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! Nested EnVar:  and  are dynamically estimated.Pb (Xb) Pv (Zv)

Nested 3DVar[1, 3]:  and  are empirically determined.B (Lb) V (Lv)

Background & Objectives
• A limited-area model (LAM) sometimes degrades the large-scale 

structures compared to a global model (GM)[1].

• To mitigate the large-scale errors, large-scale blending (LSB) has 

been used in several operational NWP centers[2].

• While flow-dependent background error plays an important role in 

convective-scale DA, traditional LSB methods often ignore the flow-
dependent error of GM large-scales.


This study proposes a novel LSB method within an ensemble variational 
(EnVar) framework to clarify the impact of flow dependency on LSB.
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large-scale GM error

εb = xb − xt

εo = y − H(xt)
εv = H1(xB) − H2(xt)

W =
⟨εb(εb)T⟩ ⟨εb(εo)T⟩ ⟨εb(εv)T⟩
⟨εo(εb)T⟩ ⟨εo(εo)T⟩ ⟨εo(εv)T⟩
⟨εv(εb)T⟩ ⟨εv(εo)T⟩ ⟨εv(εv)T⟩

H1 : GM ↦ truncated LAM
H2 : LAM ↦ truncated LAM

xb, xB: backgrounds of LAM and GM

J(w) = 1
2 ∥w∥2 + 1

2 ∥do − Ybw∥2
R−1

Pb = Xb(Xb)T Pv = Zv(Zv)T

x = xb + Xbw

Yb = 1
K − 1

[H(xb
k ) − H(xb)]k=1,⋯,K

1
2 ∥(Zv)†(dv − Zbw)∥2

Pseudoinverse

Zv = 1
K − 1

[H1(xB
k ) − H1(xB)]k=1,⋯,KXb = 1

K − 1
[xb

k − xb]k=1,⋯,K

Variational large-scale blending methods

J(x) = 1
2

xb − x
y − H(x)

H1(xB) − H2(x)

T

W−1
xb − x

y − H(x)
H1(xB) − H2(x)

3DVar cost function with augmented GM information[1]

: observationsy
: observation operatorH

Control variable transformation 
for efficient minimization[3]

ignore based on uncorrelated assumptions
ignore based on error statistics[1]

1
2 ∥χ∥2J( χ) = 1

2 ∥do − HLbχ∥2
R−1

1
2 ∥(Lv)−1(dv − H2Lbχ)∥2+ +

x = xb + Lbχ
B = Lb(Lb)T V = Lv(Lv)T

do = y − H(xb) dv = H1(xB) − H2(xb)
Innovation Large-scale innovation

+

Zb = 1
K − 1

[H2(xb
k ) − H2(xb)]k=1,⋯,K

Ensemble update[4] Xa = Xb[∇2
wJ]− 1

2 ∇2
wJ = I + (Yb)TR−1Yb + [(Zv)†Zb]T(Zv)†Zb

: Ensemble sizeK
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Nested EnVar has the potential to enhance 
the effectiveness of high-resolution LAM DA 
for spatially localized observations.

observation 
(points) 3DVar EnVar BLSB+ 

3DVar
BLSB+ 
EnVar

Nested 
3DVar

Nested 
EnVar

uniform (7) 0.203 0.014 0.048 -0.040 -0.007 -0.024

dense, left 
(30) 2.95 0.328 -0.003 -0.039 -0.011 -0.047

dense, 
center (30) 0.99 0.037 -0.007 -0.049 -0.021 -0.061

dense, right 
(30) 3.00 0.209 -0.006 -0.043 -0.021 -0.027

dense, 
moving (30) 0.318 -0.019 -0.005 -0.051 -0.023 -0.076

Time averaged analysis RMSE of nested Lorenz OSSE 
Degrade or improve relative to No LAM DA (0.334)

Time averaged analysis error spectra 
with dense moving observations

Nested EnVar 
mitigates large-
scale error more 
than BLSB.

LAM DA 
improves 
middle scales.

Visit my website

Snapshot of stream function in the LAM domain at the final cycle of nested QG OSSE

Solid: error 
Dashed: spread
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OSSE 1: nested Lorenz system[5, 6]

Nature: Lorenz III ( )

GM: Lorenz II ( )

LAM: Lorenz III ( )

• LBC: Davies[7] relaxation with 10-grid 

sponge regions

• Lorenz II & III are modified to contain 

multiple wavelengths.

2π, ΔxN = 2π/960
2π, ΔxG = 4ΔxN

π/2, ΔxL = ΔxN

Background LSB[2]




: low-pass filtering for GM and LAM

xbld = xb + H′ 1(xB) − H′ 2(xb)
H′ 1, H′ 2

• Dynamical blending of Nested EnVar improves analysis across scales 
by reducing large-scale errors while retaining DA effects on middle 
scales when dealing with dense and unevenly distributed observations.


• Simultaneous assimilation of large-scale and observational information 
by variational LSB is more beneficial than background LSB with severe 
large-scale degradation.


• Scale-dependent covariance inflation should be introduced for more 
effective performance of Nested EnVar to mitigate the underestimation 
of the ensemble spread.

OSSE 2: nested QG system

∂t q = − ∂x ψ − ϵJ(ψ, ∇2ψ) + A∇6ψ + WE

F = 1600, ϵ = 10−5, A = 2 × 10−12, WE = 2π sin(2πy)
q = ∇2ψ − Fψ

• EnVar: 80 member without localization

• : linear, 

• : truncation at k=12 with DCT[8]


• 5% multiplicative inflation for LAM EnVar except for Nested EnVar (25%)

H R = I
H1,2

Non-dimensional 1.5-layer reduced-gravity QG model 
with double-gyre wind forcing[9]

Domain: 

Nature: 


GM: 

LAM: , 



LBC: Davies relaxation with 
exponential smoothing

0 ≤ x, y ≤ 1
ΔxN = ΔyN = 1

128
ΔxG = ΔyG = 2ΔxN
ΔxL = ΔyL = ΔxN

0.15 ≤ x, y ≤ 0.65

• 60 member with state-space localization[10]

• : observed , linear, 

• : truncation at k=4


• No inflation for LAM EnVar

• RTPS[11] with 50% for Nested EnVar

H ψ R = 4.0 I
H1,2

cycle=0 10 50

GM
EnVar, 100 uniform observations

LAM

Spatial interpolation
No LAM DA
EnVar
Nested EnVar

LBC

LAM domain

Observed region 
for LAM DA (#100)

x: GM observations (#100)

t=0d 10d 250d

GM
EnVar, 30 uniform observations

LAM

Spatial interpolation

No LAM DA
EnVar/3DVar

Nested EnVar/3DVar
Background LSB (BLSB) + EnVar/3DVar

LBC

Evaluation period


