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Motivation: Dynamics in sub-glacial oceans on icy moons

www.planetary.org/space-images/interiors-of-icy-bodies www.universetoday.com/wp-content/uploads/2011/10/enceladus_geysers.jpg
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o Direct numerical simulations (DNS) 
of spherical rotating Rayleigh-Bénard convection (RRBC)

o Control parameters:
• Fluid properties:                 Pr = 𝜈

𝜅
= 4.38

• Thermal driving:                 Ra = 𝛼𝑔𝛥𝑇𝐻3

𝜈𝜅
= 106

• Radius ratio:                        𝜂 = Τ𝑟𝑖 𝑟𝑜 = {0.6, 0.8}
• Rotation rate:                      Ro−1 = 2Ω𝐻

𝛼𝑔𝛥𝑇𝐻

( Ek−1 = 2Ω𝐻2

𝜈
)

Setup: Spherical rotating Rayleigh-Bénard convection (RRBC)
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𝜈𝜅
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Setup: Spherical rotating Rayleigh-Bénard convection

o Direct numerical simulations (DNS) 
of spherical rotating Rayleigh-Bénard convection (RRBC)

o Control parameters:
• Fluid properties:                 Pr = 𝜈

𝜅
= 4.38

• Thermal driving:                 Ra = 𝛼𝑔𝛥𝑇𝐻3

𝜈𝜅
= 106

• Radius ratio:                        𝜂 = Τ𝑟𝑖 𝑟𝑜 = {0.6, 0.8}
• Rotation rate:                      Ro−1 = 2𝛺𝐻
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𝜈
)

o Response parameters:
• Heat transport:                   Nu = 𝑞𝐻

𝜅𝛥𝑇

• (Momentum transport:     Re = 𝑈𝐻

𝜐
)
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In planar RRBC:

o Ekman pumping through vertically coherent vortices
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Planar vs. spherical RRBC
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In planar RRBC:
(with Pr > 1)

o Ekman pumping through vertically coherent vortices

o Enhanced heat transport for “intermediate” rotation

EGU 2023 - 24 April 2023 ROBERT HARTMANN - PHYSICS OF FLUIDS GROUP - UNIVERSITY OF TWENTE

Planar vs. spherical RRBC

𝐑𝐨𝐨𝐩𝐭
−𝟏

𝐍𝐮𝐦𝐚𝐱

From Kunnen et al. (JFM 688, 2011)
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Planar vs. spherical RRBC

𝐑𝐨𝐨𝐩𝐭
−𝟏

From Kunnen et al. (JFM 688, 2011)

In spherical RRBC:
(with Pr > 1)

o Formation of axially aligned 
Taylor columns

o Ekman pumpig through these 
columnar vortices?

o Heat transport enhancement 
in the polar tangent cylinder?

buoyancy-
dominated

rotation-affected rotation-
dominated

o Does heat transport enhancement 
exist in spherical RRBC?

o Does it follow the same principles 
as in planar RRBC? ?
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Relevance for icy moons

www.planetary.org/space-images/interiors-of-icy-bodies From Hartmann et al. (in prep.), based on Soderlund (GRL, 2019)

Heat transport enhancement in planar RRBC:

o rotation-affected regime

o Pr > 1

5

Icy moon oceans:

o rotation-affected regime

o Pr ∈ [10,13] > 1
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Latitudinal vs. global heat transport

6

All figures from Hartmann et al. (in prep.)

Do we observe heat transport enhancement?

o Within the tangent cylinder: Yes!

Pr = 4.38
Ra = 106

𝜂 = 0.6
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Latitudinal vs. global heat transport
Do we observe heat transport enhancement?

o Within the tangent cylinder: Yes!

o Globally: No! Polar enhancement balanced by equatorial reduction
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All figures from Hartmann et al. (in prep.)

Pr = 4.38
Ra = 106

𝜂 = 0.6
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Flow snapshots: Temperature field

Polar view (South):

o Non-rotating, pure RB (Ro−1 = 0)
➢ Radial, buoyant plumes
➢ Persistent „large-scale circulation“

Equatorial view:

7

All figures from Hartmann et al. (in prep.)
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Flow snapshots: Temperature field

Polar view (South):

Equatorial view:

o Non-rotating, pure RB (Ro−1 = 0)
➢ Radial, buoyant plumes
➢ Persistent „large-scale circulation“

o Weak rotation (Ro−1 = 0.3)
➢ Radial, buoyant plumes
➢ Homogeneous distribution

o Moderate rotation (Ro−1 = 3)
➢ Taylor-Columns, sheet-like plumes
➢ Polar heat transport enhancement

o Strong rotation (Ro−1 = 15.9)
➢ Taylor-Columns, sheet-like plumes
➢ Equatorial dominated convection

➢ (Towards onset of)
Diffusion-free behavior
[                       ]Gastine et al. (JFM,2016)

Wang et al. (GRL,2021)
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All figures from Hartmann et al. (in prep.)
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Towards thinner shells...
o Radius ratio for sub-glaical oceans on icy moons:

o Increasing the radius ratio: 
𝜂 = 0.6 → 𝜂 = 0.8

Enceladus Titan Europa Ganymede

𝜂 0.74 – 0.95 0.83 – 0.96 0.92 - 0.94 0.80 – 0.99

8

[Soderlund (GRL, 2019), Vance et al. (JGR Planets, 2018)]
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All figures from Hartmann et al. (in prep.)
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Maximal polar enhancement and boundary layer ratio

9

In planar RRBC:

o Ekman pumping to supply the vortices with 
cold/hot fluid most efficient for equal thicknesses 
of thermal BL 𝜆Θ and kinetic BL 𝜆𝑢:

⇒ 𝝀𝜣/𝝀𝒖 ≈ 𝟏

From Stevens et al. (NJP 12, 2010)



EGU 2023 - 24 April 2023 ROBERT HARTMANN - PHYSICS OF FLUIDS GROUP - UNIVERSITY OF TWENTE

Maximal polar enhancement and boundary layer ratio

9

In planar RRBC:

o Ekman pumping to supply the vortices with 
cold/hot fluid most efficient for equal thicknesses 
of thermal BL 𝜆Θ and kinetic BL 𝜆𝑢:

⇒ 𝝀𝜣/𝝀𝒖 ≈ 𝟏

o Heat transport maximum Numax predicted at:      

0.8 ≈ 𝜆Θ/𝜆𝑢 ∝ Ra Ek3/2 ⇒ Roopt
−1

[                             ]King et al., JFM 691, 2012,
Yang et al., PRF 5, 2020

From Stevens et al. (NJP 12, 2010)



EGU 2023 - 24 April 2023 ROBERT HARTMANN - PHYSICS OF FLUIDS GROUP - UNIVERSITY OF TWENTE

Maximal polar enhancement and boundary layer ratio
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From Hartmann et al. (in prep.)

In planar RRBC:

o Ekman pumping to supply the vortices with 
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In spherical RRBC:
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From Hartmann et al. (in prep.)

In planar RRBC:

o Ekman pumping to supply the vortices with 
cold/hot fluid most efficient for equal thicknesses 
of thermal BL 𝜆Θ and kinetic BL 𝜆𝑢:

⇒ 𝝀𝜣/𝝀𝒖 ≈ 𝟏

o Heat transport maximum Numax predicted at:      

0.8 ≈ 𝜆Θ/𝜆𝑢 ∝ Ra Ek3/2 ⇒ Roopt
−1

[                             ]King et al., JFM 691, 2012,
Yang et al., PRF 5, 2020

In spherical RRBC:

o Perfect agreement between observed and 
predicted Roopt

−1 (in the tangent cylinder)

o Perfect agreement between observed and 
predicted 𝜆Θ/𝜆𝑢 at Roopt

−1

➢ Enhancement efficiency still controlled by the 
boundary layer ratio 𝝀𝜣/𝝀𝒖
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Sensitivity to the radial gravity profile

10

From Hartmann et al. (in prep.)

Radial gravity profile:

o So far:

o Now:

𝑔 𝑟 ∝ 𝑟𝛾

𝑔 𝑟 = 𝑐𝑜𝑛𝑠𝑡.

𝑔 𝑟 ∝ 𝑟
𝑔 𝑟 ∝ 1/𝑟2

Pr = 4.38
Ra = 106

𝜂 = 0.6
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No (significant) influence on:

o Relative enhancement amplitude Numax/Nu0

o Optimal rotation rate Roopt
−1

o Enhancement Nu/Nu0 for Ro−1 < Roopt
−1

(buoyancy-dominated & rotation-affected regimes)
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Influence on:

o Enhancement Nu/Nu0 for Ro−1 > Roopt
−1

(rotation-dominated regime)
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in spherical RRBC (for Pr > 1)

➢ Ekman pumping through axially aligned Taylor
columns within the tangent cylinder

➢ Globally balanced by equatorial reduction

o Polar heat transport maximum at boundary layer
ratio 𝜆Θ/𝜆𝑢 ≈ 1 (as in planar RRBC)

o Less enhancement in thinner shells!

o Heat transport enhancement (mostly) independent
of the gravity profile 𝑔(𝑟) ∝ 𝑟𝛾

➢ Potential reason for latitudinal variations of the crustal thickness on icy moons
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