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Key points:

® Cloud droplet size distribution first narrows and then broadens with increasing aerosol loading
in large eddy simulations.

® A minimal model is proposed to explain the non-monotonic dependence of cloud droplet
spectral relative dispersion on aerosol loading.

®  The results reconcile both non-turbulent and turbulent scenarios regarding relationships

between relative dispersion and aerosol loading.

Abstract

Cloud droplet size distribution is essential for quantifying the roles of clouds in earth system,
including cloud albedo, precipitation formation, and cloud lifetime. The response of cloud droplet
spectral relative dispersion () to aerosol number concentration (N,) as well as the role of turbulence
in this response are yet puzzling. This study uses large eddy simulation to examine the e—N,
relationship and derives an expression for ¢ from a minimal model to elucidate this relationship. Our
findings indicate that as V, increases, ¢ initially decreases because aerosols weaken turbulence-
induced broadening more than condensational narrowing. However, as N, continues to rise, &
increases as aerosols weaken condensational narrowing more significantly than turbulence-induced
broadening. These findings improve the understanding of the aerosol effects on cloud droplet size
distribution and address the challenge of quantifying aerosol indirect effects considering turbulence,
potentially leading to new cloud microphysics parameterizations.
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1 Introduction

Aerosol-cloud interactions are a major source of uncertainty in estimating climate change (Seinfeld
et al., 2016). The relationship between aerosol number concentration (N,) and the width of cloud
droplet size distribution (DSD) plays an important role in the evaluation of the aerosol indirect effect
and precipitation simulation (e.g., Liu and Daum, 2002; Xie et al., 2011; Chandrakar et al., 2016,
2018a, 2018b; Yin et al., 2022). The droplet spectral relative dispersion (¢), defined as the ratio of the
standard deviation of droplet radius (o) to the mean droplet radius (), is a commonly used metric for
the width of DSD as it explicitly appears in the parameterizations of droplet effective radius and
autoconversion rate (e.g., Pontikis and Hicks, 1992; Liu et al., 2014).

The &N, relationship has two types: intra-cloud and inter-cloud (Hu et al., 2021). The intra-cloud
relationship, using data points within a single cloud, reveals how non-aerosol factors like local
activation fraction and updraft velocity cause spatial variations in both & and N, (or proxied by cloud
droplet number concentration, Nc). Whereas the inter-cloud relationship, which represents the
influence of background N, on cloud-mean ¢, can be used in global climate models (GCMs) to
parameterize ¢ based on N, (Rotstayn and Liu, 2003, 2005; Peng and Lohmann 2003; Wang et al.,
2020). However, observations on the inter-cloud e—N, relationship remain highly ambiguous,
showing positive, negative, and negligible correlations between ¢ and N, or N (Hu et al., 2021). To
better parameterize ¢ based on N,, theoretical and numerical studies are needed on the inter-cloud e—
N, relationship.

The impacts of adiabatic condensational growth on ¢ are regime-dependent (Liu et al., 2014; Peng et
al., 2007; Chen et al., 2016, 2018). In the aerosol-limited regime, ¢ is positively correlated with N,
due to “condensational narrowing”, as small droplets grow faster than large ones according to the
theory of diffusive condensational growth. This effect was well quantified by an analytical
expression for ¢ in Liu et al. (2006) (L06 hereafter). Conversely, in the updraft-limited regime, ¢ is
negatively correlated with N, due to “condensational broadening”, which results from pronounced
curvature and solute effects on droplet condensation under the suppressed supersaturation in this
regime (Chen et al., 2016, 2018).

To elucidate the broadening of observed DSDs compared to that produced by adiabatic cloud parcel
theories, various mechanisms have been developed, including entrainment and mixing (Jensen and
Baker, 1989; Andrejczuk et al., 2004; Kumar et al., 2012; Kumar et al., 2018; Kumar et al., 2021),
stochastic condensation (e.g., Jeffery et al. 2007), and turbulence-enhanced collision (e.g.,
Grabowski and Wang, 2013). Previous large eddy simulation (LES) studies (Igel and van den
Heever, 2017; Wang et al., 2011) found that the e-N, correlation when considering clouds’ cores is
different from that correlation when considering entire clouds, which indicates that the e~N,
relationships are influenced by entrainment and mixing. Chamber experiments and relevant LES
simulations conducted by Chandrakar et al. (2016) and Thomas et al. (2019) found that ¢ is
negatively correlated with N, under turbulent conditions, which can be explained by an analytical
expression for ¢ derived from the stochastic condensation theory (Chandrakar et al., 2018a).
However, a framework that unifies the analytical expressions for ¢ across both turbulent and non-

turbulent conditions remains absent.
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Given these considerations, this study aims to investigate the effects of turbulence on inter-cloud &—
N, relationships using LES and to explain the effects by a minimal model. We address these
scientific questions: What is the role of turbulence in e—N; relationships? How can we quantify the

role of turbulence in the e—N, relationships?

2 Methodology

2.1 WRF-LES model settings

This study simulates a shallow convective cloud using version 4.5.1 of the Weather Research and
Forecasting (WRF) model in LES mode (Skamarock et al., 2019). Initial profiles of temperature and
water vapor (Figure 1a) are derived from 16:00 LST, 2 August 2013, in the Southwestern United
Kingdom (Leon et al., 2016). A random perturbation in initial potential temperature with an
amplitude of 0.1 K is applied to the lowest four grid levels to stimulate turbulence (Yamaguchi and
Feingold, 2012). The initial horizontal wind is set to zero to eliminate the influence of advection.
Simulations in Section 3 use a grid spacing of 100 m, a time step of 0.5 s, and a domain size of 5 km
x5 km x 4.2 km. Sub-grid turbulence is treated by the turbulent kinetic energy (TKE) scheme
(Deardorff, 1980). The sensitivities of our results to resolutions and sub-grid turbulence setups are
examined in Text S1 of the Supporting Information (SI). Also, we adopt the Mesoscale Model 5
(MM5) similarity surface layer physics scheme (Zhang and Anthes, 1982).

Water Mixing Ratio (g/kg)
(a) 0.006  0.009 0.012 0015 (b)
4 \} 600

Temperature
\ Mixing Ratio 500

w

(cm“])
5

Altitude (km)
[3%]

dN_/dInr

0 10 20 30 0% 10t 10t 10°
Temperature ( C) r(pm)

(c) (d) (e)

0.15 , 1 . 08

1 qu 2 |

! 3 8 F09 !
g ! S ! =3 0.6
= 0.1 ! © © 1 £
S ' 2 E08 ! =
= 1 2 5 2 1 5} 3
ant 2 3 | =2 04 <
= 5] - 0.7 E
2 0.05 ' o ! =
Sh 12 5 <

: —g Zoe : | ! 0.2

1 o A 1 Vi

Pt
0 L 0 0.5 . ”' i
0 20 40 60 80 100 120 0 20 40 60 80 100 120 1 2 3 4
Time (min) Time (min) x (km)

Figure 1. (a) Initial temperature and water mixing ratio profiles. (b) Initial dry aerosol particle size
distribution in the simulation with aerosol number concentration (N,) at 1,000 cm™. Time series of
(c) cloud fraction, cloud coverage, and (d) the ratio of the largest cloud’s volume to all clouds’
volume, averaged over ten simulations. (e) A cross-section of the cloud adiabatic fraction (AF) at the
114™ minute in the simulation with N, = 1,000 cm?, taken along the central axis at y = 2.5 km.
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To initiate the convective cloud, surface fluxes of potential temperature and water vapor are
modified to Equations 1 and 2, respectively:

@y = By exp(—d?/dp), (1)

Pq = Dgp0 exp( — dz/d(z))a (2)

where d is the distance from the domain center, dj is half the domain side length, @4, =

0.3 Kms™! is the maximum surface fluxes of potential temperature, and Pgo=12X

10~* kg kg™1s™! is the maximum surface fluxes of water vapor, following Chandrakar et al.
(2021).

Cloud microphysics is calculated by the spectral bin microphysics (SBM) scheme (Shpund et al.,
2019). We initialize N, at the surface layer to ten values: 50, 100, 200, 500, 1,000, 2,000, 5,000,
10,000, 20,000, and 50,000 cm3, with each value corresponding to a simulation run. Figure 1b
shows the initial aerosol size distribution, adopted from the continental scenario of the SBM scheme.
The SBM scheme uses Equation 3 to calculate condensational growth rate, which omits the
curvature and solute effects (Khain et al., 2000):

dr _

r =
dat

1
25.03)

RyTpw | Lypw (L_v 1)’

where § is supersaturation, 7 is droplet radius, ¢ is droplet growth time, G = -
esD,  kgT “R,T

pw 1s water density, T is air temperature, Dy is vapor diffusivity, kq is thermal conductivity, Ly is
latent heat of vapor condensation, Ry is specific gas constant of water vapor, and ey is saturation
vapor pressure. To focus on the effects of turbulent condensation, we turn off collision-coalescence

and sedimentation.

2.2 Cloud selection

Following previous studies (e.g., Wang et al., 2011), grids with cloud water mixing ratio greater than
0.01 g kg are considered cloudy. We investigate the period from the 50" to the 134" minute at an
interval of 4 minutes. During this period, the cloud fraction is steady relative to the preceding period
(Figure 1c) and the largest individual cloud accounts for more than 90% of the total cloud volume
(Figure 1d).

2.3 Adiabatic fraction calculation

Adiabatic fraction (AF) is the ratio of liquid water content (LWC) to adiabatic liquid water content
(LWCaqq) for each time snapshot, where LWC,q is determined from the temperature and humidity at
cloud base using Equation 8 in Pontikis (1996). An example of the spatial distribution of AF is
presented in Figure le.

3 Results

3.1 &-Na relationships from LES

The left column of Figure 2 shows the vertical profiles of cloud microphysical properties, and the
right column exhibits their values averaged over altitudes greater than 200 m from cloud base, where
the insignificant increase in N with altitude (Figure 2a) indicates weak aerosol activation. Increasing
N, leads to an increase in V. and a decrease in 7, which is consistent with the Twomey effect
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(Figures 2a-2d). With decreasing AF of cloudy regions, both N. and 7 decrease due to evaporation
and dilution by mixing with ambient dry air (Figures 2b and 2d). The values of ¢ decrease
significantly as N, increases from 50 to 5,000 cm (i.e., as N increases from 17 to 576 cm™), but
have only slight variations when N, and N, are higher (Figures 2e and 2f), which is consistent with
Lu and Seinfeld (2006). The black line in Figure 2h shows that ¢ decreases with increasing N, in a
low-N, regime (N, < 5,000cm™3 or N, < 576cm™3), and increases with increasing N, in a high-N,
regime (N, > 5,000cm™3 or N, > 576cm™3). This phenomenon does not hold for altitudes below
200 m from cloud base due to strong activation around cloud base (Figure 2g). In the more adiabatic
region with higher AF, ¢ shows no significant variations with N, in the low-N, regime. This is
consistent with the non-drizzling case demonstrated by Lu and Seinfeld (2006). When AF is lower, &
initially decreases and then increases with N, (Figure 2h).
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161  Figure 2. Vertical profiles of (a) droplet number concentration (NV.), (¢) droplet mean radius (7 ), (e)
162  standard deviation of droplet radius (), and (g) droplet spectral relative dispersion (&) under aerosol
163  number concentration (N,) of 50, 5,000 and 50,000 cm?. Dependence of (b) N, (d) 7, (f) o, and (h) &
164  on N, at different adiabatic fraction ranges. The top x-axes in panels d, f, and h show the

165  corresponding cloud-mean N.. Lines and shaded areas indicate the average and interquartile range
166  (25% to 75%) over the studied period.
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The LES reveals a negative e—N, correlation at low N, in the middle and upper altitudes of the
turbulent clouds, which does not exist in the middle and upper altitudes of the adiabatic clouds
(Chen et al., 2018). Given that turbulence distinguishes LES from the adiabatic model, we
hypothesize that turbulence causes the negative correlation at low N,. We develop a conceptual
model with a minimal set of parameters in Section 3.2 because it provides a quantitative lens through
which to test this hypothesis.

3.2 An analytical expression from a minimal model

Although the LES only presents grid-scale supersaturation fluctuations, this portion still significantly
influences the DSD (Lasher-Trapp et al., 2005). Using LES to examine the N, relationships
therefore represents a step forward from previous studies based on adiabatic parcel theory (e.g.,
Chen et al., 2016, 2018; Peng et al., 2007). The minimal model presents the effects of the grid-scale
supersaturation fluctuations by the varying supersaturation histories of droplets. Aerosol activation is
not considered in this minimal model which aims at representing the middle and upper sections of
the cloud.

We define the time-averaged supersaturation as Sm:

Smot = [, S(tdt" (4)

By integrating Equation 3 over time after adopting Equation 4, the expression for droplet radius is:
[r(Sm,70)1? =1 + 2 [J S(t)dt' /G = 1§ + 28t/G, (5)

where rq is the cloud droplet radius at the initial time of the minimal model. The value of Sy, is
positive for any existing droplet, regardless of whether S(¢°) is exclusively positive or a mix of
positive and negative values along the trajectory. To reflect droplets experiencing varying
supersaturation histories, Sy, is assigned a distribution rather than a single value in the minimal
model. The parameter G in Equation 5 is treated as a constant, in line with prior studies (e.g.,
Manton, 1979; Liu et al., 2006; Celani et al., 2007; Pinsky et al., 2016; Chandrakar et al., 2018a).
Text S2 in the SI further demonstrates that fluctuations in G contribute negligibly to the fluctuations
in S/G compared to fluctuations in S. In subsequent derivations, an overbar denotes the average of
the corresponding variable. ¢ and & denote the standard deviation and the relative dispersion,
respectively, with subscripts ‘0°, ‘#*’, and ‘o>’ referring to the statistics performed on the variables

ro, 72, and r¢%, respectively. To minimize the set of parameters, two assumptions are made in the

subsequent derivations. First, o2 — Jrzz is negligible compared to 72 — 7. Second, as used in
0

Chandrakar et al. (2018a), &,2 and &,y2 are approximately 2¢ and 2¢o, respectively. We will show
later on that these assumptions are reasonable.

Then, averaging at both sides of Equation 5 of all the trajectories in the minimal model leads to:
t/G = (r2 = 75)/(25m)- (6)
Therefore, the variance of 72 is:

2 _ 2 2 4202
Ur2—0r5+4f’smt /G
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= 0% + (05,,/Sm)* (2 = 12)?

~ 0% + (05,,/Sm)* [ = ()1 (7)

Dividing both sides of Equation 7 by 47*, we obtain
2

()= @@ -0 o

2 2 T 2Sm T ’

Substituting &,2 with 2¢ and &,42 with 2¢go yields a simplified expression for &:
e @) - T o

Eq E,

Here, £ and E, represent the first and second terms on the right-hand side (RHS) of Equation 9,

respectively.

The expression of £1 does not include any information from supersaturation fluctuation and is the
condensational narrowing term. E is the same as the expression for £ in L06 which describes the
condensational narrowing effect that smaller droplets grow faster than larger ones in radius. In
addition to E1, E> represents the turbulence-induced supersaturation fluctuation and increases as 7
increases. Hence, E3 is a turbulence-induced broadening term. While Equations 15-22 of Chandrakar
et al. (2018a) also provide analytical expressions for ¢ under turbulent conditions, 7, and oo were
neglected there. Equation 9 in this study synthesizes the effects of condensational narrowing and
turbulence-induced broadening. We use Equation 9 to explain the non-monotonic &é—N, relationship
in Section 3.3.

3.3 Understanding of &-Na relationships

Given the consistent negative 7N, relationship, we explore the e—N, relationship through the lens of
the e relationship by using the minimal model and Equation 9. To accomplish this, we determine
the unknown parameters €o, 75 and o /Sm based on the LES data.

In Equation 10, we substitute o /Sm Wwith constants ci, ¢2, and c¢3 for the AF ranges of (0,0.4],
(0.4,0.7], and (0.7,1.0], respectively. The values of ci, c2, and c3 are constrained between 0 and 2.0,
and g is constrained between 0 and 1.0, because ¢ is smaller than 1.0 in our LES and g and

05 /(2Sy) are the two extreme values of e when 7 equals 7, and when 7 is positive infinity,
respectively (Equation 9). We also constrain #; between 0 and 25 um according to Figure 2d. We

solve Equation 10 to obtain the parameters:

Minimize Zt'3=1 Z}gl(fi,j - Spre,i,j)z
subject to
2 2 (7w, e =\
{ Epreij = €0 (E) +:l[1 — (?}) ] , L= 1,2,3’ (10)
0<¢<20i=1273
0<¢g<1.0
0<7,<250um

where i = 1,2,3 correspond to the AF ranges of (0,0.4], (0.4,0.7], and (0.7,1.0], respectively, and
j=1,2,..,10 correspond to the simulations with N, values of 50, 100, ..., and 50,000 cm™,
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respectively. ¢ijand 7;; represent the droplet spectral relative dispersion and mean radius averaged
over the altitudes greater than 200 m from cloud base in LES, respectively, and epre,ij represents the
predictions by curve fitting. The optimal parameters obtained are ¢;=0.717, ¢2=0.438, ¢3=0.324,
£0=0.589, and 73=2.25 um. The predicted ¢ in the left panel of Figure 3 shows good agreement with
that from LES, with a coefficient of determination (R?) of 0.97 and a root mean square error (RMSE)
0f 0.02, across all 660 data points used in the fitting (comprising 10 N, values, 3 AF ranges, and 22
time snapshots). Also, with the increase in AF, ¢; decreases, which describes the less supersaturation
fluctuations in the more adiabatic region, consistent with Chen et al. (2021).

LES Data Fitting Minimal Model: Tubulent Senario Non-turbulent Senario
— (.0<AF<0.4, Fit +34 0.0<AF<0.4, LES PDF PDF
0.4<AF<0.7, Fit +$4 0.4<AF<0.7, LES s 0
———0.7<AF<1.0, Fit 34 0.7<AF<1.0, LES o S
0.4 Sm/ m
S Sm
0.35
"
. R*=0.97 | '
0- RMSE=0.02
0.25 ’
0.2
0.15 ! |
5 10 15 20 25 & and Ty & and Ty

7(pm)

Figure 3. In the left panel, each marker with error bars represents the average and standard deviation
of ¢ and 7 based on LES data. The ten markers from left to right at the same AF range correspond to
ten simulations with aerosol concentrations from high to low. Solid lines represent the fitting results.
The fitted parameters initialize the minimal model (the middle panel). Yellow lines illustrate
droplets’ historical supersaturation, with its time-mean value, S, represented by dark red lines. The
right panel depicts the droplet growth under a non-turbulent assumption.

Figure 4 presents the results from Equation 9 with go and 7 derived from the LES data, in which
the white dotted lines represent ¢; derived from the LES data. The white solid lines indicate the
minimum values of ¢ at each o _/ Sm. In Figure 4a, ¢ first decreases and then increases with
increasing N, (i.e., decreasing 7) at given ag /Sm. This is consistent with Figure S3 using the
original definition of &, which verifies the non-monotonic relationship does not depend on
assumptions made in the derivations of Equation 9 (see Text S3 in the SI for details).

Figures 4b and 4c elucidate aerosols’ modulations on ¢. The increase in £ with increasing N, (i.e.,
decreasing 7) in Figure 4b demonstrates the effect of increasing aerosols on suppressing the
intensity of condensational narrowing. The decrease in E> with increasing N, (i.e., decreasing 7) in
Figure 4c¢ indicates the effect of increasing aerosols on suppressing the intensity of turbulence-
induced broadening. In the low-N, regime (to the right of the white solid line), the suppression of
turbulence-induced broadening is stronger than that of condensational narrowing, causing ¢ to
decrease with rising N,. Conversely, in the high-N, regime (to the left of the white solid line), the
suppression of condensational narrowing becomes more pronounced than that of turbulence-induced
broadening, resulting in ¢ increasing as N, increases. The regimes are determined by comparing
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7o /7 to a threshold (75 /7)trans, Which is obtained by taking the derivative of Equation 9 with
respect to 7:
— = o-sm/-s_‘m
(To/T)trans = — (11)
| 455 +(osm/5m)2
Droplets with 7 /7 < (i5/7)trans Delong to the low-N, regime, while those with 7, /7 >
(79/T)trans belong to the high-N, regime.

In the nearly adiabatic cloud zone (the lowest dotted line in Figure 4), the decrease in E> with
increasing N, is weak due to the small value of o /Sm, so the scenario approaches that depicted by
the adiabatic theory that € monotonically increases with increasing N,. This is consistent with the
green line in Figure 2h.

Figure 4d shows a sub-regime within the high-N, regime, in which as 7 decreases, o decreases in a
smaller amplitude than 7, resulting in ¢ increasing with rising N, (i.e., decreasing 7). This sub-

regime aligns with the cases with N, > 5,000cm~3 in Figure 2f.
(a) ¢ (b)) E,
0.80 s 0.80 .
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Figure 4. Joint dependence on droplet mean radius (') and relative dispersion of droplet’s time-
averaged supersaturation (o /Sm) of (a) droplet spectral relative dispersion (¢), (b) condensational
narrowing term (£1), (c) turbulence-induced broadening term (£>), and (d) the standard deviation of
droplet radius (o, obtained by ¢ - ) based on Equation 9. The white dotted lines from up to down
correspond to gy /S at adiabatic ranges of (0,0.4], (0.4,0.7], and (0.7,1.0], respectively. The white

solid line indicates the minimum point of &.
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Regime-dependent cloud properties were also reported in prior studies. Both approaches from
Reutter et al. (2009) and Prabhakaran et al. (2020) highlight that N, impacts the magnitude of
supersaturation. In regimes with low N, values, the magnitude of supersaturation is large, resulting in
a high activation fraction (Reutter et al., 2009; Prabhakaran et al., 2020; Shawon et al., 2021) and an
increase in ¢ with increasing NV, at cloud base (Chen et al., 2016, 2018). As N, rises, the magnitude of
supersaturation diminishes, leading to the formation of other regimes. Rather, this study emphasizes
that lower N, enhances the influence of turbulence on cloud droplet size distribution. As N, decreases
(i.e., 7 in Equation 9 increases), ¢ deviates from the non-turbulent & in L06 and ultimately shows the
opposite trend to the non-turbulent ¢ in LO6—specifically, an increase with decreasing N, in the low-
N, regime.

4 Concluding remarks

This study investigates the non-monotonic relationship between ¢ and N, at the middle and higher
altitudes in turbulent clouds using idealized LES simulations. The effects of collision-coalescence
and sedimentation are not considered. Our results demonstrate a clear regime dependence: in the
low-N, regime (N, < 5,000cm™3 or N, < 576cm™3), ¢ decreases with increasing N,, while in the
high-N, regime (N, > 5,000cm™3 or N, > 576cm™3), ¢ exhibits an increasing trend with N,. The
high-N. regime behavior aligns with the findings of L06, whereas the low-N, regime reveals a trend
opposite to L06.

To theoretically present and explain this relationship, we derive an analytical expression for ¢ by
combining both condensational narrowing and turbulence broadening together. The expression
demonstrates that in the low-N, regime, ¢ decreases with increasing N, because the increase in N,
weakens the intensity of turbulence-induced broadening to a greater extent than it weakens
condensational narrowing. However, in the high-N, regime, ¢ increases with increasing N,, because
the increase in N, weakens the intensity of condensational narrowing more significantly than it

weakens turbulence-induced broadening.

Using in-situ observations, Figure 16 in Lu and Seinfeld (2006) showed a similar phenomenon that ¢
decreases with increasing N for the marine stratocumulus with 5cm™3 < N, < 296cm™3, and slightly
increases with increasing N for the continental stratocumulus with 12cm™3 < N, < 693cm™3.

Nevertheless, directly validating our conclusions with observations remains challenging due to two key
limitations. From a theoretical perspective, our LES-derived framework focuses on condensational
growth in large-eddy turbulent environments. However, real-world processes such as collision-
coalescence complicate the comparison of our theory with observations. From an observational
standpoint, in-situ measurements of ¢—N, relationships struggle to isolate aerosol-induced droplet changes
due to the confounding effects of meteorological variability.

The experimental approach helps bridge these gaps. The Pi chamber produces supersaturation fluctuations
within a range that is reasonable for atmospheric conditions, making it to some extent representative of
real clouds (Chandrakar et al., 2016; Prabhakaran et al., 2022). Chandrakar et al. (2018b) conducted a
controlled experiment using a cloud chamber with different aerosol injection rates with minimal impacts
from collision-coalescence, as reflected by the volume mean radius being smaller than 12 pm. They
demonstrated that an increase in N leads to an increase in k (i.e., a decrease in &) when N is below ~600
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cm3, and a decrease in k (i.e., an increase in £) when N is higher than ~600 cm3, which supports our
conclusion. In future studies, we will incorporate the effects of collision-coalescence and sedimentation in
our modeling approach and validate the results using meteorologically constrained observations.

The proposed theoretical framework reconciles the widths of DSD in both non-turbulent and
turbulent scenarios and offers a potential way for parameterizing the width of DSD in large-scale
earth system models (e.g., GCM) to better study aerosol-cloud interactions. A benefit of using LES
in this study is its ability to present the vertical variations of properties from cloud base to cloud top
and from cloud core to cloud edge alongside their sensitivity to N,. In the future study, we plan to
use direct numerical simulation (DNS), which resolves the full spectrum of turbulence, to provide
higher-fidelity results within specific portions of the cloud (e.g., Gotzfried et al., 2017; Thomas et
al., 2024). While the microphysics is currently handled by the SBM scheme, the super-droplet
method (SDM), which enables backward tracking of droplets, will be used in our future work to
investigate the magnitude of o /Sm and the impact of collision-coalescence on ¢ following the
SDM track (Yin et al., 2024). The implications of the newly identified é—N. relationship—
particularly the predominant negative correlation observed in the more frequently occurring
low-N, regime—for global cloud shortwave radiative feedbacks also need investigations.
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Supporting Information

Text S1: Details of the large eddy simulations

The activation process in the SBM scheme is implemented as follows: Particles within an aerosol bin
are transferred to a cloud droplet bin if their radius ry exceeds the critical activation radius. Upon
activation, these particles are given a preset cloud droplet radius. The SBM scheme operates in a 1-D
configuration, as it does not compute or track solute quantities within individual cloud droplet bins.
(Khain et al., 2000)

The simulations in Section 3 have shown a non-monotonic relationship between ¢ and N,. To test its
sensitivity to resolutions and sub-grid turbulence setups, we conduct two additional sets of
simulations. Their settings are shown in Table S1. In the TKE DX50 experiments, the grid spacing
is reduced to 50 m, with a temporal resolution of 0.3 s to maintain numerical stability. In the
SMA_DX100 experiments, sub-grid turbulence is treated by the 3D Smagorinsky scheme
(Smagorinsky, 1963) instead of the TKE scheme. The black lines in Figures S1f and S2f show that,
averaged over altitudes above 200 m from cloud base, ¢ first decreases and then increases with
increasing N,, which shows the robustness our simulated results.

Table S1. The settings for sensitivity experiments.

Sub-grid Horizontal . . Time
) Vertical resolution
turbulence scheme resolution step
The domain is 4.2 km
TKE DX100 TKE 100 m x 100 m. . ) 0.5s
- thick with 80 layers.
The domain is 4.2 km
TKE DX50 TKE 50 m x 50 m. . ) 03s
- thick with 180 layers.
) The domain is 4.2 km
SMA DX100 3D Smagorinsky 100 m x 100 m. . ) 0.5s
thick with 80 layers.
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Figure S1. Droplet number concentration (Nc), droplet mean radius (7 ), standard deviation of droplet
radius (), and droplet spectral relative dispersion from SMA DX100 experiments. Vertical profiles
of (a) N., (¢) 7, (e) o, and (g) € under aerosol number concentration (N,) of 50, 5,000 and 50,000 cm
3. Dependence of (b) N, (d) 7, (f) o, and (h) & on N, at different adiabatic fraction ranges. Lines and
shaded areas indicate the average and interquartile range (25% to 75%) over the studied period.
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561  Figure S2. Droplet number concentration (N), droplet mean radius (7 ), standard deviation of droplet
562  radius (o), and droplet spectral relative dispersion from TKE DXS50 experiments. Vertical profiles of
563 (a) N., (c) 7, (e) o, and (g) ¢ under aerosol number concentration (N,) of 50, 5,000 and 50,000 cm.
564  Dependence of (b) N, (d) 7, (f) o, and (h) € on N, at different adiabatic fraction ranges. Lines and
565  shaded areas indicate the average and interquartile range (25% to 75%) over the studied period.
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Text S2: Relative importance of G

Table S2 justifies our approximation of G to a constant during derivations. Over our studied period,
the standard deviation of /G within the cloud is 1.5269%10°% cm? s™! on average. When each grid’s
G value is substituted by cloud-average G, the standard deviation of /G is slightly increased to
1.5687x10°% cm? s”!. While it is decreased to 9.1189%10°% cm? s™! when substituting each grid’s S
with cloud-average S. So, the fluctuations in G are insignificant for the fluctuations in S/G. The 2"
row in Table S2 indicates that when we change the cloud selection criterion, the fluctuations in G
still do not contribute significantly to the fluctuations in S/G.

Table S2. The 2" column shows the standard deviation of the ratio of supersaturation (S) to the growth
coefficient (G). Each value of S/G is taken from one grid in WRF outputs. The 2" row uses the grids
with cloud water mixing ratio (Q.) greater than 0.01 g kg*!, and the 3" row uses the grids with §> 0.
The 3" column is the same as the 2" column but uses the average G to substitute each grid’s G value.
The 4" column is the same as the 2™ column but uses the average S to substitute each grid’s S value.
The units of S is %, and the units of G is cms.

Grid Selection Criterion ~ STD(S/G) STD(S/AVE(G)) STD(AVE(S)/G)
0.>0.01 gkg'! 1.5269x10 1.5687x10° 9.1189x10°
$>0 2.7015%107 2.7288x107 6.8567x10°

Text S3: Influences of simplification bias

We examine whether the non-monotonic e— relationship suggested by Equation 9 is resulted from
the approximations made during the equation derivation. With the probability density functions
(PDFs) of 79 and Sim written as f{ro) and g(Sm), respectively, the original definitions of 7 and ¢ are

T =[[rSm ) f(10)g(Sn)dSmdry , (S1)

& = L[ (S o) T F ()9 (S)dSdry, (52)

where 7(Sm,r0) is calculated by Equation 5 in the Manuscript, with G set to 1.00x10° s cm™ (Manton,
1979), and ¢ set to 1200 s. We also discretize ro and Sm logarithmetically into 200 bins. The
boundaries for 7y are 7o,min = Ipum and 79,max = 32 um, and the boundaries for Sm are Smmin = 0.0001%
and Smmax = 10%, respectively.

To calculate ¢ and 7 from their original definitions, we assume both f{r) and g(Sm) satisfy log-

normal distributions:

_(nro- #1) . _(nrg !211)
fro=e o [[ommeT nt dn, (59)

To,min

_(nSm-pp)? _(nSm-pp)?
gy = [T s, (34)

To compare Figure S3 with Figure 4, 11 and 4; are set to 0.405 and 0.647, respectively, to ensure that
g and 7, are the same as used in Figure 4. The values of u» and 4> are varied within ranges -8 to 0
and 0.1 to 0.75, respectively, to cover the range of o /Sm in Figure 4.
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With these settings, ¢ is calculated by its original definition (Equation S2), showing good agreement
with Figure 4a which is calculated from Equation 9. This means the non-monotonic e+ relationship
is a nature of the analytical model rather than our simplification bias. When explaining the e-N,
relationships, we prefer to use the simplified form (Equation 9) instead of the original definition
(Equation S2). The reason is that the original definition requires f{ro) and g(Sm) which are more
difficult to obtain compared to €, 7y, and agg_/ Sy, needed by the simplified form, and also, the

roles of 7y and Si are more clear in the simplified form than in the original definition.

0.8

5 10 15 20
7(pum)

Figure S3. Assuming both droplet’s time-averaged supersaturation (Sm) and droplet’s initial radius (7o)
follow lognormal distribution, this figure illustrates the joint dependence of droplet spectral relative
dispersion (¢) on droplet mean radius (7) and relative dispersion of Sm (i.e., g /Sm). The white solid

line marks the minimum point of €.
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