. The evaluated quantiles in
Fig. 7 correspond to the PlIs in Fig. 6. The PICP and QCP values of NM, QRPP RF and KED were close
to the 1:1 line, which is an indicator of good reliability. PICP values of QRF were fairly over-pessimistic,
so that in some instances its PICP was around 5% above the 1:1 line. Yet, good concordance was found
at the extremes, more specifically above the 90% PI and below the 10% PI. This corresponds to good
agreement in terms of QCP at the extremes, i.e. below the 5% quantile and above the 95% quantile, and
in the center, i.e., between the 45% and 55% quantile. Between the 5% to 45% quantile, QCP of QRF
tended to be below and between the 55 to 95% above the 1:1 line. Since PICP combines the deviation
from its lower and upper boundaries the deviation was more visible for QRF in Fig. 6 compared to Fig.
7. QRNN had a very different outcome compared to the other models. In regards to PICP it performed
well until the 60% PI. This corresponds to good agreement in terms of QCP between the 20% and 80%
quantile. However, QCP at the edges and PICP for the large PIs showed strong deviations from the 1:1

line. For instance, at the 99% PI, PICP was about 20% below the 1:1 line. There was no meaningful
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one-sided bias in any model for probabilistic predictions of pH according to the reliability plot of QCP

(Fig. 7).
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Fig. 6. Mean PICP reliability plots for pH. Error bars are retrieved from the 80% confidence interval of the 25

repetitions in the outer loop. The 1:1 black line indicates the desired outcome.

For log(SOC), the trends found for PICP (Fig. A3) and QCP (Fig. A4) of NM, QRPP RF and QRF were
similar to those of pH. In contrast, KED obtained over-pessimistic results that were comparable to QRF,
judging based on PICP. However, when looking at QCP, additionally one-sided bias was found for
KED, so that the deviation from the 1:1 line was more pronounced for KED than for QRF (Fig. A4). In
the range between the 30% to 85% quantile, QCP of KED was systematically above the 1:1 line. For
example, the PICP corresponding to the 10% PI was around 11%. Yet, for the corresponding 45% and
55% quantile, a QCP of around 49% and 60% was achieved, respectively. QRNN also showed one-

sided bias between the 30% and 70% quantile but it was less than for KED.
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Fig. 7. Mean QCP reliability plots. Error bars are retrieved from the 80% confidence interval of the 25 repetitions

in the outer loop. The 1:1 black line indicates the desired outcome.

3.2.3 Probability integral transform
PIT histograms for pH are provided in Fig. 8. Since the bin width was 10%, for good reliability it is
desirable that the frequency in each bin is close to 10%, as indicated by the horizontal dashed lines in
Fig. 8. This was more or less achieved for NM, QRPP RF and KED. In these cases, the relative frequency
neither exceeded 11% nor fell below 9%. A concave histogram was obtained for QRF, meaning that
lower relative frequency values were obtained at the edges, i.e. the 0% to 10% and 90% to 100%
percentile range. Such a shape is characteristic for an over-pessimistic performance. A somewhat convex
distribution was achieved for QRNN. Here, the relative frequencies at the edges were around 15%. On
the other hand, the bins before and after the edges (10% to 30% and 70% to 90% percentiles), had very
diminished relative frequencies.

The PIT histograms obtained for log(SOC) (Fig. AS), were similar to those of pH, except for KED.
What stands out is that the PIT histogram of KED was the only histogram without any symmetrical

structure. Between the 10% and 90% percentile, frequencies started at a high level above the 10% line
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but decreased steadily so that after the 60% percentile values were below 10%. Contrary to that trend,
the edges did not reflect the same behavior. For the 0% to 10% bin, a decreased frequency was obtained.

For the 90% to 100% percentile, the frequency was slightly above 10%.
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Fig. 8. PIT histograms of pH. The dashed line indicates the desired frequency for a flat and uniform PIT.

3.2.4 Interval score

Fig. 9 shows the IS over the whole predictive distribution of pH. Between the 1% and 90% PI, the same
ranking order can be found: NM obtained the largest and thus worst scores. The IS of the other models
were overall similar but the best scores were obtained for QRF, followed by QRPP RF, KED and lastly
QRNN. With increasing PI levels, all acquired IS values of the models rose. Yet, IS of QRNN and KED
rose disproportionally more. As a consequence, QRNN and KED surpassed NM at the 99% PI, at which
the score of QRNN overshadowed all other models. For log(SOC) (Fig. A6), more or less the same
trends were found as for pH, with the only difference that KED was slightly worse than QRNN up to

the 80% PI. Just thereafter, QRNN scored worse.
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Fig. 9. IS diagram of pH indicating the IS values for multiple PI levels of the predictive distribution.

3.2.5 Continuous ranked probability score & reliability decomposition

RELI, CRPS and median CRPS for pH are given in Table 2. All single CRPS values (25 x 2,016)
obtained in the outer loop are shown as boxplots in Fig. 10. CRPS was the lowest and thus the best for
QRF and QRPP RF. The performance was followed by KED, QRNN and lastly NM. This indicates that
based on CRPS, QRF and QRPP RF were able to obtain better uncertainty predictions for pH than KED,
QRNN and NM. Yet, the median CRPS of QRF was worse than that of KED and QRNN (Table 2) but
the spread of KED and QRNN seemed to be larger (Fig. 10). The ranking order of RELI was very
different compared to the ranking of CRPS and median CRPS, as RELI only evaluates reliability.
According to RELI, the best reliability was achieved with KED, QRPP RF and NM. RELI of QRF was
considerably worse and QRNN scored by far the worst.

For log(SOC), the ranking order with respect to CRPS was slightly different compared to pH (Table
A2). Here, QRF and QRPP RF again scored the best but this time, QRNN scored better than KED. KED
was also worst in terms of median CRPS. The spread of CRPS was very similar between the models
(Fig. A7). Furthermore, KED achieved no longer the best reliability according to RELI. Better results

were obtained by NM, QRPP RF and QRF but KED still achieved a lower RELI value than QRNN.
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Table 2. Scoring outcomes of CRPS, median CRPS and RELI for pH.

NM QRF QRPP RF KED QRNN
CRPS 0.72 0.44 0.44 0.46 0.47
Median CRPS  0.61 0.33 0.31 0.32 0.32
RELI 0.0016 0.0071 0.0012 0.0010 0.0117
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Fig. 10. Single CRPS values portrayed as boxplots for pH. Each boxplot was based on 25 x 2,016 values.

4 Discussion

4.1 Comparison of model performance

4.1.1 Point prediction performance

NM used the mean value of the training set as point predictions. Therefore, it was not surprising that it
delivered the worst point prediction performance, both for pH and log(SOC). QRF and QRPP RF
provided stable point prediction results. This is in line with findings of other DSM studies, where good
performances of the associated RF were reported (Khaledian and Miller, 2020). In case of pH, QRF and
QRPP RF were on par with - or slightly worse - than KED. It thus appears that strong linear relationships
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between pH and the available covariates were present next to some degree of spatial autocorrelation.
Contrarily, non-linear relationships or interactions seemed to be present between log(SOC) and the
covariates because QRPP RF, QRF and also QRNN outperformed KED. There was a small mismatch
between QRPP RF and QRF point prediction results, even though both models in theory should achieve
a similar outcome. This might be the result of different implementations in the R-packages or small
errors with QRF at the conversion of quantile predictions to point predictions. However, the mismatch

was very small and insignificant.

4.1.2 Probabilistic prediction performance

It is no surprise that NM provided very reliable results since the uncertainty was modeled by the
empirical distribution of the training set. Nonetheless, it suffered from very low sharpness as can be seen
from PIW. Due to its inability to issue predictions with high sharpness, it was ranked last according to
CRPS and IS.

QREF is a very commonly used method to estimate the uncertainty of an RF in DSM. Nonetheless,
slightly over-optimistic probabilistic predictions were found in the center of the distribution. This seems
to be a common outcome for QRF predictions, as similar problems were reported in Kasraei et al. (2021),
Szatmari and Pasztor (2019) and Vaysse and Lagacherie (2017), or outside the DSM literature in for
example Vasseur and Aznarte (2021). Yet, according to CRPS and IS, QRF achieved along with QRPP
RF the best probabilistic predictions. The reasons for QRF performing well compared to other models
despite having slightly over-pessimistic probabilistic predictions are discussed later in this section.

QRPP RF performed most consistently on all validation metrics for log(SOC) and pH. The good
performance is in agreement with the reported PICP values in Kasraei et al. (2021). This outcome of
QRPP RF may be surprising because it uses a simple structure, centered around a linear QR fitted on
predicted and observed values. The method of QRPP strongly depends on the residual structure, so in
future studies it could be further investigated in what way the residual structure influences the
probabilistic predictions.

Probabilistic predictions of KED were inconsistent in terms of reliability. Good reliability and sharp

distributions were found for pH, whereas for log(SOC) considerably worse reliability and unsharp
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distributions were obtained that additionally had a one-sided bias. Suboptimal probabilistic predictions
with different forms of kriging were earlier reported in Vaysse and Lagacherie (2017) and Szatmari and
Pasztor (2019). KED had worse CRPS and IS values compared to QRF and QRPP RF, and also for
QRNN in case of log(SOC). For pH this may seem counterintuitive at first. Here, KED was sharper and
more reliable than QRF. Therefore, one might expect KED to obtain a better score. However, CRPS and
IS are more sensitive to outliers. This is specifically reflected by IS at the 99% PI, i.e. [S(0.99) (Fig. 9).
For IS(0.99), KED scored even worse than NM, despite KED having better sharpness and a PICP close
to 99%. When evaluating how IS is calculated (Eq. 10), it is clear that IS imposes a linear penalty
depending on how far outside the PI boundaries the test observations fall. Consequently, in the case of
KED, the test observations that were not within the 99% PI had a large distance to the boundaries of the
PL. It is also noteworthy that KED performed better than QRF in terms of the median CRPS. This is due
to the fact than the median CRPS ignores issues with spread and outliers.

QRNN obtained strongly over-optimistic probabilistic predictions. Therefore, QRNN had the worst
outcomes among all reliability measures and was also apart from NM the worst with respect to the
scoring rules. We do not know what caused these issues. A possible explanation might be that the
hyperparameter selection of QRNN was based on its point prediction performance and that the selected
hyperparameters influenced the probabilistic prediction performance. The relationship between
hyperparameters and probabilistic performance might need more caution considering that potential
issues with overfitting of QRNN were discussed in Zhang et al. (2019). Nonetheless, it has to be noted
that in one example outside DSM, decent reliability was achieved with QRNN using the same R-package
(David et al., 2018). Therefore, we encourage more research with QRNN, in which its application is
tested and if needed optimized. Furthermore, there are other noteworthy probabilistic adaptions of neural
networks that are popular and eventually useful for DSM. Two examples are the lower upper bound
estimation (LUBE) neural network, which predicts PIs (Khosravi et al., 2011), and the ‘improved’
version of QRNN (iQRNN), which aims to prevent overfitting and is reportedly faster (Zhang et al.,

2019).
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4.2 Value of the proposed uncertainty metrics

Much attention within DSM has been devoted to the importance of strict and rigorous validation
procedures for point predictions, in order to provide an honest estimate of the quality of a soil map
(Piikki et al., 2021). However, the validation of probabilistic predictions has not yet received the same
amount of attention. So far, most analyses relied entirely on PICP when validating the reliability of
probabilistic predictions. However, as introduced in the methodological framework but also now shown
in a real-world case with KED and QRNN for log(SOC), PICP can hide one-sided bias of the estimated
quantiles that set the boundaries of a PI. In this instance, PICP did not capture the actual probabilistic
performance well and indicated better results than actually present. Such kind of bias may not occur
frequently in practice as the other models did not show the same issues. Nonetheless, in order to truly
validate the reliability of probabilistic predictions, PICP must be accompanied by a metric that can
compensate for that weakness, such as the PIT histogram and QCP. Additionally, the PIT histogram and
QCP have an intuitive interpretation similar to that of PICP. That means that they are not only useful
for comparing models but can inherently show the reliability of a probabilistic predictions. Therefore,
we strongly encourage to adopt these two metrics whenever the reliability of an uncertainty map is
validated in DSM, so that they either supplement or replace PICP.

Scoring rules allow to rank the probabilistic performance of the models based on a returned numeric
score value. RELI solely evaluated the reliability of probabilistic predictions and thus mostly reflected
the trends found with PICP, QCP and PIT histograms. Hence, RELI is a useful metric to summarize
probabilistic prediction performances with regards to reliability. CRPS and IS were more sensitive to
outliers and sharpness. Since sharpness and point prediction performances are related, CRPS and IS
reflect trends observed with point prediction validation metrics. This was especially apparent for NM,
which scored last due to its low sharpness explained by the poor point prediction performance.
Furthermore, the strong effect of outliers on IS and CRPS may be seen as a nuisance because it means
that the outcome can be influenced by a few bad predictions. On the other hand, if test observations are
too often found in areas of the predictive CDF that had a low probability density, it can confidently be
interpreted as a major flaw of the probabilistic prediction model. However, at least for CRPS, the effect

of outliers could be removed by evaluation of the median CRPS. For IS, the returned score additionally
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depended on the PI level. The penalty for observations outside the PI was more severe with increasing
7, 1.e. it was bigger at larger PI levels. Hence, the final judgment should not be grounded on one PI level
evaluated by IS.

Usually, when we validate a single PIW-uncertainty map in DSM, we are mainly interested in the
reliability of the uncertainty map. In such case, QCP and PIT histograms next to PICP are preferred
metrics, as they have an intuitive interpretation. They can inherently show if an uncertainty map is
reliable and thus safe to use for an end-user. One can also provide numerical scores from scoring rules
but there might not be a great benefit in doing so, because scoring rules are mainly useful for the purpose
of ranking model performance. Users are not necessarily interested in comparing performances of
multiple models. Researchers on the other hand are more often interested in ranking competing
probabilistic prediction models (e.g. Kasraei et al., 2021; Szatmari and Pasztor, 2019; Vaysse and
Lagacherie, 2017). For such purposes, scoring rules are a very useful tool by which new information

about the weaknesses and strengths of models may become apparent.

4.3 Beyond the proposed metrics

As demonstrated and shown in this study, the validation of probabilistic predictions is more complicated
than for point predictions. In this paper, we proposed metrics from the broader probabilistic literature
(e.g. Bracher et al., 2021; Brown et al., 2010; Gneiting et al., 2007; Gneiting and Raftery, 2007; Lauret
et al., 2019; Pinson et al., 2007) that we deemed useful, intuitive and easy to implement for the context
of DSM. Nonetheless, a short outlook is given about concepts and metrics that we did not address but
may be worth exploring.

There is a large pool of other scoring rules which can be used to validate probabilistic predictions
(Gneiting and Raftery, 2007). For example, the logarithmic score, also known as ignorance score, is
another very popular and commonly used scoring rule. It takes the logarithm of the predictive probability
density. Therefore, it is even more sensitive to outliers than CRPS because if the predictive probability
density is close to zero, it converges to infinity or minus infinity, depending on whether a negative or

positive orientation is chosen. However, Bracher et al. (2021) argued that the edges of a probability
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density may not be reliably approximated from a set of predicted quantiles, which can be detected with
the logarithmic score.

In Section 4.2 we stated that it may not be necessary to include scoring rules when validating an
uncertainty map. However, in other academic fields, scoring rules are sometimes expressed in form of
skill scores (Gneiting and Raftery, 2007; Lauret et al., 2019). A skill score measures the relative
performance, where an obtained score is compared to a reference, for which NM is a natural choice. As
such it has a similar logic as the MEC for point predictions, for which the NM produces a value close to
zero. Therefore, if it is desired to further deliver the probabilistic performance in terms of a scoring rule,
a skill score allows for a more general interpretability than the pure absolute numeric scores presented
in this study.

The PIT-histograms presented in this study were interpreted upon subjective visual judgment.
Goodness-of-fit test could be used to test the ‘flatness’ of a histogram (Elmore, 2005). It tests the null
hypothesis of whether the obtained percentiles used for the PIT histogram follows a uniform distribution.
It can be used to reduce the subjectivity of a purely visual assessment.

We restricted our analysis to sharpness and reliability. Yet, there are also other attributes that can be
evaluated. For example, in the context of ensemble forecasts, multiple studies advocated to also evaluate
probabilistic predictions with the concept of resolution (Brown et al., 2010; Lauret et al., 2019; Pinson
et al., 2007). Resolution measures how case-dependent the resulting probabilistic predictions are,
meaning that different predictive distributions are generated depending on the covariate condition.

In this study, we only focused on how probabilistic predictions and thus uncertainty maps could be
evaluated within DSM with respect to validation metrics. We did not address the importance of a
validation strategy (e.g. independent sampling, cross-validation or data-splitting) and sampling design
(e.g. probability or non-probability sampling). These are important aspects to obtain unbiased validation
results. Yet, they were already studied and discussed in great depth for point predictions (Brus et al.,
2011; Piikki et al., 2021) and the same rules apply to the validation of probabilistic predictions. Note
that the LUCAS-soil dataset used in this study is based on a multistage stratified random sampling design

(Orgiazzi et al., 2018).
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5 Conclusion

New metrics and concepts for the validation of probabilistic predictions were introduced and their

relevance for DSM studies was illustrated in a case study with five different prediction models for pH

and log(SOC). The methodical framework can be used to improve currently used validation procedures

in DSM. Our conclusions are:

PICP cannot truly validate the reliability of a probabilistic predictions because it is incapable to
test for one-sided bias of the lower- and upper boundaries of a PI. Considerable one-sided bias
may occur in practice as shown for KED and QRNN. Therefore, other validation tools like QCP
or PIT histogram should complement or replace PICP.

Scoring rules such as CRPS, IS and RELI allow for a ranking of probabilistic prediction model
performances based on a numeric value. CRPS and IS were sensitive to outliers and sharpness.
RELI summarized the trend found with reliability metrics such as PICP, QCP and PIT
histograms and was less sensitive to outliers. Yet, it has to be acknowledged that scoring rules
are mostly useful for comparing probabilistic performances of competing models.

Depending on the metrics evaluated, different outcomes can be perceived in terms of
probabilistic performance. Therefore, including a set of different validation metrics allows for
a more critical evaluation.

Considering all metrics for evaluating the probabilistic prediction performance of the five
prediction models: NM showed high reliability but suffered from low sharpness; QRF had over-
pessimistic uncertainty in the center of the distribution but performed well on the edges, QRPP
RF was the most consistent; KED obtained inconsistent results and QRNN suffered from low

reliability due to over-optimistic probabilistic predictions.

We strongly encourage to use the recommended tools in future studies for a more comprehensive and

honest validation of probabilistic predictions in the field of DSM.
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Table Al. Point prediction performances for log(SOC).

NM QRF QRPP RF KED QRNN
MEC —0.0034 0.42 0.43 0.36 0.41
RMSE 0.80 0.61 0.61 0.64 0.62
ME —0.004 0.002 0.013 —0.001 —-0.017
826
4
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828 Fig. A2. Sharpness diagram indicating the PIW throughout the predictive distribution for log(SOC).

38



829
830
831

832

833

834
835

NM QRF RF QRPP RF
100 1 - 1
e
75 ¥
& A
& 50 ¥
U B
~ g2
251 -
°% 25 50 75 100 0 25 50 75 100 0 25 50 75 100
PI level (%) PI level (%) PI level (%)
KED QRNN
100 1
75 B 4t
ge /,6' +’+’
~ o -
& 50 v
~ ¥
251 .
0, 4
0 25 50 75 100 0 25 50 75 100
PI level (%) PI level (%)

Fig. A3. Mean PICP reliability plots for log(SOC). Error bars are retrieved from the 80% confidence interval of

the 25 repetitions in the outer loop. The 1:1 b lack line indicates the desired outcome.
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Fig. A4. Mean QCP reliability plots for log(SOC). Error bars are retrieved from the 80% confidence interval of

the 25 repetitions in the outer loop. The 1:1 black line indicates the desired outcome.
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Table A2. Scoring outcomes of CRPS, median CRPS and RELI for log(SOC).

NM QRF QRPP RF KED QRNN
CRPS 0.44 0.32 0.32 0.35 0.34
Median CRPS  0.30 0.22 0.21 0.23 0.21
RELI 0.0014 0.0029 0.0013 0.0036 0.0135
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Fig. A7. Single CRPS values portrayed as boxplots for log(SOC). Each boxplot was based on 25 x 2,016 values.

Continuous ranked probability score

Hersbach (2000) introduced a method to calculate CRPS for a finite number of members in the context
of ensemble forecasting, but the concepts can also be applied to probabilistic models in quantile format.
Here CRPS is computed from the sum of M squared rectangles, where M is the number of quantiles, i.e.
steps that were used to approximate a predictive CDF. For that, we used the 199 quantile set as described
in Section 2.4 and additionally a 99.99% quantile to approximate the 100% quantile (Zamo and Naveau,
2018), leading to M = 200. The last step was done to evaluate outliers, to which we refer later in this

section. CRPS is estimated as follows:
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854  where 7 is the associated probability to the quantile and a;; and f;are the bin widths of each step in the

855  predictive CDF. Both a;; and §;are determined via Table A3. Test samples y; that are lying either in the

856 0% range (y; < gy, - 1y) or 100% range (q;; - 1) < »;) of the CDF are defined as outliers, where ¢;; is the

857  predicted quantile with the probability level 7;.
858

859  Table A3. Determination of a;and ;.

0<j<M aij Bij

Yi> qig+1) qii+1) — 9ij 0
qi(i+1) > Yi> qij Yi—qi qi(i+1) — Yi
Yi<qij 0 qigi+1) — 9ij

Outlier forj=0orj =M @;j Bij
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860

861  Reliability decomposition

862  RELI can be calculated by defining @; and f3;, where @; = %Z?:l a;;and B = %Z?:l Bij:

M
RELI= ) §,@— 1)
=0

M
g,-=Za,-+B,,

j=0
-y L
j_ — o

= a4t b

863  To include outliers at j = 0 and j = M we define:

n

1
00= — § H (qij=1y — ¥2) go=
ni=

)
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(A3)

(A4)

(AS5)

(A6)
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Thereby, 0; can be interpreted very similarly to the average empirical frequency of data being below a

specific quantile with probability 7, Hence, RELI is related to PIT and QCP. But RELI additionally

considers the average width between a quantile g; and its neighboring quantile g;,,, which is g;. For more

detailed explanations and interpretations see Hersbach (2000).
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