
A STUDY OF UNIVERSAL ODE APPROACHES TO
PREDICTING SOIL ORGANIC CARBON

A PREPRINT

Satyanarayana Raju G.V.V∗

Human Sciences Research Center
International Institute of Information Technology
gottumukkala.sa@research.iiit.ac.in

Prathamesh Dinesh Joshi
Vizuara AI Labs

prathamesh@vizuara.com

Raj Abhijit Dandekar
Vizuara AI Labs

Massachusetts Institute of Technology (prior)
raj@vizuara.com

Rajat Dandekar
Vizuara AI Labs

Purdue University (prior)
rajatdandekar@vizuara.com

Sreedhat Panat
Vizuara AI Labs

Massachusetts Institute of Technology (prior)
sreedhat@vizuara.com

May 12, 2026

ABSTRACT

Soil Organic Carbon (SOC) is a foundation of soil health and global climate resilience, yet its
prediction remains difficult because of intricate physical, chemical, and biological processes. In this
study, we explore a Scientific Machine Learning (SciML) framework built on Universal Differential
Equations (UDEs) to forecast SOC dynamics across soil depth and time. UDEs blend mechanistic
physics, such as advection–diffusion transport, with neural networks that learn nonlinear microbial
production and respiration. Using synthetic datasets, we systematically evaluated six experimental
cases, progressing from clean, noise-free benchmarks to stress tests with high (35%) multiplicative,
spatially correlated noise. Our results highlight both the potential and limitations of the approach. In
noise-free and moderate-noise settings, the UDE accurately reconstructed SOC dynamics. In clean
terminal profile at 50 years (Case 4) achieved near-perfect fidelity, with RMSE = 0.0040, MSE =
1.6× 10−5, and R2 = 0.9999. Case 5, with 7% noise, remained robust (MSE = 3.4× 10−6, R2 =
0.99998), capturing depth wise SOC trends while tolerating realistic measurement uncertainty. In
contrast, Case 3 (35% noise at t = 0) showed clear evidence of overfitting: the model reproduced noisy
inputs with high accuracy but lost generalization against the clean truth (R2 = 0.94). Case 6 (35%
noise at t = 50) collapsed toward overly smooth mean profiles, failing to capture depth wise variability
and yielding negative R2, underscoring the limits of standard training under severe uncertainty.
Qualitatively, the UDE framework consistently preserved broad SOC patterns, avoided overfitting in
moderate noise, and maintained physics-based plausibility even when data were corrupted. These
findings suggest that UDEs are well-suited for scalable, noise-tolerant SOC forecasting, though
advancing toward field deployment will require noise-aware loss functions, probabilistic modelling,
and tighter integration of microbial dynamics.
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1 Introduction

Restoring soil health through improved management of Soil Organic Carbon (SOC) is a pressing challenge, particularly
in tropical soils where degradation pressures are most severe [1]. Agricultural expansion and intensive cultivation have
aggravated SOC loss, releasing large amounts of carbon into the atmosphere and intensifying the greenhouse effect. At
the same time, SOC is fundamental for soil fertility[2], influencing soil structure[3], nutrient cycling, and biological
activity[4] [5], and is thus central to sustaining agricultural productivity[6]. SOC levels are shaped by various factors
such as climate, hydrology, parent material, fertility, vegetation, and land use [7][8], but they are also highly sensitive
to human activities such as deforestation, biomass burning, and land use change. Globally, land conversion alone is
estimated to transfer 1–2 petagrams of carbon each year from terrestrial ecosystems to the atmosphere, with 15–17% of
this flux attributed to SOC decomposition[9].

These dynamics highlight the dual role of SOC in both environmental degradation and climate mitigation. The balance
between carbon inputs and outputs in soil is a key factor that determines both the sequestration and long-term stability
of soil organic carbon (SOC). Effective soil management, therefore requires not only an understanding of how SOC
stocks are distributed across depths and landscapes, but also the ability to track and predict the dynamic carbon fluxes
that shape them. These fluxes include processes such as carbon fixation, decomposition, release, and transformation
within the soil system[10]. Traditionally, SOC has been quantified through direct measurements such as soil core
sampling. But these methods are often labor-intensive, time-consuming, and costly, limiting their scalability. This
challenge highlights the growing importance of complementing field-based measurements with modeling approaches.
Models provide a powerful tool to estimate SOC stocks and fluxes under varying land-use and management conditions,
while also enabling projections of future changes driven by climate change.

By integrating both direct measurements and simulation frameworks, researchers can more effectively assess SOC
dynamics and design strategies that promote long-term carbon sequestration[10]. In recent years, SOC management has
gained renewed attention not only for improving soil productivity but also as a cornerstone of climate policy[11]. The
dominant reasons for the persistence of SOC are stabilization processes, followed by repeated microbial processing of
SOC[12]. Enhancing SOC stocks contributes directly to carbon sequestration and is increasingly recognized within
carbon markets as a tradable ecosystem service[13]. Reliable measurement and forecasting of SOC are therefore critical
to support transparent carbon credit systems, offering both environmental and economic incentives for sustainable land
management[14].

1.1 Soil Properties influencing Organic Carbon and Modelling

Soil Organic Carbon (SOC) is a critical component for maintaining soil health and agricultural productivity, as it
influences various soil properties and functions[15] [8]. A combination of natural factors and human-induced land
management practices shapes its levels [16]. SOC is fundamental for soil fertility and quality, acting as a pivotal element
for terrestrial ecosystems and having significant implications for food security and agricultural sustainability[17] [18]. It
is considered a key indicator of soil health, which the Intergovernmental Technical Panel on Soils (ITPS) defines as the
soil’s ability to sustain the productivity, diversity, and environmental services of terrestrial ecosystems[19]. Specifically,
SOC contributes to soil health and productivity through soil structure, leading to increased structural stability. SOC is
crucial for nutrient absorption by plants and overall soil fertility. It also improves the chemical properties of soil[14].

While not explicitly stated as ’biological activity’, SOC is essential for allowing soils to provide services that sustain the
diversity of terrestrial ecosystems, making it a key indicator of soil health. SOC improves the biological properties of
soil[19]. SOC positively impacts soil water retention, water-holding capacity, and permeability [14]. High SOC levels
correlate with high plant productivity and increased crop yields, reducing the need for chemical fertilizers. It directly
improves soil productivity[20].

Soil Organic Carbon (SOC) content is influenced by a variety of soil properties, including pH, cation exchange capacity
(CEC), and clay content[21] [22] [23]. These factors control SOC dynamics through mechanisms such as stabilization
on mineral surfaces, formation of organo-mineral associations, and influencing microbial activity[24]. The interplay
between these properties determines the amount and stability of SOC in different soil types and under various land
uses [25]. Soil pH is a major property that discriminates between different soil types and influences SOC stabilization
[25]. In a study of French soils, the SOC/clay ratio was found to be strongly affected by soil pH. Acidic soils (pH < 5)
consistently had high SOC/clay ratios and were classified as healthy, while alkaline soils (pH > 8) often had low ratios
and were classified as unhealthy [25]. In Swiss forest soils, the relationship between SOC and effective CEC (CECeff)
is mediated by pH[23]. In acidic soils, particularly those with high mean annual precipitation, the presence of Al3+

cations is common. These cations are associated with the formation of organo-metal complexes, which can stabilize
SOC [23]. Effective cation exchange capacity (CECeff) can be causally linked to SOC preservation because it reflects
the reactive soil surfaces available for SOC adsorption and represents a direct measure of SOC sorption at existing
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pH conditions [23]. In Burundi soils, CEC is influenced by soil pH, clay content, and organic carbon content, with
organic carbon emerging as a key determinant of CEC in these highly weathered, kaolinitic soils [26]. Clay content is a
significant abiotic factor influencing SOC levels, particularly at a regional scale. This is attributed to clay’s high specific
surface area and its ability to form stable micro-aggregates, which protect SOC.

While some studies show positive correlations between clay and SOC, others suggest that considering only clay content
can oversimplify SOC preservation mechanisms, as mineralogy and other factors are also crucial [23]. In a Brazilian
study, clay was the most prominent soil property influencing SOC stocks, with its relative importance increasing with
soil depth [17]. pH, CEC, and clay content all exert significant control over soil organic carbon, but their effects are
interconnected and context-dependent.

With increasing data availability, more complex Deep Learning (DL) approaches [27][28] are being used for SOC
prediction, as they can potentially capture more complex non-linear relationships than traditional ML algorithms. DL
models, particularly SSL-SoilNet, have demonstrated high accuracy in SOC prediction[15]. Specific DL methods
mentioned include Convolutional Neural Networks, Recurrent Neural Networks (RNN), and Long Short-Term Memory
(LSTM) models[29]. DL algorithms have generally outperformed Random Forest for SOC prediction, with LSTM
models often performing the best among DL approaches[29].

Also, there are traditional models such as RothC [30] [31], which simulate SOC dynamics based on ecological processes.
Both RothC and Century are considered robust foundational models because they establish strong, balanced bidirectional
linkages between theory, measurement, and modeling in evaluating soil organic matter dynamics[32][31]. However,
there is a growing demand for new generations of more mechanistically realistic models that can better describe
existing datasets related to fluxes, pool sizes, and organic matter chemistry. While traditional models are valuable,
these approaches struggle to represent the nonlinear interactions between soil health factors (pH, organic matter, cation
exchange capacity, clay content), climate, management practices, and biological interactions [16].

To address these limitations, Scientific Machine Learning (SciML) offers a hybrid framework that blends physical
principles with data-driven learning [33] [34] [35] [36] [37] [38] [39] [40]. In particular, Universal Differential Equations
(UDEs) embed mechanistic partial differential equations (PDEs) within neural networks capable of approximating
complex or unobserved processes [33] [41] [42] [43] [44]. This approach allows known soil physics to be preserved
while enabling the model to learn nonlinear biological dynamics from data. With the twenty-first century expected
to bring some of the most rapid climatic shifts in Earth’s history, and given that soil carbon fluxes—closely linked to
microbial activity—play a central role in regulating greenhouse gases, advancing our capacity to represent microbial
processes has become crucial [9]. Within the SOC UDE framework, this means developing models that explicitly
capture microbial contributions to carbon stabilization and release, thereby improving predictions of soil carbon
dynamics under accelerating climate change.

In this study, we develop a UDE model for SOC forecasting in which neural networks approximate production and
respiration processes as functions of climatic variables, land use practices, soil health indicators, and biological interac-
tions. By integrating scientific knowledge with machine learning, we aim to improve the mathematical representation
of microbial influences on SOC and predictive accuracy.

This paper is structured as follows. We begin with the mathematical formulation of Soil Organic Carbon (SOC)
dynamics, where the known physics of advection–diffusion–reaction are coupled with neural networks to capture
unknown production and respiration processes. We then describe the methodology and training strategy, including
how synthetic soil datasets were generated, how noise was added to mimic realistic measurement uncertainty, and how
the UDE models were trained and optimized. To test the robustness of the framework, we design six experimental
cases: starting with a clean baseline, then progressively adding noise to drivers and terminal SOC values under
moderate and high uncertainty scenarios. The results section presents the outcomes of these experiments, with a focus
on hyperparameter tuning, prediction accuracy, residual behavior, and visual comparisons of the true and modeled
SOC profiles. Building on these findings, we move into a discussion and conclusion, reflecting on the strengths and
limitations of the UDE approach for SOC prediction. Finally, we point to future research directions, such as using
symbolic regression for better interpretability, incorporating microbial and climatic drivers, and scaling the models
toward probabilistic and spatially explicit SOC–climate interactions.

2 Mathematical Formulation and Methodology

The core objective of this study is to develop a physics-guided hybrid modeling framework that predicts the temporal
and spatial evolution of Soil Organic Carbon (SOC) using a Universal Differential Equation (UDE) formulation. The
model embeds neural networks within a Partial Differential Equation (PDE) to capture complex, nonlinear biological
processes [44] [6] [45] such as microbial respiration and carbon input from organic sources, modulated by climatic
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factors. The PDE represents known physical transport processes (diffusion and advection), while the embedded neural
networks learn unknown microbial dynamics using soil health indicators (pH, CEC, Clay content), and organic carbon
(OC) profiles, which are provided as data inputs for supervised learning.

Neural ODEs and Universal Differential Equations

Differential equations are fundamental tools for modeling dynamical systems in science and engineering. Recently,
Scientific Machine Learning (SciML) has introduced ways to combine these mechanistic models with the flexibility of
neural networks. Two key approaches in this domain are Neural Ordinary Differential Equations (Neural ODEs)
and Universal Differential Equations (UDEs).

Neural ODEs, introduced by Chen et al. [46], replace the traditional discrete layers of a neural network with a continuous
transformation defined by an ODE. In practice, this means that instead of stacking layers, the dynamics of hidden states
are modeled as

dh(t)

dt
= f(h(t), t; θ),

where f is a neural network parameterized by θ. Solving this ODE with a numerical integrator yields the output of
the model. Neural ODEs are powerful because they provide memory-efficient training, adapt their depth dynamically,
and naturally model time-continuous processes. They have been successfully applied in physics, biology, and control
systems where system dynamics are important [47].

Universal Differential Equations (UDEs), proposed by Rackauckas et al. [33], extend this idea by embedding neural
networks directly into mechanistic differential equations. Instead of replacing the entire right-hand side with a neural
function, UDEs keep the known physics-based components (e.g., diffusion, advection) and only learn the unknown or
poorly understood parts (e.g., complex biological interactions). Formally, this can be written as:

du

dt
= fphysics(u, t) + fNN(u, t; θ).

This hybrid approach ensures that models respect established physical laws while leveraging data-driven learning for
nonlinear or uncertain processes. For example, in soil carbon modeling, diffusion and transport terms can be defined
mechanistically, while microbial production and respiration dynamics are learned from data. Together, Neural ODEs
and UDEs exemplify the strength of SciML: they balance mechanistic interpretability with the flexibility of machine
learning, offering a pathway to more accurate and generalizable models in data-limited scientific domains.

Governing Equations

Using the predicted concentration profile for the constant coefficient advection-diffusion equation[48], we consider the
SOC concentration C(z, t) as a function of depth z and time t. Here, SOC (or) OC (or) C are used interchangeably.
The dynamics are described by (Using one-dimensional time dependent advection - diffusion - transport equation and
adding Neural Network (NN) terms) [48]:

∂C

∂t
= D

∂2C

∂z2
− v

∂C

∂z
+ P (C, env)−R(C, env), (1)

where:

• D = diffusion coefficient,
• v = advection (vertical transport) velocity,
• P (C, env) = production term (biological carbon inputs),
• R(C, env) = respiration term (biological carbon losses),
• env = {pH, CEC,Claycontent} = soil environment variables representing soil health parameters, env(z, t)

as a function of depth and time.

Neural Network Representation of Biological Terms The production and respiration processes are highly nonlinear
and driven by soil properties and biological interactions. We approximate these using two neural networks:

P (C, env) ≈ NNP (pH, OC,CEC,Claycontent, z, t; θP ), (2)
R(C, env) ≈ NNR(pH, OC,CEC,Claycontent, z, t; θR), (3)

where θP , θR are the trainable parameters of the respective networks.
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Thus, the UDE becomes[? ]:

∂C

∂t
= D

∂2C

∂z2
− v

∂C

∂z
+ NNP (C, env)− NNR(C, env). (4)

Boundary and Initial Conditions

C(z, 0) = C0(z), (5)
∂C

∂z

∣∣∣∣
z=0,H

= 0 (No-flux boundary conditions[48]). (6)

2.1 Numerical Implementation Steps

1. Discretize soil depth: Divide the soil profile into N layers {z1, z2, . . . , zN}.

2. Generate synthetic soil property profiles: Create synthetic values for pH, OC, CEC and Clay content for
each depth and time.

3. Define Neural Networks:

• NNP : Predicts production from [pH, OC,CEC,Claycontent, z, t].
• NNR: Predicts respiration from [pH, OC,CEC,Claycontent, z, t].

4. Combine PDE + NNs into UDE as shown in Equation (4).

5. Generate synthetic target data: Simulate using zero NN outputs (Production and Respiration are zero) for
baseline comparison.

6. Loss Function: Mean Squared Error (MSE) [49] between predicted and synthetic SOC profiles:

L =
1

NTNZ

NT∑
i=1

NZ∑
j=1

(
OCpred(zj , ti)−OCtarget(zj , ti)

)2
. (7)

7. Optimization: Train θP , θR using ADAM + BFGS.

2.2 Methodology and Training Strategy

In this study, we model Soil Organic Carbon (SOC) dynamics using a discretized advection–diffusion-reaction partial
differential equation (PDE). The advection and diffusion terms capture physics-based transport processes, such as
vertical mixing and movement of carbon through the soil profile, while the reaction term represents complex biological
processes such as carbon production and respiration. Unlike traditional models that use fixed empirical functions for
these processes, we embed neural networks to learn the unknown source and sink terms directly from data. The PDE is
numerically integrated forward in time for a 50-year horizon, producing predictions of SOC evolution under given soil
and environmental inputs.

Training is achieved by differentiating through the solver using adjoint sensitivity analysis, which allows the neural
networks to be optimized efficiently with respect to both the observational data and the governing PDE constraints.
To improve robustness, we employ specialized loss handling techniques that manage occasional solver failures (e.g.,
divergence or instability during training), ensuring stable learning across a wide range of hyperparameter settings.
Model performance is further enhanced through systematic hyperparameter tuning. We perform grid searches over
neural network architectures (depth, width, activation functions), optimizer settings, and loss weightings that balance
the influence of data fitting against PDE consistency. This combination of mechanistic modeling and data-driven
learning enables the framework to capture both well-understood physical processes and nonlinear biological dynamics
that are otherwise difficult to specify explicitly.

Synthetic Training Dataset

To evaluate and validate the Universal Differential Equation (UDE) approach for soil organic carbon (SOC) modeling, a
synthetic dataset has been generated. This dataset mimics realistic soil conditions by specifying smooth depth- and
time-dependent profiles for key soil drivers. The following variables were included:

• Soil Organic Carbon (SOC), denoted as C(z, t)
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• Soil pH, denoted as pH(z, t)

• Cation Exchange Capacity (CEC), denoted as CEC(z, t)
• Clay content, denoted as Clay(z, t)

The spatial domain is defined as depth z ∈ [0, 1] m, discretized into Nz = 30 grid points. The temporal domain is
t ∈ [0, 50] years.

Initial SOC profile: The synthetic initial condition at t = 0 is specified as:

C(z, 0) = C0 exp(−kdecay z L), (8)

where C0 = 1.2 is the surface SOC concentration, kdecay = 0.02, and L = 100 is a depth scaling factor. This generates
a decreasing exponential SOC profile with depth.

Soil pH: The pH varies smoothly with depth and time:

pH(z, t) = 6.5− 0.5 z + 0.10 sin

(
2πt

1.0

)
. (9)

This captures both depth-dependent acidity and seasonal oscillations.

Cation Exchange Capacity (CEC): CEC is modeled as a function of depth and long-term oscillations:

CEC(z, t) = 0.5 + 0.1 sin(2πz) + 0.05 cos

(
2πt

5.0

)
. (10)

Clay content: Clay content varies spatially with depth and shows slow temporal fluctuations:

Clay(z, t) = 25.0 + 5.0 cos(2πz) + 0.5 sin

(
2πt

10.0

)
. (11)

Together, these synthetic functions define a controlled and fully specified training dataset:

D = {(z, t) 7→ (C(z, t),pH(z, t),CEC(z, t),Clay(z, t))}, (12)

which provides both the target SOC profile and its drivers for UDE training and benchmarking. The pH, CEC, Clay
content denote the soil environment input env(z, t) to the neural networks.

Noise Models for Soil Health Parameters:

To evaluate model robustness under realistic uncertainties, we added two types of noise to the synthetic soil health pa-
rameters (pH, CEC, and clay content): multiplicative Gaussian noise [50] and spatially correlated noise. Multiplicative
noise models the fact that measurement errors in soil properties often scale with the magnitude of the quantity being
measured. For a soil parameter x(z, t), the noisy observation x̃(z, t) is [50] defined as:

x̃(z, t) = x(z, t) ·
(
1 + η · ϵ(z, t)

)
, (13)

where ϵ(z, t) ∼ N (0, 1) is a standard Gaussian random variable and η is the relative noise level (e.g., η = 0.07 for
7% noise). This formulation ensures that larger values of x(z, t) are perturbed more strongly, reflecting proportional
uncertainty in field or lab measurements.

Training Strategy

The Production term representing the carbon inputs and the respiration term representing the carbon losses, affected by
land use, climatic factors, elevation, slope parameters etc., two neural networks are defined as

P (C, env) ≈ NNP (pH, OC,CEC,Claycontent, z, t; θP ), (14)
R(C, env) ≈ NNR(pH, OC,CEC,Claycontent, z, t; θR), (15)

where θP , θR are the trainable parameters of the respective networks. Each network uses a fully connected feedforward
architecture with nonlinear activation functions (e.g., tanh or GeLU ). We train end-to-end by differentiating through
the ODE solver with adjoint automatic differentiation and enforce numerical stability with bounded outputs and safe
loss penalties.
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Discretization and Integration

The PDE is discretized by the method of lines:

• Depth is discretized with Nz = 30 uniformly spaced points on [0, 1], spacing ∆z.
• Interior derivatives use second-order central differences:

uzz(zi, t) ≈
ui+1 − 2ui + ui−1

∆z2
, uz(zi, t) ≈

ui+1 − ui−1

2∆z
.

• Zero-flux (Neumann) boundary conditions are imposed by duplicating interior slopes.

This yields a system of Nz ODEs, which we integrate with the Tsitouras 5th-order explicit method (Tsit5()). During
hyperparameter tuning, solver tolerances are set to 10−5; during final evaluation they are tightened to 10−6. The
right-hand side (RHS) of the PDE is implemented in a non-mutating, out-of-place form to ensure safe differentiation
with Zygote.

Training Objective and Differentiation

We train against the terminal-only loss for say t = 50 years using MSE[49]:

L(θ) = 1

Nz

Nz∑
i=1

(
uθ(zi, 50)− udata(zi, 50)

)2
, (16)

where uθ is the model-predicted SOC profile at t = 50.

Gradients are obtained by differentiating through the ODE solver with the adjoint method:
InterpolatingAdjoint(autojacvec=ZygoteVJP()). This approach is memory-efficient and leverages
Zygote’s vector-Jacobian products. Optimization uses the Adam optimizer.

Robustness to Solver Failures

NaNs or solver divergence during training can cause undefined gradients. We ensure robustness through:

1. A safe_solve wrapper: catches solver errors and returns a controlled penalty.
2. A fallback penalty loss:

Lfail(θ) = 106 + 0 · ∥θ∥2,
which discourages unstable regions but still depends on parameters so gradients exist.

This avoids the common iterate(::Nothing) error and allows training to proceed smoothly.

Hyperparameter Tuning

A compact grid search explores:

Table 1: Hyperparameter grid for UDE training
Hyperparameter Values explored
Hidden sizes (H1, H2) H1 ∈ {32, 64}, H2 ∈ {16, 32}
Activation functions tanh, GeLU
Learning rates 3× 10−3, 5× 10−3

The best configuration is selected by terminal loss.

Final Training and Evaluation

The best hyperparameters are retrained with tighter solver tolerances. Final evaluation integrates forward without
adjoints (no gradient calculation needed), providing stable predictions.

Results are visualized via:

• Predicted vs true SOC depth profiles,
• Residuals vs depth,
• A heatmap displaying [True | Pred | Residual].
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Implementation Choices for Stability and Speed

• All computations use Float32 for speed.

• Out-of-place RHS and no static arrays improve autodiff stability.

• Non-negative outputs enforce biological plausibility.

• Early stopping accelerates hyperparameter tuning.

Computational Cost

Each training iteration requires one forward solve and one adjoint solve to t = 50. With Nz = 30 and shallow networks,
runs are tractable. Early stopping makes the grid search efficient.

Reproducibility

• Packages: Lux, DifferentialEquations, SciMLSensitivity, Zygote, Optimization, Plots.

• Random seeds are fixed per trial for reproducibility.

• Solver tolerances are reported explicitly.

3 Experimental Cases for UDE-Based SOC Modeling

We designed six experiments using a synthetic Soil Organic Carbon (SOC) dataset, with soil parameters (OC, pH, CEC,
Clay) over depth–time (z, t), to test a Universal Differential Equation (UDE) framework. Each case combines a time
focus (initial profile at t = 0 vs. terminal profile at t = 50 years) with different levels of noise (none, moderate, high)
applied to both inputs and outputs. All training runs start from random initialization, and hyperparameters (network
depth/width, learning rate, loss weights, etc.) are optimized for each case.

Case 1: Hyperparameter Tuning at t = 0 (Initial SOC), No Noise (Baseline)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) dynamics under baseline, noise-free condi-
tions. In this first case, we trained the UDE on a clean synthetic dataset generated from the advection–diffusion–reaction
model of SOC, using soil health parameters (pH, CEC, clay content, and organic carbon inputs) at t=0 years. Because
no noise was added, this setting represents the “best-case” scenario for learning SOC behavior. Panel (a) Figure 1
shows the comparison between the true synthetic SOC profile and the UDE-predicted SOC profile across soil depth.
The agreement is almost exact: the UDE smoothly follows the depthwise variations of SOC, demonstrating that the
mechanistic terms (advection and diffusion) together with the neural network component can fully reconstruct the
baseline distribution. Panel (b) Figure 2 presents the residual map, highlighting the difference between predicted and
ground truth values. The residuals are nearly negligible across all depths, confirming that the UDE fit respects both
the data and the governing equations. Panel (c) Figure 3 displays the heatmaps of the true SOC, the UDE prediction,
and their residuals. This visualization reinforces the accuracy of the model under noise-free conditions: the true and
predicted SOC heatmaps overlap almost perfectly, while the residual heatmap remains close to zero across the domain.
Case 1 demonstrates that under ideal conditions, the UDE framework can replicate the synthetic SOC profile with high
fidelity. This establishes a performance ceiling against which the robustness of the model under noisy conditions (Cases
2,3,5,6) can later be assessed.

Case 2: Hyperparameter Tuning at t = 0, Moderate Noise (7%)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) dynamics under moderate noise (7%) at
the initial profile, t = 0 years. In this experiment, the UDE was trained on a synthetic dataset where both SOC values
and soil health parameters (pH, CEC, clay content, and organic carbon inputs) were perturbed with 7% multiplicative
Gaussian noise. This setup reflects a more realistic scenario, where measurement uncertainties and natural variability are
unavoidable. Panel (a) Figure 4 compares the true SOC profile with the UDE-predicted profile across depth. Despite the
noise, the UDE can capture the main structure of the SOC distribution, with only minor deviations from the ground truth.
The physics-informed terms (advection and diffusion) help anchor the model to realistic depthwise behavior, while
the neural component learns to smooth out noisy fluctuations. Panel (b) Figure 5 shows the residual map between the
prediction and ground truth. Here, residuals are more pronounced than in Case 1, with small but noticeable deviations
scattered across depths. These differences illustrate the challenge of fitting noisy observations while still satisfying the
governing equations. Panel (c) Figure 6 provides the heatmaps of the true SOC, the UDE prediction, and their residuals.
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Figure 1: True vs. UDE prediction

Figure 2: Residuals distribution

Figure 3: Heatmap of True, UDE, and Residual

Case 1 results: (a) comparison of True vs. UDE predictions, (b) residual error plot, and (c) heatmap of True SOC,
UDE-predicted SOC, and residual differences.
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Figure 4: True vs. UDE prediction

Figure 5: Residuals distribution

Figure 6: Heatmap of True, UDE, and Residual

Case 2 results: (a) comparison of True vs. UDE predictions, (b) residual error plot, and (c) heatmap of True SOC,
UDE-predicted SOC, and residual differences.
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The predicted heatmap remains closely aligned with the true SOC field, though localized patches of error can be seen in
the residual map. Importantly, the UDE avoids overfitting the noise and maintains the broader SOC pattern. Overall,
Case 2 demonstrates that the UDE framework is reasonably robust to moderate noise in the data. While accuracy
declines slightly compared to the baseline, the model continues to reproduce the essential SOC depth profile and retains
strong alignment with the underlying physical dynamics. This case highlights the balance between fitting noisy data
and preserving physics-based consistency.

Case 3: Hyperparameter Tuning at t = 0, High Noise (35%)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) dynamics under high noise (35%) at
the initial profile, t = 0 years. In this experiment, the UDE was trained on a synthetic dataset where both SOC
values and soil health parameters (pH, CEC, clay content, and organic carbon inputs) were corrupted with 35%
multiplicative Gaussian noise. This represents a stress-test scenario, simulating conditions where measurement errors or
field uncertainties are very large. Panel (a) Figure 7 shows the comparison between the true SOC depth profile and the
UDE-predicted profile. Unlike the previous cases, the predictions deviate considerably from the ground truth. While
the model still follows the general trend of SOC decreasing with depth, the high noise overwhelms much of the finer
structure, leading to oversmoothed or distorted profiles. The conflict between fitting highly corrupted data and obeying
the governing PDE terms becomes clear in this case. Panel (b) Figure 8 illustrates the residual map. Here, large and
systematic deviations are visible across depths, reflecting the difficulty of extracting meaningful signals from noisy
inputs. The model occasionally defaults to smoother physics-driven patterns, but these do not fully align with the noisy
observations, leaving substantial errors. Panel (c) Figure 9 provides the heatmaps of the true SOC, the UDE prediction,
and their residuals. Unlike in Case 2, the residual heatmap now shows significant patches of error across the entire
depth range. The overlap between the true and predicted SOC fields is partial, with the UDE capturing broad trends but
failing to reproduce finer details hidden by noise. Case 3 highlights the limitations of the UDE approach under severe
data corruption. The model remains physically consistent but struggles to reconcile high levels of noise, leading to
reduced accuracy and biased predictions. This case underscores the need for noise-aware training strategies or robust
loss functions when working with highly uncertain SOC measurements.

Case 4: Hyperparameter Tuning at t = 50 (Terminal SOC), No Noise (Baseline)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) dynamics under baseline, noise-free
conditions at the terminal profile, t = 50 years. In this case, the UDE was trained to match the final SOC distribution
after 50 years of modeled evolution, using synthetic data generated from the advection–diffusion–reaction framework
with soil health parameters (pH, CEC, clay content, and organic carbon inputs). Because no noise was added, this setup
serves as an “ideal prediction” benchmark for long-term SOC forecasting. Panel (a) Figure 10 shows the comparison
between the true synthetic SOC profile and the UDE-predicted profile at t = 50. The agreement is strong: the UDE
accurately reproduces the depthwise SOC pattern after five decades of simulated dynamics. This confirms that, when
provided with clean terminal data, the model can learn the integrated effects of both mechanistic soil processes and
nonlinear biological interactions over extended time horizons. Panel (b) Figure 11 presents the residual map, showing
the differences between predicted and ground truth SOC values. The residuals are minimal, indicating that the UDE
faithfully captures the temporal evolution and remains consistent with the governing PDE constraints. Panel (c)
Figure 12 provides the heatmaps of the true SOC, the UDE prediction, and their residuals. The near-perfect overlap of
the true and predicted heatmaps reinforces the accuracy of the model, while the residual heatmap stays close to zero
throughout the soil depth domain. Case 4 demonstrates that the UDE framework is capable of accurately inferring
long-term SOC dynamics under ideal, noise-free conditions. This result establishes a benchmark for assessing the
model’s robustness in more challenging scenarios, where terminal SOC data are corrupted by measurement noise (Cases
5 and 6).

Case 5: Hyperparameter Tuning at t = 50 years, Moderate Noise (7%)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) dynamics under moderate noise (7%)
at the terminal profile, t = 50 years. In this experiment, the UDE was trained on a synthetic dataset where both
SOC values and soil health parameters were perturbed with 7% multiplicative Gaussian noise. This reflects a realistic
long-term forecasting scenario where field measurements are subject to moderate uncertainty. Panel (a) Figure 13 shows
the soil drivers (pH, CEC, and clay content) at the mid-point of the simulation (t=25.0 years) under 7% multiplicative
noise. The perturbed drivers exhibit realistic fluctuations while preserving their expected depthwise trends. Panel (b)
Figure 14 compares the true terminal SOC profile with the UDE prediction. The model captures the overall depthwise
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Figure 7: True vs. UDE prediction

Figure 8: Residuals distribution

Figure 9: Heatmap of True, UDE, and Residual

Case 3 results: (a) comparison of True vs. UDE predictions, (b) residual error plot, and (c) heatmap of True SOC,
UDE-predicted SOC, and residual differences
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Figure 10: True vs. UDE prediction

Figure 11: Residuals distribution

Figure 12: Heatmap of True, UDE, and Residual

Case 4 results: (a) comparison of True vs. UDE predictions, (b) residual error plot, and (c) heatmap of True SOC,
UDE-predicted SOC, and residual differences. 13
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Figure 13: Drivers @ t=25.0 (7% Multiplicative - Spatially correlated Noise)

Figure 14: True vs UDE Prediction

Figure 15: Residuals Distribution

Case 5 results: (a) Driver (35% Multiplicative-Spatial Noise) for soil health parameters (b) comparison of True vs.
UDE predictions, and (c) residual error plot 14
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Figure 16: Heatmap of True, UDE, and Residual

pattern, though small deviations appear due to noise. Panel (c) Figure 15 shows the residual map, where errors are more
noticeable than in Case 4 but remain relatively modest. Panel (d) Figure 16 presents the heatmaps of true SOC, UDE
predictions, and residuals. While localized patches of error emerge, the broader SOC distribution is preserved. Case
5 demonstrates that the UDE framework is resilient to moderate noise in terminal data. Accuracy declines slightly
compared to the noise-free benchmark, but the model continues to recover the main SOC trends while maintaining
physics-based consistency.

Case 6: Hyperparameter Tuning at t = 50 years, High Noise (35%)

Universal Differential Equation (UDE) results for Soil Organic Carbon (SOC) under high noise (35%) at the terminal
profile, t = 50 years. In this stress-test, both the terminal SOC values and soil health inputs (pH, CEC, clay content,
organic carbon inputs) were corrupted with 35% multiplicative Gaussian noise, spatially correlated across depth. This
scenario mimics severely uncertain measurements and challenging field conditions. Panel (a) Figure 17 shows the soil
drivers at t=25.0 years with 35% multiplicative, spatially correlated noise. The drivers show significant fluctuations,
with noticeable deviations from their clean trends, reflecting the strong perturbations imposed by high noise. Panel (b)
Figure 18 compares the true t = 50 SOC profile with the UDE prediction across depth. Unlike the moderate-noise
case, the prediction deviates substantially from the ground truth: broad trends (e.g., monotonic depth wise decline)
may be partially recovered, but finer structure is lost or distorted. The model often defaults to smoother, physics-driven
behaviour as it struggles to reconcile heavily corrupted targets with the governing PDE. Panel (c) Figure 19 shows the
residual map (prediction minus ground truth). Residuals are large and systematic over wide depth intervals, indicating
that noise overwhelms the signal. The error pattern reflects the model’s trade-off: preserving PDE consistency while
resisting the temptation to fit spurious fluctuations. Panel (d) Figure 20 presents heatmaps of true SOC, the UDE
prediction, and residuals. The overlap between true and predicted fields is only partial; error “bands” persist throughout
the profile. While the UDE maintains physically plausible smoothness, the residual heatmap reveals extensive regions
of mismatch. Case 6 exposes the limits of standard UDE training under severe terminal-data noise. Predictions become
biased and over-smoothed, and accuracy degrades markedly. These results underscore the need for noise-aware strategies
(e.g., robust loss functions, uncertainty-weighted data terms, denoising priors) when terminal SOC observations and
inputs carry high uncertainty.

4 Discussion and Conclusions

In this work, we developed and tested a Universal Differential Equation (UDE) framework to model soil organic
carbon (SOC) dynamics across depth and time, systematically exploring six cases ranging from noise-free baseline
data to high-noise stress tests. By progressively introducing noise into drivers and target SOC values, we assessed the
robustness of UDEs in reconstructing SOC evolution and predicting long-term outcomes.
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Figure 17: Drivers (35% Multiplicative - Spatially correlated Noise) for Soil Parameters

Figure 18: True vs UDE (SOC)

Figure 19: Residulas Distribution

Case 6 results: (a) drivers @ t=25.0 (35% multiplicative Gaussian - spatially correlated noise (b) comparison of True vs.
UDE predictions, (c) residual error plot
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Figure 20: Heatmap of True, UDE, and Residual

For Case 1 (Clean baseline, t=0 years), the UDE successfully reproduced the synthetic SOC distribution using noise-free
drivers and terminal data. This case confirmed that the architecture, loss formulation, and optimization strategy were
well-suited for the problem, yielding near-perfect fits and stable residuals.

In Case 2 (Clean drivers with collocation points), we extended training to include intermediate times, enforcing PDE
consistency beyond terminal conditions. This led to smoother solutions and improved generalization, particularly in
capturing transport and diffusion effects. The inclusion of collocation points demonstrated the utility of physics-based
constraints for stabilizing learning even in data-sparse regimes.

Case 3 (High noise, 35%) represented a worst-case scenario where both drivers and final SOC values were heavily
corrupted. As expected, the UDE struggled in this regime, with predictions biased toward satisfying the PDE rather
than reproducing noisy observations. Nevertheless, the model maintained physically plausible trajectories, suggesting
that UDEs can filter extreme noise to some degree, though at the expense of accuracy. This highlights the limitation of
standard loss formulations under very high uncertainty, underscoring the need for robust loss functions or explicit noise
modelling in future work.

In Case 4 (No Noise, t=50 years), where the model was trained to recover long-term SOC profiles from perfect terminal
conditions, the UDE excelled. Despite the inverse nature of the problem (learning dynamics from end states), the model
reconstructed depth-wise SOC distributions with high fidelity. This case illustrated the power of UDEs in capturing
long-term integrated behavior when precise boundary or terminal data are available.

Case 5 (Medium noise, 7%) introduced realistic uncertainties in both drivers and SOC targets. The model retained
good predictive performance, with moderate residuals, though slightly biased by the noisy training signals. This
case best reflects real-world SOC monitoring conditions, where field data often contain moderate but unavoidable
measurement errors. The results demonstrate that UDEs can still yield useful forecasts under such conditions, balancing
physics-informed dynamics with noisy observations.

Finally, Case 6 (High noise, 35%, t=50 years) served as the ultimate stress test. Similar to Case 3, the model prioritized
enforcing PDE structure over fitting corrupted SOC values. Predictions were smooth but diverged from the noisy data,
confirming that without noise-aware loss terms or denoising strategies, UDEs have limited reliability under extreme
uncertainty. This outcome is consistent with expectations and sets the stage for future research on robust training
methodologies.

4.1 Hyperparameters for six different cases

To systematically evaluate the robustness of the proposed SOC–UDE framework, we designed six experimental cases
that progressively increase the complexity and noise levels in the synthetic dataset. Each case uses the same baseline
soil drivers—pH, cation exchange capacity (CEC), and clay content—defined across the spatial domain (z ∈ [0, 1])
and temporal horizon (t = 50 years). The difference between the cases lies in how measurement noise is injected into
the drivers and terminal SOC data, thereby simulating the uncertainty and variability typically present in real soil
datasets. For each case, we systematically tune key hyperparameters—including network depth and width (hidden
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units), activation functions, learning rate schedules, optimization algorithms (Adam, BFGS), and loss weights that
balance terminal SOC fitting, collocation residuals, and mild weight decay. This grid-style search helps to identify
robust model configurations capable of capturing SOC dynamics under different levels of uncertainty.

The following Hyperparameter tables summarize the chosen hyperparameters and their search ranges for each experi-
mental case.

Table 2: Hyperparameters for Case 1 – Clean synthetic baseline (no noise)

Hyperparameter Values Search range

Spatial grid (Nz) 30 20–40
Time span (tspan) (0, 50 years) Fixed
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (3e-3), BFGS Adam, BFGS
Learning Rate (LR) 3e-3 (Adam), 1e-2 (BFGS) 1e-3–1e-2
Hidden units (H1,H2) (32,16) {16,32,64} × {8,16,32}
Epochs (iters) 200 (Adam), 400 (BFGS) 100–1000
Loss weights λterm = 1, λcoll = 1, λwd = 10−4 Fixed

Table 3: Hyperparameters for Case 2 – Moderate noise (7%) in drivers & SOC

Hyperparameter Values Search range

Driver noise 7% multiplicative, spatial AR-1 5–10%
Terminal SOC noise 7% Gaussian 5–10%
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (3e-3), BFGS Adam, BFGS
Learning Rate (LR) 3e-3 1e-3–1e-2
Hidden units (H1,H2) (32,32) {32–64} × {16–64}
Epochs (iters) 200 (Adam), 400 (BFGS) 200–800
Loss weights λterm = 1.5, λcoll = 1, λwd = 10−3 λterm ∈ {1− 2}

Table 4: Hyperparameters for Case 3 – High Noise (35%) in drivers & SOC

Hyperparameter Values Search range

Driver noise 35% multiplicative, spatially correlated 30–40%
Terminal SOC noise 35% Gaussian 30–40%
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (3e-3), BFGS Adam, BFGS
Learning Rate (LR) 3e-3 1e-3–5e-3
Hidden units (H1,H2) (32,32) {32–64} × {16–64}
Epochs (iters) 200 (Adam), 400 (BFGS) 200–800
Loss weights λterm = 1, λcoll = 1, λwd = 10−3 λwd ∈ {10−4, 10−3, 10−2}
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Table 5: Hyperparameters for Case 4 – No Noise, terminal SOC at t = 50 years

Hyperparameter Values Search range

Driver noise None (clean drivers) Fixed
Terminal SOC noise None (clean target at t = 50) Fixed
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (3e-3), BFGS Adam, BFGS
Learning Rate (LR) 3e-3 1e-3–5e-3
Hidden units (H1,H2) (32,16) {16–64} × {8–32}
Epochs (iters) 200 (Adam), 400 (BFGS) 200–600
Loss weights λterm = 1, λcoll = 1, λwd = 10−4 Fixed

Table 6: Hyperparameters for Case 5 – Medium Noise (7%), terminal SOC at t = 50 years

Hyperparameter Values Search range

Driver noise 7% multiplicative, spatial AR-1 5–10%
Terminal SOC noise 7% Gaussian 5–10%
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (3e-3), BFGS Adam, BFGS
Learning Rate (LR) 3e-3 1e-3–1e-2
Hidden units (H1,H2) (32,32) {32–64} × {16–64}
Epochs (iters) 200 (Adam), 400 (BFGS) 200–800
Loss weights λterm = 1.5, λcoll = 1, λwd = 10−3 λterm ∈ {1− 2}

Table 7: Hyperparameters for Case 6 – High Noise (35%), terminal SOC at t = 50 years

Hyperparameter Values Search range

Driver noise 35% multiplicative, spatial AR-1 30–40%
Terminal SOC noise 35% Gaussian 30–40%
Activation Function tanh, GELU {tanh, GELU}
Optimizers Adam (1e-3), BFGS Adam, BFGS
Learning Rate (LR) 1e-3 5e-4–5e-3
Hidden units (H1,H2) (64,32) {32–128} × {16–64}
Epochs (iters) 400 (Adam), 800 (BFGS) 400–1000
Loss weights λterm = 2.0, λcoll = 1.0, λwd = 10−4 λterm ∈ {1.5− 2.5}

4.2 Important Results

The Case 3 (t=0) examined training a UDE under severe multiplicative spatial noise (35%). A 144-trial hyperparameter
sweep found H1=32, H2=16, tanh, LR=0.001 with λpde = 5 and λdata = 0.25 as best. The tuned model closely fits the
corrupted labels (RMSE=0.0018, R2=0.99996) but shows larger error versus the clean truth (RMSE=0.075, R2=0.938),
indicating partial overfitting to noise. PDE residuals remain nonzero, reflecting a trade-off between data fidelity and
physical consistency. For practical use we recommend robust losses, explicit noise models, stronger PDE weighting, or
ensembling to recover the underlying clean signal. Cross-validation and early stopping further mitigate memorization
and improve generalization robustly now.

In Case 4 (t=50), the UDE model was trained on clean, noise-free synthetic drivers (pH, CEC, clay) and SOC profiles,
providing a benchmark scenario. A grid search of 16 hyperparameter combinations tested different hidden layer sizes,
activations (tanh, GELU), and learning rates. The best configuration (H1 = 32, H2 = 16, GELU, LR=0.003) achieved
the lowest tuning loss (1.1× 10−4). After retraining, the model reproduced the terminal SOC profile with very high
fidelity, yielding RMSE=0.0040, MSE=1.6× 10−5, and R2 = 0.9999. This demonstrates the UDE’s ability to recover
SOC dynamics almost perfectly under clean conditions.
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In the Case 5 (t=50), the UDE was trained on synthetic drivers (pH, CEC, clay) and SOC profiles perturbed with 7%
multiplicative Gaussian noise, simulating realistic measurement uncertainty. A grid search of 16 hyperparameter combi-
nations was tested, covering hidden layer sizes, activations (tanh, GELU), and learning rates. The best configuration
(H1 = 32, H2 = 16, tanh, LR=0.003) achieved the lowest tuning loss (2.2 × 10−6). After retraining, the model
reproduced the noisy terminal SOC profile with excellent accuracy, yielding MSE=3.4 × 10−6 and R2 = 0.99998.
Despite the added uncertainty, the UDE remained robust and preserved the main SOC dynamics effectively.

In this experiment (Case 6, t=50), the UDE was trained on synthetic drivers and SOC profiles heavily perturbed with
35% multiplicative, spatially correlated noise. This represents an extreme stress test where both inputs and terminal
SOC targets are strongly corrupted, mimicking challenging field conditions. A grid of 16 hyperparameter settings
was explored, and the best-performing configuration (H1 = 64, H2 = 32, tanh, LR=0.003) achieved a tuning loss
of 0.99. After retraining, the model reached a final noisy-target MSE of 0.694 with RMSE=0.83, but the R2 was
negative, reflecting the difficulty of fitting to highly corrupted data. When benchmarked against the clean ground truth,
performance slightly improved (RMSE=0.44), yet R2 remained negative. Case 6 demonstrates that under extreme
noise, the UDE struggles to recover SOC dynamics, highlighting the limits of robustness under severe measurement
uncertainty. The imporant results of Case 3 to 6, are tabulated below for ready reference.

Table 8: Comparative Summary of UDE-based SOC Modeling Results (Cases 3–6)
Case Best Hyperparameters MSE R2

3 (t=0, 35% Noise) H1=32, H2=16, ACT=tanh,
LR=0.001, λpde = 5.0,
λdata = 0.25

– 0.938 (clean), 0.99996 (noisy)

4 (t=50, No Noise) H1=32, H2=16, ACT=gelu,
LR=0.003

1.60× 10−5 0.9999

5 (t=50, 7% Noise) H1=32, H2=16, ACT=tanh,
LR=0.003

3.39× 10−6 0.99998

6 (t=50, 35% Noise) H1=64, H2=32, ACT=tanh,
LR=0.003

0.192 (clean), 0.694 (noisy) –0.033 (clean), –0.017 (noisy)

4.3 Conclusions and Challenges

This study explored the potential of Universal Differential Equations (UDEs) for forecasting Soil Organic Carbon
(SOC) dynamics across depth and time. By embedding advection–diffusion transport within a neural framework, the
model combined mechanistic realism with the flexibility of Scientific Machine Learning (SciML). Six experimental
cases were evaluated, ranging from clean, noise-free baselines to severe high-noise stress tests.

Quantitatively, the results demonstrated that UDEs excel under noise-free and moderate-noise conditions. In Case 4
(clean, t = 50), the model achieved near-perfect fidelity (RMSE = 0.0040, MSE = 1.6× 10−5, R2 = 0.9999), while
Case 5 (7% noise) maintained robustness (MSE = 3.4 × 10−6, R2 = 0.99998). In contrast, Case 3 (35% noise at
t = 0) revealed overfitting to corrupted inputs, reducing R2 against clean truth to 0.94, and Case 6 (35% noise at
t = 50) yielded negative R2, reflecting the limitations of standard loss functions under severe uncertainty.

Hyperparameter tuning highlighted several best practices. Two-layer architectures with modest hidden sizes (H1=32–64,
H2=16–32) balanced expressivity and stability. Smooth activations such as tanh and GELU outperformed ReLU,
avoiding solver instabilities. Training benefited from combining Adam for initial exploration with BFGS for fine
convergence. Importantly, results showed that complexity beyond shallow networks offered little additional benefit
under synthetic settings.

Overall, this work confirms that UDEs provide a scalable, physics-informed alternative for SOC modelling, particularly
resilient to moderate measurement noise. At the same time, their fragility under high-noise conditions emphasizes
the need for noise-aware loss functions, probabilistic formulations, and stronger integration of microbial dynamics.
Addressing these challenges will be essential for advancing from synthetic benchmarks to reliable field-scale SOC
prediction, enabling applications in carbon monitoring, sustainable soil management, and climate policy.

Challenges: The Universal Differential Equation (UDE) framework offers a promising way to combine soil process
physics with the flexibility of machine learning. Yet, our current setup embodies strong simplifications that introduce
important challenges. Training on synthetic data, for instance, avoids the messiness of real-world measurements but
risks overfitting to idealized patterns. In practice, soil carbon observations are noisy, sparse, and context-specific; a
model trained only on clean synthetic data may perform poorly when confronted with real variability.

20



arXiv Template A PREPRINT

Similarly, the use of sealed, no-flux boundary conditions simplifies the mathematics but ignores real carbon exchanges
at the soil surface and deeper layers. This can trap or exclude flows that matter for long-term SOC dynamics. The choice
of constant advection–diffusion coefficients further overlooks the inherent heterogeneity of soils: texture, moisture, and
structure vary with depth and location, meaning transport rates are rarely uniform. These assumptions, while convenient,
risk biasing predictions in ways that remain hidden until tested against field data.

Finally, using simple neural networks to approximate complex source and sink processes can limit expressivity. While
small networks are easier to train, they may smooth over sharp nonlinear responses—such as rapid decomposition after
rainfall—while larger networks risk overfitting when data are scarce.

The scientific literature on soil carbon modeling and physics-informed ML highlights these dangers, emphasizing the
need for robustness to noise, flexibility to capture heterogeneity, and caution with model complexity. Without these
safeguards, UDE-based forecasts may yield misleading estimates, undermining trust in carbon markets and climate
policy applications.

4.4 Future Research Directions in SOC UDE Modeling

The SOC UDE framework presented here opens several promising avenues for further research. One important direction
is the incorporation of probabilistic drivers, which would allow uncertainty in climatic and soil parameters to be explicitly
modeled, thereby capturing the stochastic nature of SOC dynamics. Another extension involves the application of
symbolic regression techniques on the learned terms to enhance physical interpretability, bridging the gap between
data-driven models and established soil science theory. Additionally, scaling the framework to spatially distributed
SOC–climate interactions would make it possible to quantify regional or global patterns of carbon sequestration under
varying land-use and climate scenarios.

Beyond these methodological advances, a critical frontier lies in better integrating microbial dynamics into SOC UDE
models. Although microbial process modeling has seen substantial progress, there remains a significant divide between
what microbial ecologists can measure and what biogeochemists can feasibly represent in models. Closing this gap
requires UDEs that not only capture microbial processes such as decomposition, stabilization, and priming effects, but
also remain robust enough to be validated against diverse field datasets. By embedding microbial mechanisms into a
physics-informed learning framework, SOC UDE models could more faithfully represent the interplay between biotic
and abiotic factors that govern carbon cycling. Together, these directions will strengthen the predictive capacity of SOC
UDEs, enabling them to serve as valuable tools for scientific inquiry, sustainable soil management, and evidence-based
policy design in the context of climate change mitigation.
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degradation under variably saturated flow conditions. Computational Geosciences, 25:1359–1377, 8 2021. ISSN
15731499. doi:10.1007/s10596-019-09862-3.

[66] Haicheng Zhang, Daniel S. Goll, Ying Ping Wang, Philippe Ciais, William R. Wieder, Rose Abramoff, Yuanyuan
Huang, Bertrand Guenet, Anne Katrin Prescher, Raphael A. Viscarra Rossel, Pierre Barré, Claire Chenu, Guoyi
Zhou, and Xuli Tang. Microbial dynamics and soil physicochemical properties explain large-scale variations in
soil organic carbon. Global Change Biology, 26:2668–2685, 4 2020. ISSN 13652486. doi:10.1111/gcb.14994.

[67] Lin Yu, Bernhard Ahrens, Thomas Wutzler, Marion Schrumpf, and Sonke Zaehle. Jena soil model (jsm v1.0;
revision 1934): A microbial soil organic carbon model integrated with nitrogen and phosphorus processes.
Geoscientific Model Development, 13:783–803, 2 2020. ISSN 19919603. doi:10.5194/gmd-13-783-2020.

[68] Karina P. Fabrizzi, Charles W. Rice, Telmo J.C. Amado, Jackson Fiorin, Pedro Barbagelata, and Ricardo Melchiori.
Protection of soil organic c and n in temperate and tropical soils: Effect of native and agroecosystems. In
Biogeochemistry, volume 92, pages 129–143, 1 2009. doi:10.1007/s10533-008-9261-0.

[69] Global change effects on microbial-mediated soil organic carbon cycling processes. PhD
thesis, Vrije Universiteit Amsterdam, 6 2024. URL https://hdl.handle.net/1871.1/
521f8989-5e01-4d26-89d4-6680751bd2ec.

[70] Xianlei Fan, Decai Gao, Chunhong Zhao, Chao Wang, Ying Qu, Jing Zhang, and Edith Bai. Improved model
simulation of soil carbon cycling by representing the microbially derived organic carbon pool. ISME Journal, 15:
2248–2263, 8 2021. ISSN 17517370. doi:10.1038/s41396-021-00914-0.

[71] Zefang Shen, Leonardo Ramirez-Lopez, Thorsten Behrens, Lei Cui, Mingxi Zhang, Lewis Walden, Johanna
Wetterlind, Zhou Shi, Kenneth A. Sudduth, Philipp Baumann, Yongze Song, Kevin Catambay, and Raphael
A. Viscarra Rossel. Deep transfer learning of global spectra for local soil carbon monitoring. ISPRS Journal of
Photogrammetry and Remote Sensing, 188:190–200, 6 2022. ISSN 09242716. doi:10.1016/j.isprsjprs.2022.04.009.
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