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Key points:  15 

⚫ Cloud droplet size distribution first narrows and then broadens with increasing aerosol loading 16 

in large eddy simulations. 17 

⚫ A minimal model is proposed to explain the non-monotonic dependence of cloud droplet 18 

spectral relative dispersion on aerosol loading. 19 

⚫ The results reconcile both non-turbulent and turbulent scenarios regarding relationships 20 

between relative dispersion and aerosol loading. 21 

 22 

 23 

Abstract 24 

Cloud droplet size distribution is essential for quantifying the roles of clouds in earth system, 25 

including cloud albedo, precipitation formation, and cloud lifetime. The response of cloud droplet 26 

spectral relative dispersion (ε) to aerosol number concentration (Na) as well as the role of turbulence 27 

in this response are yet puzzling. This study uses large eddy simulation to examine the ε–Na 28 

relationship and derives an expression for ε from a minimal model to elucidate this relationship. Our 29 

findings indicate that as Na increases, ε initially decreases because aerosols weaken turbulence-30 

induced broadening more than condensational narrowing. However, as Na continues to rise, ε 31 

increases as aerosols weaken condensational narrowing more significantly than turbulence-induced 32 

broadening. These findings improve the understanding of the aerosol effects on cloud droplet size 33 

distribution and address the challenge of quantifying aerosol indirect effects considering turbulence, 34 

potentially leading to new cloud microphysics parameterizations. 35 

  36 
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1 Introduction 37 

Aerosol‐cloud interactions are a major source of uncertainty in estimating climate change (Seinfeld 38 

et al., 2016). The relationship between aerosol number concentration (Na) and the width of cloud 39 

droplet size distribution (DSD) plays an important role in the evaluation of the aerosol indirect effect 40 

and precipitation simulation (e.g., Liu and Daum, 2002; Xie et al., 2011; Chandrakar et al., 2016, 41 

2018a, 2018b; Yin et al., 2022). The droplet spectral relative dispersion (ε), defined as the ratio of the 42 

standard deviation of droplet radius (σ) to the mean droplet radius (�̅�), is a commonly used metric for 43 

the width of DSD as it explicitly appears in the parameterizations of droplet effective radius and 44 

autoconversion rate (e.g., Pontikis and Hicks, 1992; Liu et al., 2014). 45 

 46 

The ε–Na relationship has two types: intra-cloud and inter-cloud (Hu et al., 2021). The intra-cloud 47 

relationship, using data points within a single cloud, reveals how non-aerosol factors like local 48 

activation fraction and updraft velocity cause spatial variations in both ε and Na (or proxied by cloud 49 

droplet number concentration, Nc). Whereas the inter-cloud relationship, which represents the 50 

influence of background Na on cloud-mean ε, can be used in global climate models (GCMs) to 51 

parameterize ε based on Na (Rotstayn and Liu, 2003, 2005; Peng and Lohmann 2003; Wang et al., 52 

2020). However, observations on the inter-cloud ε–Na relationship remain highly ambiguous, 53 

showing positive, negative, and negligible correlations between ε and Na or Nc (Hu et al., 2021). To 54 

better parameterize ε based on Na, theoretical and numerical studies are needed on the inter-cloud ε–55 

Na relationship.  56 

 57 

The impacts of adiabatic condensational growth on ε are regime-dependent (Liu et al., 2014; Peng et 58 

al., 2007; Chen et al., 2016, 2018). In the aerosol-limited regime, ε is positively correlated with Na 59 

due to “condensational narrowing”, as small droplets grow faster than large ones according to the 60 

theory of diffusive condensational growth. This effect was well quantified by an analytical 61 

expression for ε in Liu et al. (2006) (L06 hereafter). Conversely, in the updraft-limited regime, ε is 62 

negatively correlated with Na due to “condensational broadening”, which results from pronounced 63 

curvature and solute effects on droplet condensation under the suppressed supersaturation in this 64 

regime (Chen et al., 2016, 2018).  65 

 66 

To elucidate the broadening of observed DSDs compared to that produced by adiabatic cloud parcel 67 

theories, various mechanisms have been developed, including entrainment and mixing (Jensen and 68 

Baker, 1989; Andrejczuk et al., 2004; Kumar et al., 2012; Kumar et al., 2018; Kumar et al., 2021), 69 

stochastic condensation (e.g., Jeffery et al. 2007), and turbulence-enhanced collision (e.g., 70 

Grabowski and Wang, 2013). Previous large eddy simulation (LES) studies (Igel and van den 71 

Heever, 2017; Wang et al., 2011) found that the ε–Na correlation when considering clouds’ cores is 72 

different from that correlation when considering entire clouds, which indicates that the ε–Na 73 

relationships are influenced by entrainment and mixing. Chamber experiments and relevant LES 74 

simulations conducted by Chandrakar et al. (2016) and Thomas et al. (2019) found that ε is 75 

negatively correlated with Na under turbulent conditions, which can be explained by an analytical 76 

expression for ε derived from the stochastic condensation theory (Chandrakar et al., 2018a). 77 

However, a framework that unifies the analytical expressions for ε across both turbulent and non-78 

turbulent conditions remains absent. 79 

 80 
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Given these considerations, this study aims to investigate the effects of turbulence on inter-cloud ε–81 

Na relationships using LES and to explain the effects by a minimal model. We address these 82 

scientific questions: What is the role of turbulence in ε–Na relationships? How can we quantify the 83 

role of turbulence in the ε–Na relationships?  84 

 85 

2 Methodology 86 

2.1 WRF-LES model settings 87 

This study simulates a shallow convective cloud using version 4.5.1 of the Weather Research and 88 

Forecasting (WRF) model in LES mode (Skamarock et al., 2019). Initial profiles of temperature and 89 

water vapor (Figure 1a) are derived from 16:00 LST, 2 August 2013, in the Southwestern United 90 

Kingdom (Leon et al., 2016). A random perturbation in initial potential temperature with an 91 

amplitude of 0.1 K is applied to the lowest four grid levels to stimulate turbulence (Yamaguchi and 92 

Feingold, 2012). The initial horizontal wind is set to zero to eliminate the influence of advection. 93 

Simulations in Section 3 use a grid spacing of 100 m, a time step of 0.5 s, and a domain size of 5 km 94 

× 5 km × 4.2 km. Sub-grid turbulence is treated by the turbulent kinetic energy (TKE) scheme 95 

(Deardorff, 1980). The sensitivities of our results to resolutions and sub-grid turbulence setups are 96 

examined in Text S1 of the Supporting Information (SI). Also, we adopt the Mesoscale Model 5 97 

(MM5) similarity surface layer physics scheme (Zhang and Anthes, 1982).  98 

 99 

 100 

Figure 1. (a) Initial temperature and water mixing ratio profiles. (b) Initial dry aerosol particle size 101 

distribution in the simulation with aerosol number concentration (Na) at 1,000 cm-3. Time series of 102 

(c) cloud fraction, cloud coverage, and (d) the ratio of the largest cloud’s volume to all clouds’ 103 

volume, averaged over ten simulations. (e) A cross-section of the cloud adiabatic fraction (AF) at the 104 

114th minute in the simulation with Na = 1,000 cm-3, taken along the central axis at y = 2.5 km.  105 

 106 

https://www.mmm.ucar.edu/models/wrf
https://www.mmm.ucar.edu/models/wrf
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To initiate the convective cloud, surface fluxes of potential temperature and water vapor are 107 

modified to Equations 1 and 2, respectively:  108 

𝛷𝜃 = 𝛷𝜃,0 𝑒𝑥𝑝( − 𝑑
2/𝑑0

2), (1) 109 

𝛷𝑞 = 𝛷𝑞,0 𝑒𝑥𝑝( − 𝑑
2/𝑑0

2), (2) 110 

where d is the distance from the domain center, d0 is half the domain side length, 𝛷𝜃,0 =111 

0.3 K m s−1 is the maximum surface fluxes of potential temperature, and 𝛷𝑞,0 = 1.2 ×112 

10−4 kg kg−1 s−1 is the maximum surface fluxes of water vapor, following Chandrakar et al. 113 

(2021).  114 

 115 

Cloud microphysics is calculated by the spectral bin microphysics (SBM) scheme (Shpund et al., 116 

2019). We initialize Na at the surface layer to ten values: 50, 100, 200, 500, 1,000, 2,000, 5,000, 117 

10,000, 20,000, and 50,000 cm-3, with each value corresponding to a simulation run. Figure 1b 118 

shows the initial aerosol size distribution, adopted from the continental scenario of the SBM scheme. 119 

The SBM scheme uses Equation 3 to calculate condensational growth rate, which omits the 120 

curvature and solute effects (Khain et al., 2000): 121 

𝑟
𝑑𝑟

𝑑𝑡
=

1

𝐺
𝑆, (3) 122 

where S is supersaturation, r is droplet radius, t is droplet growth time, 𝐺 =
𝑅𝑣𝑇𝜌𝑤

𝑒𝑠𝐷𝑣
+
𝐿𝑣𝜌𝑤

𝑘𝑑𝑇
(
𝐿𝑣

𝑅𝑣𝑇
− 1), 123 

ρw is water density, T is air temperature, Dv is vapor diffusivity, kd is thermal conductivity, Lv is 124 

latent heat of vapor condensation, Rv is specific gas constant of water vapor, and es is saturation 125 

vapor pressure. To focus on the effects of turbulent condensation, we turn off collision-coalescence 126 

and sedimentation. 127 

 128 

2.2 Cloud selection 129 

Following previous studies (e.g., Wang et al., 2011), grids with cloud water mixing ratio greater than 130 

0.01 g kg-1 are considered cloudy. We investigate the period from the 50th to the 134th minute at an 131 

interval of 4 minutes. During this period, the cloud fraction is steady relative to the preceding period 132 

(Figure 1c) and the largest individual cloud accounts for more than 90% of the total cloud volume 133 

(Figure 1d). 134 

 135 

2.3 Adiabatic fraction calculation 136 

Adiabatic fraction (AF) is the ratio of liquid water content (LWC) to adiabatic liquid water content 137 

(LWCad) for each time snapshot, where LWCad is determined from the temperature and humidity at 138 

cloud base using Equation 8 in Pontikis (1996). An example of the spatial distribution of AF is 139 

presented in Figure 1e.  140 

 141 

 142 

3 Results 143 

3.1 ε–Na relationships from LES  144 

The left column of Figure 2 shows the vertical profiles of cloud microphysical properties, and the 145 

right column exhibits their values averaged over altitudes greater than 200 m from cloud base, where 146 

the insignificant increase in Nc with altitude (Figure 2a) indicates weak aerosol activation. Increasing 147 

Na leads to an increase in Nc and a decrease in �̅�, which is consistent with the Twomey effect 148 
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(Figures 2a-2d). With decreasing AF of cloudy regions, both Nc and �̅� decrease due to evaporation 149 

and dilution by mixing with ambient dry air (Figures 2b and 2d). The values of σ decrease 150 

significantly as Na increases from 50 to 5,000 cm-3 (i.e., as Nc increases from 17 to 576 cm-3), but 151 

have only slight variations when Na and Nc are higher (Figures 2e and 2f), which is consistent with 152 

Lu and Seinfeld (2006). The black line in Figure 2h shows that ε decreases with increasing Na in a 153 

low-Na regime (𝑁a < 5,000cm
−3 or 𝑁c < 576cm

−3), and increases with increasing Na in a high-Na 154 

regime (𝑁a > 5,000cm
−3 or 𝑁c > 576cm

−3). This phenomenon does not hold for altitudes below 155 

200 m from cloud base due to strong activation around cloud base (Figure 2g). In the more adiabatic 156 

region with higher AF, ε shows no significant variations with Na in the low-Na regime. This is 157 

consistent with the non-drizzling case demonstrated by Lu and Seinfeld (2006). When AF is lower, ε 158 

initially decreases and then increases with Na (Figure 2h).  159 
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 160 

Figure 2. Vertical profiles of (a) droplet number concentration (Nc), (c) droplet mean radius (�̅� ), (e) 161 

standard deviation of droplet radius (σ), and (g) droplet spectral relative dispersion (ε) under aerosol 162 

number concentration (Na) of 50, 5,000 and 50,000 cm-3. Dependence of (b) Nc, (d) �̅�, (f) σ, and (h) ε 163 

on Na at different adiabatic fraction ranges. The top x-axes in panels d, f, and h show the 164 

corresponding cloud-mean Nc. Lines and shaded areas indicate the average and interquartile range 165 

(25% to 75%) over the studied period. 166 

 167 
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The LES reveals a negative ε–Na correlation at low Na in the middle and upper altitudes of the 168 

turbulent clouds, which does not exist in the middle and upper altitudes of the adiabatic clouds 169 

(Chen et al., 2018). Given that turbulence distinguishes LES from the adiabatic model, we 170 

hypothesize that turbulence causes the negative correlation at low Na. We develop a conceptual 171 

model with a minimal set of parameters in Section 3.2 because it provides a quantitative lens through 172 

which to test this hypothesis.  173 

 174 

3.2 An analytical expression from a minimal model 175 

Although the LES only presents grid-scale supersaturation fluctuations, this portion still significantly 176 

influences the DSD (Lasher-Trapp et al., 2005). Using LES to examine the ε–Na relationships 177 

therefore represents a step forward from previous studies based on adiabatic parcel theory (e.g., 178 

Chen et al., 2016, 2018; Peng et al., 2007). The minimal model presents the effects of the grid-scale 179 

supersaturation fluctuations by the varying supersaturation histories of droplets. Aerosol activation is 180 

not considered in this minimal model which aims at representing the middle and upper sections of 181 

the cloud.  182 

 183 

We define the time-averaged supersaturation as Sm: 184 

𝑆m ⋅ 𝑡 = ∫ 𝑆(𝑡′)d𝑡′
𝑡

0
. (4) 185 

By integrating Equation 3 over time after adopting Equation 4, the expression for droplet radius is: 186 

[𝑟(𝑆m, 𝑟0)]
2 = 𝑟0

2 + 2∫ 𝑆(𝑡′)d𝑡′
𝑡

0
/𝐺 = 𝑟0

2 + 2𝑆m𝑡/𝐺, (5) 187 

where r0 is the cloud droplet radius at the initial time of the minimal model. The value of Sm is 188 

positive for any existing droplet, regardless of whether S(t’) is exclusively positive or a mix of 189 

positive and negative values along the trajectory. To reflect droplets experiencing varying 190 

supersaturation histories, Sm is assigned a distribution rather than a single value in the minimal 191 

model. The parameter G in Equation 5 is treated as a constant, in line with prior studies (e.g., 192 

Manton, 1979; Liu et al., 2006; Celani et al., 2007; Pinsky et al., 2016; Chandrakar et al., 2018a). 193 

Text S2 in the SI further demonstrates that fluctuations in G contribute negligibly to the fluctuations 194 

in S/G compared to fluctuations in S. In subsequent derivations, an overbar denotes the average of 195 

the corresponding variable. σ and ε denote the standard deviation and the relative dispersion, 196 

respectively, with subscripts ‘0’, ‘r2’, and ‘r0
2’ referring to the statistics performed on the variables 197 

r0, r2, and r0
2, respectively. To minimize the set of parameters, two assumptions are made in the 198 

subsequent derivations. First, 𝜎2 − 𝜎𝑟02
2  is negligible compared to �̅�2 − �̅�0

2. Second, as used in 199 

Chandrakar et al. (2018a), 𝜀𝑟2 and 𝜀𝑟02 are approximately 2ε and 2ε0, respectively. We will show 200 

later on that these assumptions are reasonable.  201 

 202 

Then, averaging at both sides of Equation 5 of all the trajectories in the minimal model leads to: 203 

𝑡/𝐺 = (𝑟2 − 𝑟0
2)/(2𝑆m). (6) 204 

Therefore, the variance of r2 is:  205 

𝜎𝑟2
2 = 𝜎𝑟02

2 + 4𝜎𝑆m
2 𝑡2/𝐺2 206 
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= 𝜎𝑟02
2 + (𝜎𝑆m/𝑆m)

2(𝑟2 − 𝑟0
2)2 208 

≈ 𝜎𝑟02
2 + (𝜎𝑆m/𝑆m)

2[(𝑟)2 − (𝑟0)
2]2. (7) 207 

Dividing both sides of Equation 7 by 4�̅�4, we obtain 209 

(
𝜀
𝑟2

2
)
2
= (

𝜀
𝑟0
2

2
)
2

(
𝑟0

𝑟
)
4

+ (
𝜎𝑆m
2𝑆m
)
2
[1 − (

𝑟0

𝑟
)
2

]
2

. (8) 210 

Substituting 𝜀𝑟2 with 2ε and 𝜀𝑟02 with 2ε0 yields a simplified expression for ε: 211 

𝜀2 ≈ 𝜀0
2 (

𝑟0

𝑟
)
4

⏟    
𝐸1

+ (
𝜎𝑆m
2𝑆m
)
2
[1 − (

𝑟0

𝑟
)
2

]
2

⏟            
𝐸2

. (9) 212 

Here, E1 and E2 represent the first and second terms on the right-hand side (RHS) of Equation 9, 213 

respectively.  214 

 215 

The expression of E1 does not include any information from supersaturation fluctuation and is the 216 

condensational narrowing term. E1 is the same as the expression for ε2 in L06 which describes the 217 

condensational narrowing effect that smaller droplets grow faster than larger ones in radius. In 218 

addition to E1, E2 represents the turbulence-induced supersaturation fluctuation and increases as �̅� 219 

increases. Hence, E2 is a turbulence-induced broadening term. While Equations 15-22 of Chandrakar 220 

et al. (2018a) also provide analytical expressions for ε under turbulent conditions, 𝑟0̅ and σ0 were 221 

neglected there. Equation 9 in this study synthesizes the effects of condensational narrowing and 222 

turbulence-induced broadening. We use Equation 9 to explain the non-monotonic ε–Na relationship 223 

in Section 3.3. 224 

 225 

3.3 Understanding of ε–Na relationships 226 

Given the consistent negative �̅�–Na relationship, we explore the ε–Na relationship through the lens of 227 

the ε–�̅� relationship by using the minimal model and Equation 9. To accomplish this, we determine 228 

the unknown parameters ε0, 𝑟0̅ and 𝜎𝑠m/𝑆m̅ based on the LES data. 229 

 230 

In Equation 10, we substitute 𝜎𝑠m/𝑆m̅ with constants c1, c2, and c3 for the AF ranges of (0,0.4], 231 

(0.4,0.7], and (0.7,1.0], respectively. The values of c1, c2, and c3 are constrained between 0 and 2.0, 232 

and ε0 is constrained between 0 and 1.0, because ε is smaller than 1.0 in our LES and ε0 and 233 

𝜎𝑠m/(2𝑆m̅) are the two extreme values of ε when �̅� equals 𝑟0̅ and when �̅� is positive infinity, 234 

respectively (Equation 9). We also constrain 𝑟0̅ between 0 and 25 μm according to Figure 2d. We 235 

solve Equation 10 to obtain the parameters: 236 

{
 
 
 

 
 
 
Minimize ∑ ∑ (𝜀𝑖,𝑗 − 𝜀pre,𝑖,𝑗)

210
𝑗=1

3
𝑖=1

subject to

𝜀pre,𝑖,𝑗
2 = 𝜀0

2 (
𝑟0

𝑟𝑖,𝑗
)
4

+
𝑐𝑖
2

4
[1 − (

𝑟0

𝑟𝑖,𝑗
)
2

]

2

, 𝑖 = 1,2,3

0 ≤ 𝑐𝑖 < 2.0, 𝑖 = 1,2, 3
0 ≤ 𝜀0 < 1.0

0 ≤ 𝑟0 < 25.0 μm

, (10) 237 

where 𝑖 = 1,2, 3 correspond to the AF ranges of (0,0.4], (0.4,0.7], and (0.7,1.0], respectively, and 238 

𝑗 = 1,2,… ,10 correspond to the simulations with Na values of 50, 100, ..., and 50,000 cm-3, 239 
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respectively. εi,j and �̅�𝑖,𝑗 represent the droplet spectral relative dispersion and mean radius averaged 240 

over the altitudes greater than 200 m from cloud base in LES, respectively, and εpre,i,j represents the 241 

predictions by curve fitting. The optimal parameters obtained are c1=0.717, c2=0.438, c3=0.324, 242 

ε0=0.589, and 𝑟0̅=2.25 μm. The predicted ε in the left panel of Figure 3 shows good agreement with 243 

that from LES, with a coefficient of determination (R2) of 0.97 and a root mean square error (RMSE) 244 

of 0.02, across all 660 data points used in the fitting (comprising 10 Na values, 3 AF ranges, and 22 245 

time snapshots). Also, with the increase in AF, ci decreases, which describes the less supersaturation 246 

fluctuations in the more adiabatic region, consistent with Chen et al. (2021).  247 

 248 

 249 

Figure 3. In the left panel, each marker with error bars represents the average and standard deviation 250 

of ε and �̅� based on LES data. The ten markers from left to right at the same AF range correspond to 251 

ten simulations with aerosol concentrations from high to low. Solid lines represent the fitting results. 252 

The fitted parameters initialize the minimal model (the middle panel). Yellow lines illustrate 253 

droplets’ historical supersaturation, with its time-mean value, Sm, represented by dark red lines. The 254 

right panel depicts the droplet growth under a non-turbulent assumption.  255 

 256 

Figure 4 presents the results from Equation 9 with ε0 and 𝑟0̅ derived from the LES data, in which 257 

the white dotted lines represent ci derived from the LES data. The white solid lines indicate the 258 

minimum values of ε at each 𝜎𝑠m/𝑆m̅. In Figure 4a, ε first decreases and then increases with 259 

increasing Na (i.e., decreasing �̅�) at given 𝜎𝑠m/𝑆m̅. This is consistent with Figure S3 using the 260 

original definition of ε, which verifies the non-monotonic relationship does not depend on 261 

assumptions made in the derivations of Equation 9 (see Text S3 in the SI for details).  262 

 263 

Figures 4b and 4c elucidate aerosols’ modulations on ε. The increase in E1 with increasing Na (i.e., 264 

decreasing �̅�) in Figure 4b demonstrates the effect of increasing aerosols on suppressing the 265 

intensity of condensational narrowing. The decrease in E2 with increasing Na (i.e., decreasing �̅�) in 266 

Figure 4c indicates the effect of increasing aerosols on suppressing the intensity of turbulence-267 

induced broadening. In the low-Na regime (to the right of the white solid line), the suppression of 268 

turbulence-induced broadening is stronger than that of condensational narrowing, causing ε to 269 

decrease with rising Na. Conversely, in the high-Na regime (to the left of the white solid line), the 270 

suppression of condensational narrowing becomes more pronounced than that of turbulence-induced 271 

broadening, resulting in ε increasing as Na increases. The regimes are determined by comparing 272 
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𝑟0̅/�̅� to a threshold (𝑟0̅/�̅�)trans, which is obtained by taking the derivative of Equation 9 with 273 

respect to �̅�:  274 

(𝑟0̅/�̅�)trans =
𝜎𝑠m/�̅�m

√4𝜀0
2+(𝜎𝑠m/�̅�m)

2
. (11) 275 

Droplets with 𝑟0̅/�̅� < (𝑟0̅/�̅�)trans belong to the low-Na regime, while those with 𝑟0̅/�̅� >276 

(𝑟0̅/�̅�)trans belong to the high-Na regime.  277 

 278 

In the nearly adiabatic cloud zone (the lowest dotted line in Figure 4), the decrease in E2 with 279 

increasing Na is weak due to the small value of 𝜎𝑠m/𝑆m̅, so the scenario approaches that depicted by 280 

the adiabatic theory that ε monotonically increases with increasing Na. This is consistent with the 281 

green line in Figure 2h.  282 

 283 

Figure 4d shows a sub-regime within the high-Na regime, in which as �̅� decreases, σ decreases in a 284 

smaller amplitude than �̅�, resulting in ε increasing with rising Na (i.e., decreasing �̅�). This sub-285 

regime aligns with the cases with 𝑁a > 5,000cm
−3 in Figure 2f.  286 

 287 

 288 

Figure 4. Joint dependence on droplet mean radius (�̅�) and relative dispersion of droplet’s time-289 

averaged supersaturation (𝜎𝑠m/𝑆m̅) of (a) droplet spectral relative dispersion (ε), (b) condensational 290 

narrowing term (E1), (c) turbulence-induced broadening term (E2), and (d) the standard deviation of 291 

droplet radius (σ, obtained by 𝜀 ∙ �̅�) based on Equation 9. The white dotted lines from up to down 292 

correspond to 𝜎𝑠m/𝑆m̅ at adiabatic ranges of (0,0.4], (0.4,0.7], and (0.7,1.0], respectively. The white 293 

solid line indicates the minimum point of ε.  294 

 295 
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Regime-dependent cloud properties were also reported in prior studies. Both approaches from 296 

Reutter et al. (2009) and Prabhakaran et al. (2020) highlight that Na impacts the magnitude of 297 

supersaturation. In regimes with low Na values, the magnitude of supersaturation is large, resulting in 298 

a high activation fraction (Reutter et al., 2009; Prabhakaran et al., 2020; Shawon et al., 2021) and an 299 

increase in ε with increasing Na at cloud base (Chen et al., 2016, 2018). As Na rises, the magnitude of 300 

supersaturation diminishes, leading to the formation of other regimes. Rather, this study emphasizes 301 

that lower Na enhances the influence of turbulence on cloud droplet size distribution. As Na decreases 302 

(i.e., �̅� in Equation 9 increases), ε deviates from the non-turbulent ε in L06 and ultimately shows the 303 

opposite trend to the non-turbulent ε in L06—specifically, an increase with decreasing Na in the low-304 

Na regime.  305 

 306 

4 Concluding remarks 307 

This study investigates the non-monotonic relationship between ε and Na at the middle and higher 308 

altitudes in turbulent clouds using idealized LES simulations. The effects of collision-coalescence 309 

and sedimentation are not considered. Our results demonstrate a clear regime dependence: in the 310 

low-Na regime (𝑁a < 5,000cm
−3 or 𝑁c < 576cm

−3), ε decreases with increasing Na, while in the 311 

high-Na regime (𝑁a > 5,000cm
−3 or 𝑁c > 576cm

−3), ε exhibits an increasing trend with Na. The 312 

high-Na regime behavior aligns with the findings of L06, whereas the low-Na regime reveals a trend 313 

opposite to L06.  314 

 315 

To theoretically present and explain this relationship, we derive an analytical expression for ε by 316 

combining both condensational narrowing and turbulence broadening together. The expression 317 

demonstrates that in the low-Na regime, ε decreases with increasing Na because the increase in Na 318 

weakens the intensity of turbulence-induced broadening to a greater extent than it weakens 319 

condensational narrowing. However, in the high-Na regime, ε increases with increasing Na, because 320 

the increase in Na weakens the intensity of condensational narrowing more significantly than it 321 

weakens turbulence-induced broadening.  322 

 323 

Using in-situ observations, Figure 16 in Lu and Seinfeld (2006) showed a similar phenomenon that ε 324 

decreases with increasing Nc for the marine stratocumulus with 5cm−3 ≤ 𝑁c ≤ 296cm
−3, and slightly 325 

increases with increasing Nc for the continental stratocumulus with 12cm−3 ≤ 𝑁c ≤ 693cm
−3.  326 

 327 

Nevertheless, directly validating our conclusions with observations remains challenging due to two key 328 

limitations. From a theoretical perspective, our LES-derived framework focuses on condensational 329 

growth in large-eddy turbulent environments. However, real-world processes such as collision-330 

coalescence complicate the comparison of our theory with observations. From an observational 331 

standpoint, in-situ measurements of ε–Na relationships struggle to isolate aerosol-induced droplet changes 332 

due to the confounding effects of meteorological variability.  333 

 334 

The experimental approach helps bridge these gaps. The Pi chamber produces supersaturation fluctuations 335 

within a range that is reasonable for atmospheric conditions, making it to some extent representative of 336 

real clouds (Chandrakar et al., 2016; Prabhakaran et al., 2022). Chandrakar et al. (2018b) conducted a 337 

controlled experiment using a cloud chamber with different aerosol injection rates with minimal impacts 338 

from collision-coalescence, as reflected by the volume mean radius being smaller than 12 µm. They 339 

demonstrated that an increase in Nc leads to an increase in k (i.e., a decrease in ε) when Nc is below ~600 340 
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cm-3, and a decrease in k (i.e., an increase in ε) when Nc is higher than ~600 cm-3, which supports our 341 

conclusion. In future studies, we will incorporate the effects of collision-coalescence and sedimentation in 342 

our modeling approach and validate the results using meteorologically constrained observations.  343 

 344 

The proposed theoretical framework reconciles the widths of DSD in both non-turbulent and 345 

turbulent scenarios and offers a potential way for parameterizing the width of DSD in large-scale 346 

earth system models (e.g., GCM) to better study aerosol-cloud interactions. A benefit of using LES 347 

in this study is its ability to present the vertical variations of properties from cloud base to cloud top 348 

and from cloud core to cloud edge alongside their sensitivity to Na. In the future study, we plan to 349 

use direct numerical simulation (DNS), which resolves the full spectrum of turbulence, to provide 350 

higher-fidelity results within specific portions of the cloud (e.g., Götzfried et al., 2017; Thomas et 351 

al., 2024). While the microphysics is currently handled by the SBM scheme, the super-droplet 352 

method (SDM), which enables backward tracking of droplets, will be used in our future work to 353 

investigate the magnitude of 𝜎𝑠m/𝑆m̅ and the impact of collision-coalescence on ε following the 354 

SDM track (Yin et al., 2024). The implications of the newly identified ε–Na relationship—355 

particularly the predominant negative correlation observed in the more frequently occurring 356 

low-Na regime—for global cloud shortwave radiative feedbacks also need investigations.  357 

 358 
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Supporting Information 533 

Text S1: Details of the large eddy simulations 534 

The activation process in the SBM scheme is implemented as follows: Particles within an aerosol bin 535 

are transferred to a cloud droplet bin if their radius 𝑟𝑁 exceeds the critical activation radius. Upon 536 

activation, these particles are given a preset cloud droplet radius. The SBM scheme operates in a 1-D 537 

configuration, as it does not compute or track solute quantities within individual cloud droplet bins. 538 

(Khain et al., 2000) 539 

 540 

The simulations in Section 3 have shown a non-monotonic relationship between ε and Na. To test its 541 

sensitivity to resolutions and sub-grid turbulence setups, we conduct two additional sets of 542 

simulations. Their settings are shown in Table S1. In the TKE_DX50 experiments, the grid spacing 543 

is reduced to 50 m, with a temporal resolution of 0.3 s to maintain numerical stability. In the 544 

SMA_DX100 experiments, sub-grid turbulence is treated by the 3D Smagorinsky scheme 545 

(Smagorinsky, 1963) instead of the TKE scheme. The black lines in Figures S1f and S2f show that, 546 

averaged over altitudes above 200 m from cloud base, ε first decreases and then increases with 547 

increasing Na, which shows the robustness our simulated results.  548 

 549 

 550 

Table S1. The settings for sensitivity experiments.  551 

 
Sub-grid 

turbulence scheme 

Horizontal 

resolution 
Vertical resolution 

Time 

step 

TKE_DX100 TKE 100 m × 100 m.  
The domain is 4.2 km 

thick with 80 layers.  
0.5 s 

TKE_DX50 TKE 50 m × 50 m.  
The domain is 4.2 km 

thick with 180 layers.  
0.3 s 

SMA_DX100 3D Smagorinsky 100 m × 100 m.  
The domain is 4.2 km 

thick with 80 layers.  
0.5 s 

 552 
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 553 

Figure S1. Droplet number concentration (Nc), droplet mean radius (�̅� ), standard deviation of droplet 554 

radius (σ), and droplet spectral relative dispersion from SMA_DX100 experiments. Vertical profiles 555 

of (a) Nc, (c) �̅� , (e) σ, and (g) ε under aerosol number concentration (Na) of 50, 5,000 and 50,000 cm-556 

3. Dependence of (b) Nc, (d) �̅�, (f) σ, and (h) ε on Na at different adiabatic fraction ranges. Lines and 557 

shaded areas indicate the average and interquartile range (25% to 75%) over the studied period. 558 

 559 
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 560 

Figure S2. Droplet number concentration (Nc), droplet mean radius (�̅� ), standard deviation of droplet 561 

radius (σ), and droplet spectral relative dispersion from TKE_DX50 experiments. Vertical profiles of 562 

(a) Nc, (c) �̅� , (e) σ, and (g) ε under aerosol number concentration (Na) of 50, 5,000 and 50,000 cm-3. 563 

Dependence of (b) Nc, (d) �̅�, (f) σ, and (h) ε on Na at different adiabatic fraction ranges. Lines and 564 

shaded areas indicate the average and interquartile range (25% to 75%) over the studied period. 565 

 566 



20 

Text S2: Relative importance of G 567 

Table S2 justifies our approximation of G to a constant during derivations. Over our studied period, 568 

the standard deviation of S/G within the cloud is 1.5269×10-6% cm2 s-1 on average. When each grid’s 569 

G value is substituted by cloud-average G, the standard deviation of S/G is slightly increased to 570 

1.5687×10-6% cm2 s-1. While it is decreased to 9.1189×10-9% cm2 s-1 when substituting each grid’s S 571 

with cloud-average S. So, the fluctuations in G are insignificant for the fluctuations in S/G. The 2nd 572 

row in Table S2 indicates that when we change the cloud selection criterion, the fluctuations in G 573 

still do not contribute significantly to the fluctuations in S/G.  574 

 575 

Table S2. The 2nd column shows the standard deviation of the ratio of supersaturation (S) to the growth 576 

coefficient (G). Each value of S/G is taken from one grid in WRF outputs. The 2nd row uses the grids 577 

with cloud water mixing ratio (Qc) greater than 0.01 g kg-1, and the 3rd row uses the grids with S > 0. 578 

The 3rd column is the same as the 2nd column but uses the average G to substitute each grid’s G value. 579 

The 4th column is the same as the 2nd column but uses the average S to substitute each grid’s S value. 580 

The units of S is %, and the units of G is cm-2s.  581 

Grid Selection Criterion STD(S/G) STD(S/AVE(G)) STD(AVE(S)/G) 

Qc > 0.01 g kg-1 1.5269×10-6 1.5687×10-6 9.1189×10-9 

S > 0 2.7015×10-7 2.7288×10-7 6.8567×10-9 

 582 

 583 

Text S3: Influences of simplification bias 584 

We examine whether the non-monotonic ε–�̅� relationship suggested by Equation 9 is resulted from 585 

the approximations made during the equation derivation. With the probability density functions 586 

(PDFs) of r0 and Sm written as f(r0) and g(Sm), respectively, the original definitions of �̅� and ε are  587 

𝑟 = ∫∫ 𝑟(𝑆𝑚, 𝑟0)𝑓(𝑟0)𝑔(𝑆𝑚)d𝑆𝑚 d𝑟0 , (S1) 588 

𝜀2 =
1

(𝑟)2
 [𝑟(𝑆𝑚, 𝑟0) − 𝑟]

2𝑓(𝑟0)𝑔(𝑆𝑚)d𝑆𝑚d𝑟0, (S2) 589 

where r(Sm,r0) is calculated by Equation 5 in the Manuscript, with G set to 1.00×106 s cm-2 (Manton, 590 

1979), and t set to 1200 s. We also discretize r0 and Sm logarithmetically into 200 bins. The 591 

boundaries for r0 are r0,min = 1μm and r0,max = 32 μm, and the boundaries for Sm are Sm,min = 0.0001% 592 

and Sm,max = 10%, respectively.  593 

 594 

To calculate ε and �̅� from their original definitions, we assume both f(r0) and g(Sm) satisfy log-595 

normal distributions:  596 

𝑓(𝑟0) = 𝑒
−
(ln𝑟0−𝜇1)

2

2𝜆1
2

∫ 𝑒
−
(ln𝑟0−𝜇1)

2

2𝜆1
2
d𝑟0

𝑟0,max
𝑟0,min

⁄ , (S3) 597 

𝑔(𝑆m) = 𝑒
−
(ln𝑆m−𝜇2)

2

2𝜆2
2

∫ 𝑒
−
(ln𝑆m−𝜇2)

2

2𝜆2
2

d𝑆m
𝑆m,max
𝑆m,min

⁄ . (S4) 598 

To compare Figure S3 with Figure 4, μ1 and λ1 are set to 0.405 and 0.647, respectively, to ensure that 599 

ε0 and 𝑟0̅ are the same as used in Figure 4. The values of μ2 and λ2 are varied within ranges -8 to 0 600 

and 0.1 to 0.75, respectively, to cover the range of 𝜎𝑠m/𝑆m̅ in Figure 4.  601 

 602 
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With these settings, ε is calculated by its original definition (Equation S2), showing good agreement 603 

with Figure 4a which is calculated from Equation 9. This means the non-monotonic ε–�̅� relationship 604 

is a nature of the analytical model rather than our simplification bias. When explaining the ε–Na 605 

relationships, we prefer to use the simplified form (Equation 9) instead of the original definition 606 

(Equation S2). The reason is that the original definition requires f(r0) and g(Sm) which are more 607 

difficult to obtain compared to ε0, 𝑟0̅, and 𝜎𝑠m/𝑆m̅ needed by the simplified form, and also, the 608 

roles of r0 and Sm are more clear in the simplified form than in the original definition.  609 

 610 

 611 

Figure S3. Assuming both droplet’s time-averaged supersaturation (Sm) and droplet’s initial radius (r0) 612 

follow lognormal distribution, this figure illustrates the joint dependence of droplet spectral relative 613 

dispersion (ε) on droplet mean radius (�̅�) and relative dispersion of Sm (i.e., 𝜎𝑠m/𝑆m̅). The white solid 614 

line marks the minimum point of ε. 615 

 616 
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