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ABSTRACT

The Dansgaard–Oeschger events are sudden and irregular warmings of the North Atlantic region that occurred during the last glacial period.
A key characteristic of these events is a rapid shift to warmer conditions (interstadial), followed by a slower cooling toward a colder climate
(stadial), resulting in a saw-tooth pattern in regional proxy temperature records. These events occurred many times during the last 100 000
years and have been hypothesized to result from various mechanisms, including millennial variability of the ocean circulation and/or non-
linear interactions between ocean circulation and other processes. Our starting point is a non-autonomous, conceptual, but process-based,
model of Boers et al. [Proc. Natl. Acad. Sci. 115, E11005–E11014 (2018)] that includes a slowly varying non-autonomous forcing represented
by reconstructed global mean temperatures. This model can reproduce Dansgaard–Oeschger events in terms of shape, amplitude, and fre-
quency to a reasonable degree. However, the model of Boers et al. has instantaneous switches between different sea-ice evolution mechanisms
on crossing thresholds and, therefore, cannot show early warning signals of the onset or offset of these warming events. In this paper, we
regularize this model by adding a fast dynamic variable so that the switching occurs smoothly and in finite time. This means the model has
the potential to show early warning signals for sudden changes. However, the additional fast timescale means these early warning signals may
have short time horizons. Nonetheless, we find some evidence of early warning for the transition between slow and rapid cooling for the
model.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0244302

Dansgaard–Oeschger (DO) events are abrupt temperature
changes that occurred during the last glacial period (110-10 thou-
sand years ago). Although felt worldwide, they were most pro-
nounced in the North Atlantic region. A DO cycle consists of a
DO event (a rapid and abrupt warming) followed by a warm inter-
stadial period, a cooling, and finally a colder stadial period. There
are competing explanations for the drivers of these cycles. It is
not known whether this is entirely due to millennial-timescale
variability of the Atlantic Meridional Overturning Circulation
(AMOC) or due to a system-level interaction between different
climate system components, such as sea ice, AMOC, and atmo-
sphere. There is also an ongoing debate in the literature regarding
their predictability. The conceptual model we investigate here is
a regularization of a model of Boers et al. [Proc. Natl. Acad. Sci.
115, E11005–E11014 (2018)]. This uses sea ice and ocean circula-
tion interactions to produce behavior similar to that of the proxy
temperature record for DO events during the last glacial period.

For this model, we attempt to identify, with partial success, early
warning signals for abrupt changes associated with the start and
end of DO events.

I. INTRODUCTION

A significant development in understanding the climate of
the last 100 000 years was the discovery in the 1980s of repeated
rapid changes in climate within the oxygen isotope records from
Greenland ice cores.1–5 The signals of these “Dansgaard–Oeschger”
(DO) events have since been found to be present globally and have
occurred many times during the cold period of the last glaciation.6,7

The DO events occur within a “DO cycle” that follows a pattern
of relatively rapid warming (with temperature rises between 5 and
16.5 ◦C for single DO events8) and cooling between the interstadial
and stadial phases. While signals of DO events are observable even
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FIG. 1. Variability of the stable oxygen isotope ratio (δ18O) during the last glacial period. In this figure and throughout the paper, kyr b2k refers to “millennia before the year
2000.” The blue line indicates the Northern Greenland Ice Core Project (NGRIP) δ18O data with regular sampling of 20 years.9 The ratio of stable oxygen isotopes 16O and
18O (δ18O) is often used as a proxy for atmospheric temperature at the site of the ice core, with more negative values indicating colder temperatures and less negative values
indicating warmer temperatures. The orange line is the benthic record10 of δ18O, which is a proxy for total global ice volume and, thus, a proxy for the background global
mean temperature. Thin gray lines indicate the observed DO events. Marine Isotope Stages (MISs) are indicated at the top of the figure.

in Antarctica, DO events are primarily located in the North Atlantic
region. Figure 1 shows a proxy record from the Northern Green-
land Ice Core Project (NGRIP) drilling site that has been mapped
onto a time series showing δ18O vs time.9 The NGRIP record is
shown together with a more slowly varying benthic ocean record
stack for δ18O, which is a proxy of average ice volume (and hence
global temperatures).10

Various studies have identified variability of the AMOC occur-
ring on timescales up to millennia11–13 and a productive line of
modeling suggests that DO events emerged from such millennial-
timescale instability of ocean circulation, through changes in the
North Atlantic Meridional Overturning Circulation (AMOC) asso-
ciated with salinity feedback.14–16 The extent of Arctic sea ice has
been postulated to play a role in forced millennial oscillations.
Ocean–atmosphere–sea ice coupled models have shown that during
glacial intervals, sea ice extent shifts southward,17,18 which coin-
cides with a southward shift of the AMOC. One hypothesis is that
the displacement of the AMOC with respect to the mean atmo-
spheric field19 makes the system unstable and leads to the millennial
variability.16 A more widespread explanation for DO cooling events
is that advancing sea ice interrupts the atmosphere–ocean heat flux
and, in addition to that, freshens the surface layer upon melting.20–23

Both of these mechanisms act to inhibit the deep convection, which
is required to fuel the AMOC’s lower limb.

It is a topic of active research to understand the process interac-
tions that give rise to DO events in IPCC-class Earth System Models
(ESMs) and to understand their timing and predictability.20,21,24–26

It has been suggested that the abrupt changes may result from
the interaction of several nonlinear climate elements.27 Starting
with Peltier and Vettoretti,28 a range of recent large-scale models
can reproduce rapid changes in North Atlantic temperature for a
range of atmospheric CO2 levels similar to those during the last
glacial period29—a recent comprehensive review of DO-type events

in ESMs is in Malmierca-Vallet et al.20 There it was concluded that
the configurations that are conducive for a variety of ESMs to dis-
play DO-type behavior are low obliquity levels, medium to low
CO2 concentrations during the Marine Isotope Stage 3 period, rela-
tively small Laurentide ice sheet that causes changes to the Northern
Hemisphere atmospheric circulation and results in a weak AMOC,
and potentially greater sea ice. However, it is unfeasible for high-
resolution ESMs to be run for long enough durations to determine
their capability of simulating DO-type behavior.

For the latter research, several lower-order “conceptual mod-
els” have been proposed to understand the aspects of DO oscilla-
tions. These include a variety of process-interaction inspired models,
Vettoretti et al.,30 Riechers et al.,31 Gottwald,32 Timmermann et al.,33

Singh et al.,34 Melcher et al.,35 and Schulz et al.36 are a selection. Mod-
els need to include a range of timescales to have the potential to show
abrupt changes. The model we consider is that of Boers et al.,37 which
assumes that DO events involve interactions between the AMOC,
Arctic sea ice extent, and ocean temperatures.22,29,38 As we highlight
in Sec. II, this model has singular behavior in the form of thresh-
old switching that we remove by introducing a fast dynamic variable
that regularizes39 the model. In other studies, the term “desingu-
larize” is sometimes used to mean “regularize.” Regularizing the
model opens up the possibility for early warning signals (EWS) to
be detectable, ahead of abrupt transitions, which is not possible in
the original model of Boers et al.37 as there is no loss of stability on
switching.

There have been various attempts to identify statistically sig-
nificant EWS of different DO events. Tipping points can appear
when a parameter for a subsystem slowly passes through a fold
bifurcation. Under such an assumption, the phenomenon of critical
slowing down is expected, typically detected through statistical early
warning signals that include observing an increase in variance and
autocorrelation of the signal as the tipping point is approached.40
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An increasing trend in the autocorrelation, which suggests a desta-
bilization of the system dynamics and hence approach to an under-
lying fold bifurcation, has been found leading up to the end of the
Younger Dryas period and Bølling–Allerød transition.41,42 EWS are
never perfect; assessing the time-local variance and autocorrelation
requires sufficiently long periods.26,43,44 Detecting critical slowing
down also crucially depends on the observable, specifically select-
ing the correct observable to look for critical slowing down45 and for
that observable to have sufficient resolution.

Analysis in high-periodicity bands (i.e., 40–60 years) can show
statistically significant increases in the scale-averaged wavelet coef-
ficients (ω2, an estimator of the variance) when an ensemble of
DO events was considered, using 20 year mean data of the NGRIP
record. When individual events were looked at, only two events
showed statistically significant increases in variance preceding the
DO onset.46 Intuitively, one may assume that the ensemble average
would smooth out the time series fluctuations, and hence make it
harder to see an increase in the variance. However, it is noted in
Boers42 that the increase in variance in the ensemble average is dom-
inated by the transition to the Bølling–Allerød interstadial. It should
also be noted that the Bølling–Allerød transition is one of the only
DO events that, when analyzed on its own, showed a significant
increase in variance.

The theory of critical slowing is based on an increase in both
autocorrelation and variance.43 Since the study by Rypdal46 did not
look at the ensemble autocorrelation, one cannot conclude whether
there is an underlying bifurcation associated with critical slowing
down, and it still leaves the possibility that these abrupt transitions
are noise-induced. Another possible explanation is that an observed
substantial rise in variance may merely reflect a higher level of noise.
In an analysis of a higher resolution NGRIP ice core record, statis-
tically significant variance and autocorrelation were found in the
high-frequency bands, suggesting a physical mechanism for DO
events operating on fast time scales.42

The majority of studies involving EWS and DO cycles have
looked at DO onsets (i.e., the transition from stadial to intersta-
dial conditions).15 Since a key signature of DO cycles also includes
a rapid transition from warm to cold conditions, it might prove
enlightening to also look at the statistical early warning signals for
a DO offset (the transition from interstadial to stadial). Recently,
robust early warning signals for interstadial periods generally longer
than 1500 years have been found, but little evidence of EWS for
interstadials shorter than this.47

Dust proxy records have been used to suggest that DO event
onsets and offsets cannot be produced by noise-induced transi-
tions alone, although noise may in part explain the variability in
stadial and interstadial timescales.48 Using the ensemble mean of
the early warning signals for the DO events provides moderate but
significant increases in variance and autocorrelation in the time
period of 1800–250 years before the tipping event.49 This approach
clearly cannot be used for the prediction of abrupt shifts, but it is
a technique that can provide a better understanding of the under-
lying mechanisms causing them. Similarly, Ditlevsen and Johnsen50

looked at the ensemble mean of the statistical indicators for EWS,
but for a shorter period preceding the transition (900 years before
the tipping event) and found no statistically significant trend. This
led the authors of the study to conclude that DO events are examples

of noise-induced transitions and, therefore, offer little predictability.
However, this method does not acknowledge the potential for some
DO events to be noise-induced and others to be bifurcation-induced
tipping events. A drawback of looking at the ensembles rather than
the individual events is that a large amount of noise in one event may
obscure the EWS that might be present in some of the individual
events.

Some studies have hypothesized that DO events could be
indicative of crossing a homoclinic bifurcation, and therefore it is
unclear if critical slowing down would still be present.51,52 Another
possible reason for the lack of skill of predictability of DO events
over longer timescales is associated with millennial variability of
a chaotic trajectory.53,54 In short, there is a rich but inconclusive
literature on the dynamical mechanisms and predictability of DO
events.

If EWS are present, one may conclude that DO events are
indeed bifurcation-induced. However, this does not answer which
climate element undergoes the bifurcation and in which proxy
records we can observe it. A good model of DO events should repro-
duce EWS if present. Conceptual models may help us to understand
how the different climate components can be coupled such that one
can undergo repeated bifurcations to shift the entire system to a
different regime. The conceptual model may then inform the ESM
analysis of DO cycles.

The model of Boers et al.37 shows sequences of simulated DO
events with frequencies similar to the observed DO events. However,
the nature of their model means that a precursor signal will not be
visible in the noise response: rather than instability, the switching
occurs when a threshold is hit. For this reason, we aim in this paper
to develop a regularized version of the model of Boers et al.37 By reg-
ularizing a continuous-time dynamical system with instantaneous
switching,39,55 we create a system that is limited to the switching
system as some timescale ratio approaches zero. We replace the
assumption of singular and instantaneous switching between dif-
ferent evolutionary processes for the sea ice extent C with a fast
dynamical system that exhibits tipping between three different sta-
ble branches. We aim to make redefining of this “ice regime process”
that was hidden in Boers et al.37 visible in our model.

The paper is organized as follows. In Sec. II, we describe our
regularization of the model from Boers et al.37 Section III presents
simulations using this non-autonomous model to verify that our
model can capture DO events to a similar extent as Boers et al.37

In Sec. IV, we use the regularized model to examine early warning
signals for tipping between the different phases of the DO cycle in
our model. Unlike in the model of Boers et al.,37 we can find some
early warning signals for a transition from interstadial to stadial, but
they are limited by the timescale of the fast system. The transition
from stadial to interstadial is less clear. In Sec. V, we conclude with
a discussion of some implications and deficiencies of this study.

II. REGULARIZING A CONCEPTUAL MODEL OF

DANSGAARD–OESCHGER EVENTS

In this section, we regularize the conceptual model for DO
events presented in Boers et al.37 This is a non-autonomous, stochas-
tic, nonlinear model with variables: sea ice extent in the North
Atlantic C, the atmospheric temperature over Greenland TG, the
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subsurface water temperature in the North Atlantic TNAW, and the
Atlantic Meridional Overturning Circulation strength anomaly ψ
(which we interpret as being relative to some fixed reference strength
ψ0). We introduce an additional variable λ that represents fast pro-
cesses that regularize the instantaneous switching between different
modes of evolution of sea ice in the original model. We do not have a
clear physical interpretation of λ but suggest it may represent a com-
bination of circulation and ice dynamics, for example, grounding
and buttressing that are associated with the instantaneous switching
hypothesized by Boers et al.37

One of the focuses of Boers et al.37 is to show how the coupling
between the ocean circulation and the isotope ratio can produce the
bi-polar see-saw effect observed in Greenland and Antarctic δ18O
isotope ratios, but in this paper, we choose to focus on the Green-
land isotope ratios solely, and we do not include an equation for the
isotope ratio in Antarctica.

The equations suggested by Boers et al.37 for the evolution of
TG, TNAW, and ψ are as follows:

ṪG = −p0

(

TG − T∗
G(t)

)

+ 10p0TNAW2(TNAW)(1 − C), (1)

ṪNAW = −p0

(

TNAW − T∗
NAW(t)

)

−10p0TNAW2(TNAW)(1 − C)− p0ψ , (2)

ψ̇ = ψ − ψ3 − p0

(

TNAW −
τ

2

)

. (3)

This model relies on internal feedbacks between the ocean circula-
tion, sea ice extent, and subsurface water temperature to produce
self-sustaining DO-type oscillations. The subsurface water tempera-
ture in the North Atlantic TNAW affects the atmospheric temperature
over Greenland TG. These two variables are coupled so that oceanic-
atmospheric heat transport happens at a magnitude faster than the
rest of the dynamics. The parameter p0 = 5.56 determines how fast
each variable is pulled back to its respective fixed point and is taken
directly from Ref. 37.

Boers et al.37 assume that the process is dependent on the evolu-
tion of a variable 0 ≤ C ≤ 1 representing the sea ice extent, such that
C = 1 represents a full sea ice extent and C = 0 represents a com-
plete loss of sea ice in the North Atlantic. The Heaviside function
2(x) prevents atmospheric-oceanic heat transport from happening
if the water temperature drops below 0 ◦C. In their model, the sea-ice
cover effectively evolves according to

Ċ =



















s1 if 0 ≤ C < C̄ and TNAW < τ ,

s2 if C̄ ≤ C < 1 and TNAW < τ ,

0 if C = 1 and TNAW < τ ,

−∞ if C > 0 and TNAW ≥ τ .

(4)

Note that C grows to C = 1 in two stages but then jumps discon-
tinuously to C = 0 when TNAW exceeds τ = 10 ◦C; s1 > 0 represents
the initial slow growth rate of C, which is also taken as a function of
the background global mean temperature as represented by benthic
δ18O. This is followed by a faster growth rate s2 > 0 on reaching a
threshold C̄ = 0.5.37 Here, s2 is a constant chosen by Boers et al.37 to
ensure that sea ice cover increases rapidly from C = 0.5 to C = 1.

Equation (3) permits two stable states for the AMOC, during
interstadials, the overturning circulationψ is in a strong state, which

transports warm, salty surface water from the equator toward the
North Atlantic.

In this model, a lack of sea ice cover allows for greater oceanic-
atmospheric heat exchange and, thus, subsurface temperatures in
the North Atlantic TNAW are lower, despite the continuous strong
supply of warm surface waters by the AMOC, and atmospheric tem-
peratures over Greenland TG are high. During stadials, the converse
is true. The overturning circulation ψ is in the weak state, and so
there is less transportation of warm waters to the high northern lat-
itudes. This permits a large sea ice extent in the North Atlantic to
inhibit oceanic-atmospheric heat exchange, and thus atmospheric
temperatures over Greenland TG decrease, and subsurface water
temperatures TNAW increase and build up below the sea ice. This
then further inhibits deep water formation and keeps AMOC in a
weak state.

Note one could argue that the effect of ψ on TNAW should
have the opposite sign, but we leave this to be consistent with
Boers et al.37 and note that simulations are not qualitatively changed
by doing this. The strength of the AMOC is represented using a
model of Cessi56 with a cubic nonlinearity—this is a simplification
of the Stommel model57 and has bistability. The functions T∗

G(t) and
T∗

NAW(t) that appear in Eqs. (1) and (2) are assumed to depend only
on global mean temperature; hence, they are assumed to be low-
pass filtered and linearly scaled versions of the benthic δ18O isotope
ratio curve B(t).42 As in the original model of Boers et al., the vari-
ables TG and TNAW are assumed to relax toward T∗

G(t) and T∗
NAW(t),

respectively, in the absence of other effects. The time series T∗
G(t)

and T∗
NAW(t) have been filtered and linearly scaled in the same way

as in Boers et al.37

We aim to regularize the switching process for C represented in
(4) by introducing an additional fast variable λ and noise as follows.
We suppose that C and λ evolve according to

dC = h(λ, B, C)(λ− e2(C−a))dt,

dλ =
1

ε
g(λ, C)dt + σdW,

(5)

where g(λ, C) is a function that gives at most three stable regimes
of the behavior of λ for certain values of C, and such that there are
tipping points between these ranges that model the instantaneous
transitions in Boers et al.37 The functional form we use for g and the
rationale for this is described in Appendix A. Note that Eqs. (1)–(3)
are now formally SDEs if we consider (5), though for simplicity we
only consider stochastic forcing of the fast component λ.

We set

a =
2 − ln(2)

2
+ 0.01(TNAW − 10), (6)

so that the nullcine for C varies with TNAW. Moreover, we set
h > 0 by

h(λ, B, C) =











12.5 for λ ≤ −1,

f(B) for − 1 ≤ λ < 1.5 & C < 0.6,

5 otherwise.

(7)

Here, f(B) denotes a random sample from a 2D Gaussian ker-
nel density estimate (KDE) of the joint density between speed (taken
as the inverse of the interstadial duration) and benthic δ18O, as in
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Boers et al.37 (see Appendix). In the KDE, speeds range between 0
and 5/kyr, and hence we assign sea ice growth to the fastest growth
speed h = 5 for sufficiently cold benthic values (B < −4.7933). The
function h is set to ensure that the timescales of the regimes are
comparable to those in Boers et al.37 while ε is small (so that the
tipping points are rapid). More precisely, the timescale ε is taken
to be ε = 0.01 kyr, meaning that C is a slow variable and λ is a fast
variable in the system (5).

The system (1)–(3) together with (5) is a fast–slow dynamical
system where λ is a fast variable that encodes different stable sea
ice configurations in analogy to (4). Note that λ evolves accord-
ing to a stochastic differential equation with Wiener noise W of
amplitude σ . This is numerically solved using an improved Euler
(Heun) scheme.58 The fast–slow dynamical system has three slow
stable manifolds corresponding to different sea ice growth rates to
produce the three different regimes observed in the NGRIP isotope
record as shown in Fig. 2: (a) slow initial cooling during the intersta-
dial associated with the slow growth of the ice shelf, (b) rapid cooling
associated with an increase in sea ice extent and transition to stadial
conditions, and (c) rapid warming from stadial to interstadial con-
ditions associated with retreat of sea ice and destabilization of the

FIG. 2. Black: λ nullcines for Eq. (5) in the noise-free case, σ = 0. Possible
nullcines ofC are plotted in blue and orange depending on the value of TNAW . Filled
points and empty points correspond to stable and unstable equilibria, respectively.
Superimposed in red is a trajectory of the singular system, ε → 0 as in Eq. (5)
in the noise-free case. The λ nullclines correspond to the stable and unstable
manifolds of the slow–fast system in Eq. (5), shown by the solid and dashed black
lines, respectively. Each stable manifold corresponds to one of the three stable ice
regimes. The arrows indicate the relative speed at each point in the DO oscillation,
such that the black arrows (specified by h) indicate the relative speeds at which the
system moves along each slow manifold and the red arrows indicate the direction
and relative speed of the fast dynamics in the λ direction.

ice shelf.37 The form of g in Eq. (A1) has been chosen to produce
the desired slow manifolds (see Appendix A). A summary of model
parameters can be found in Table I in Appendix B.

The model of Boers et al.37 assumes that the sea ice extent C
evolution abruptly switches between regimes, as expressed in (4).
Our regularization using the fast variable λ expresses this evolution
using the function h(λ, B, C) that sets ice shelf/sea ice growth speed.
When the system is in the slow cooling phase associated with the
ice shelf reformation, f is randomly sampled from a Kernel Density
function of speed and benthic δ18O. Many studies have identified an
inverse relationship between the length of the interstadial period and
the background global mean temperature.31,32,37 Hence, we assume
the speed of ice shelf reformation is the inverse of interstadial dura-
tion and create a Kernel Density Estimation of benthic δ18O against
speed, as in supplementary information of et al.37 (see Appendix C).
For sufficiently negative λ, we set h to be relatively large, creating a
rapid retreat in sea ice, which we associate with the onset of a DO
event (see Fig. 2).

We explicitly introduce a dependence of sea ice extent growth
on the subsurface water temperature in the North Atlantic. As TNAW

varies between approximately 0 and 20 ◦C (temperatures will typ-
ically be a lot lower in reality), a varies, which in turn alters the
evolution of C. This intuitively makes sense; when the subsurface
water temperature in the North Atlantic is high, this will have some
effect (mostly negative) on the state of the sea ice; the opposite is
also true. This model operates under the idea that when the subsur-
face water temperature in the North Atlantic is too high, this will
destabilize the sea ice and ice shelf from underneath, causing the
opening of large polynya,25,29 from which the sea ice cannot recover,
as illustrated schematically in Fig. 3. This, too, was the physical pro-
cess motivating the model in Boers et al.;37 however, this effect was
achieved by a constraint in the computation such that when TNAW

reached a critical threshold, the sea ice extent was set to C = 0. The
main difference here is that we have introduced a fast variable such
that the switches between the different sea ice growth phases are
caused by smooth transitions of the fast–slow dynamical system.
There are some aspects of the original model of Boers et al.37 that
are clearly oversimplifications—for example, we do not take into
account the effect of Tg on C, and one could argue that the sign of
p0 in Eq. (2) is incorrect. We do not attempt to correct these in this
work, but focus on the regularization of the existing model.

The variable we use to compare against the NGRIP isotope
record is the stable oxygen isotope ratio, IG,

IG(t) = I∗G(t)+ 0.01TG + 4.32(1 − C(t))− βλ(t), (8)

where β is a scaling parameter which we set to unity to include some
influence of the variability of λ on IG. I∗G(t) is a scaled and filtered
vision of the benthic δ18O time series, whereas Boers et al.37 sets
I∗G to a constant estimated directly from the NGRIP record. This
is the form of the equation as used in Boers et al.,37 with the addi-
tional term corresponding to the fast variable. Lower values of IG

correspond to colder conditions. It is important to note that the con-
centration of δ18O in Greenland ice cores is not a direct proxy for
local temperature, but rather a proxy for the temperature gradient
between the source of evaporation and the site of precipitation.59,60

Analysis of the deuterium excess, defined as d = δD − 8δ18O, indi-
cates a cooling of the moisture source at the onset of DO events.61
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FIG. 3. Schematic of the mechanism in the model of Boers et al.37 for Dansgaard–Oeschger events. Arrow 1 indicates the transition from stadial to interstadial conditions,
which is the DO event itself. After a prolonged period of great sea ice extent in the North Atlantic (stadial), subsurface water temperatures become high enough to destabilize
the sea ice and ice shelf from below, opening up large polynya, which leads to a rapid decrease in sea ice extent. Arrow 2 indicates the interstadial to stadial transition.
Our regularized model includes a fast variable λ that switches between three different regimes of ice growth.

During DO events, Atlantic sea ice cover decreases significantly,
causing the evaporation source to shift northward to cooler regions
of the North Atlantic. As a result, both the atmospheric tempera-
ture over Greenland, TG, and the extent of sea ice cover, C, influence
the δ18O signal. This justifies interpreting the signal IG as a super-
position of these two effects. Moreover, λ represents fast processes
that are important for the evolution of sea ice; we hypothesize that
it influences IG in a manner similar to C. High values of λ, which
correspond to extensive sea ice cover, are associated with larger tem-
perature gradients between the site and the source. This results in a
stronger negative effect on IG, indicating lower temperatures.

III. SIMULATIONS

In this section, we give examples of simulations using the model
introduced in Sec. II. We perform simulations of 30 kyr in length
(taking benthic values from the period 120–90 kyr b2k) and start
with fixed values of the subsurface water temperature in the North
Atlantic TNAW, to demonstrate different types of dynamical behav-
ior within the model. The phase portraits in Fig. 4 show different
dynamical behaviors dependent on the prescribed value of TNAW, for
short simulation runs. These correspond to “frozen” systems that
can be used to understand the simulation of the full model shown
with the NGRIP isotope record in Fig. 5, where TNAW varies with
time over the entire glacial period. At each time point during the
glacial period, the behaviors are well approximated by the behavior
of the frozen system.

In each of these phase portraits, a typical trajectory of (1)–(3)
and (5) with noise is shown, superimposed onto the slow stable and
unstable manifolds that correspond to trajectories of the singular
system (ε → 0) in the noise-free case, σ = 0 in Eq. (5). In Figs. 4(c)

and 4(d), we plot the stable limit cycles (obtained from a typical tra-
jectory in the noise-free case) that change from a small oscillation
around the unstable equilibrium to a large excursion along the three
stable manifolds. For these demonstrations of different behavior, we
purposely choose a lower noise amplitude than that used in Fig. 5.
Figure 5 shows the NGRIP isotope record plotted against a stacked
time series of all simulated variables of the system for a fixed noise
level and TNAW varying with time according to Eq. (2) in Sec. II. The
noise level in Fig. 5 is chosen such that a realization of the entire
glacial period produces a comparable number of DO events to that
observed in the NGRIP record for visual comparison. For the phase
portraits, we chose a lower noise amplitude and shorter simulation
runs to visually demonstrate different types of behavior.

In the case TNAW = 0 ◦C [Fig. 4(a)], the behavior of the trajec-
tory is typical of the case before the first transition from interstadial
to stadial phase. Due to the proximity of the C nullcline to the
stable manifold, some realizations have exhibited slow and non-
monotonic progression of C toward the fold bifurcation—it turns
back on itself and may travel back down the stable manifold for
a time before turning again. The cases TNAW = 10 ◦C and 15 ◦C
[Figs. 4(b) and 4(c), respectively] show the consequences of loss
of stability of an equilibrium close to the fold at the end of the
upper branch. For the chosen noise amplitude, we find oscilla-
tions around the noise-free equilibrium that are Canard-like63 in
that they follow unstable parts of the critical manifold; for the
higher TNAW case, this can result in switching to the lower branch.
The case TNAW = 20 ◦C [Fig. 4(d)] shows a case where the oscilla-
tions around the noise-free equilibrium have disappeared and we
have large amplitude relaxation oscillations corresponding to the
repeated DO oscillations.

Figure 5 shows a comparison between the NGRIP oxygen
isotope record and an example realization of all variables of the
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FIG. 4. Four fast–slow phase portraits in λ and C for trajectories with different fixed TNAW values in the presence of noise σ > 0. (a) TNAW = 0 ◦C, (b) TNAW = 10 ◦C,
(c) TNAW = 15 ◦C, (d) TNAW = 20 ◦C. Orange lines represent a trajectory of the system with initial condition (C, λ) = (0, 0) and noise amplitude σ = 0.1. The black solid
and dashed lines represent the stable and unstable slow manifolds, respectively. The speeds on the stable slow branches are prescribed by the function h(λ, B,C) in Eq. (7).
Blue lines represent a nullcline of C in the top equation of Eq. (5). (a) The nullcline intersects with the stable slow manifold, creating a stable fixed point denoted by a blue
point; TNAW is low, and there is an equilibrium near C = 1. (b) The nullcline intersects the fold bifurcation point, marked with a black diamond. At this value of TNAW , the
system is near a singular Hopf bifurcation. Noise induces oscillations near the full sea ice extent. (c) The intersection of the blue nullcline and the unstable manifold creates
an unstable fixed point, marked with a black circle. In this regime, the system oscillates near full sea ice extent until it escapes to complete a full DO oscillation. (d) There is
an unstable fixed point at the intersection of the nullcline and the unstable slow manifold, marked with a black point. The deterministic trajectory (σ = 0) is overlaid in black
and is a large amplitude relaxation oscillation; the system shadows this in the presence of noise.

system over the entire glacial period, using TNAW that changes with
time as in Boers et al.37 The system is able to replicate some of the
sawtooth-shaped behavior seen in the NGRIP record and there is a
rapid rise in temperature followed by varied rates of cooling dur-
ing interstadials, with longer interstadials toward the beginning of

the glacial period and shorter interstadials toward the middle and
end of the glacial. Gray vertical lines in the panel (a) mark the
observed DO events, consistent with that in Boers et al.,37 and gray
vertical lines in panel (b) mark where there has been a full oscilla-
tion in the simulation. A noise amplitude σ = 0.15 is used for the
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FIG. 5. The NGRIP record stacked with a model simulation for the last glacial period. (a) Observed time series of δ18O obtained from the NGRIP record with 20 year mean
sampling62 (cyan). Gray vertical lines represent observed DO events. (b) Simulated time series of Greenland’s NGRIP ice core using the conceptual model, IG(t) (cyan).
Vertical gray lines indicate simulated DO events. Red and blue shaded regions, respectively, indicate interstadial and stadial periods that are tested for early warning signals
in Figs. 6 and 7. (c) Atmospheric temperature over Greenland, TG(t) (green). (d) Sea ice extent in the North Atlantic, C(t) (gray). (e) Subsurface water temperature in the
North Atlantic, TNAW (t) (red). (f) AMOC strength anomaly, ψ(t) (black). (g) Fast variable, λ(t) (purple).
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model simulation. The model simulation is run with a time step of
1t = 0.1 year. Note that the noise amplitude used here is larger than
that of the simulations for fixed TNAW in Fig. 4. At approximately
66 kyr b2k in the simulated isotope time series, there is an additional
rapid warming event before the transition to stadial conditions. This
is caused by noisy fluctuations kicking the system from the middle
stable manifold back to the lower stable manifold (as opposed to the
upper manifold). This feature looks similar to the jump observed
at approximately 90 kyr b2k in the NGRIP record: an “unexpected”
large increase in temperature before a more rapid cooling to stadial
conditions. Another feature of the simulation includes a “half” DO
event at approximately 22 kyr b2k. Here, we observe a large warm-
ing that does not progress into a full DO event. This corresponds
to an excursion that travels along the unstable manifold for a long
period of time before returning back to the upper stable manifold. It
is important to note that depending on the noise level or parameters
used to construct the fast–slow system [i.e., in Eq. (A1)] we may get
more or fewer occurrences of these “atypical” DO-like events—but
this is an interesting feature of the dynamical system and perhaps it
could go some way to explain precursors for DO events. There is a
larger observed standard deviation of δ18O during stadials compared
to interstadials.64 This may be attributed to large-scale reorganiza-
tions of atmospheric circulation during stadial periods.64,65 Indeed,
a plausible interpretation of λ is that it includes large-scale atmo-
spheric as well as oceanographic sea-ice processes. In simulations
from the conceptual model we have presented here, a greater stadial
variance is due to oscillatory behavior that arises as the subsurface
water temperature TNAW increases.

IV. EARLY WARNING SIGNALS OF ABRUPT SHIFTS IN

THE MODEL

In this section, we examine signs of early warning preceding
transitions from both interstadial to stadial and stadial to interstadial
conditions. First, we present a method for sampling and detrend-
ing before calculating the early warning signals from the simulated
isotope time series in Fig. 5.

The discretized simulated isotope time series in Fig. 5 (with
a time step 1t = 0.1 year) is Ii = IG(ti), where ti+1 − ti = 1t and
i = 1, . . . , Ntot. The finest resolution of the NGRIP ice core cur-
rently used for EWS analysis is sampled and interpolated at 5 year
intervals42 but does not capture all DO events that occurred during
the last glacial period, as layer counting in the record stops at 60 kyr
b2k.66,67 Therefore, to align more closely with ice core records, we
subsample our time series, Ii.

We define a subsampled time series, {yi}, with time step 1τ
= Nsub1t and

yi =
1

Nsub

Nsub
∑

k=1

Ik+Nsub(i−1),

for i = 1, . . . ,
⌊

Ntot
Nsub

⌋

− Nwin + 1. We choose a sampling rate of

1τ = 5 years (0.005 kyr) to have a similar resolution to an ice core
record. Therefore, for an original time step of 1t = 0.1 year, we
average over Nsub = 50 points.

For the calculation of the early warning signals, we use a slid-
ing window over our time series, {yi}. We define Nwin = 80 to be

the number of data points in our sliding window and, thus, the
time duration of the sliding window is given by 1w = Nwin1τ

= 400 years.
Given the relatively short window, we remove only the mean

from each window. So, the lth value in the jth window, ỹl,j, is given by

ỹl,j = yl+j−1 −
1

Nwin

Nwin
∑

k=1

yk+j−1, (9)

for l = 1, . . . , Nwin and j = 1, . . . ,
⌊

Ntot
Nsub

⌋

− Nwin + 1.

We can now construct an estimator43 for the variance, {v̂j},
where

v̂j =
1

Nwin − 1

Nwin
∑

k=1

[ỹk,j]
2,

for j = 1, . . . ,
⌊

Ntot
Nsub

⌋

− Nwin + 1. Similarly, an estimator for the

lag-1 (lag-1τ ) autocorrelation is

ρ̂j =

∑Nwin−1
k=1 [ỹk,jỹk+1,j]

√

∑Nwin−1
k=1 [ỹk,j]

2
√

∑Nwin−1
k=1 [ỹk+1,j]

2
,

for j = 1, . . . ,
⌊

Ntot
Nsub

⌋

− Nwin + 1.

An expression for the standard deviation, σj of the estimator of
the lag-1 autocorrelation is given by43

σj =

√

2ρ̂j1τ

Nwin

, (10)

assuming that the underlying process is an Ornstein–Uhlenbeck
(OU) process and ρ̂j1τ is small.

The autocorrelation can be associated with a decay rate, αj, that
removes the dependency on the time step as

αj = −
1

1τ
ln ρ̂j,

and the time series of the decay rate α is defined as α = {αj} for

j = 1, . . . ,
⌊

Ntot
Nsub

⌋

− Nwin + 1. Note that all ρ̂j (and their error

bounds) are greater than zero for suitably small1τ . Note that while
the decay rate αj is independent of the time step 1τ , the estimator
for the lag-1 autocorrelation, ρ̂j, depends on1τ .

We investigate the potential for early warning signals over both
interstadial and stadial periods, namely, the onset and offset of DO
events. In each of Figs. 6 and 7, we pick two interstadial and stadial
periods as indicated by the red and blue shaded regions, respectively,
in panel (b) of Fig. 5. The time series from the model simulation
are repeated for the relevant period in the top panels. In the middle
panels, we provide the sea ice cover extent C to indicate where the
system is in the DO cycle. The bottom panels show the decay rate
for each of the periods.
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FIG. 6. Two examples of interstadial periods from model simulation, indicated by
red shaded regions, presented in panel (b) of Fig. 5. (Top panels) Model simu-
lation time series with time step 1t = 0.1 year (unsampled). At the end of the
interstadial period, there is a rapid transition to stadial conditions. (Middle panels)
Time series of sea ice extent C over the interstadial period. (Bottom panels) Evo-
lution of α over the interstadial period, with sampling frequency 5 years, before
the rapid transition to stadial conditions. Red shading indicates the variability in α
after applying ±1 standard deviation in lag-1 autocorrelation, given by Eq. (10).
Gray shading in each panel indicated the size of the sliding window size used for
the calculations,1w = 400 years.

For the offset of a DO event (interstadial to stadial transition)
in Fig. 6, we find a consistent decreasing trend in the decay rate
from about 74.5 kyr b2k up to the transition at approximately 71 kyr
b2k. Similarly, for the other interstadial period selected, there is a

FIG. 7. Two examples of stadial periods from model simulation, indicated by
red shaded regions, presented in panel (b) of Fig. 5. (Top panels) Model simu-
lation time series with time step 1t = 0.1 year (unsampled). At the end of the
stadial period, there is a rapid transition to interstadial conditions. (Middle pan-
els) Time series of sea ice extent C over the stadial period. (Bottom panels)
Evolution of α over the simulated stadial period before the rapid transition to inter-
stadial conditions, with red shading indicates the variability in α after applying±1
standard deviation in lag-1 autocorrelation, given by Eq. (10). Gray shading in
each panel indicated the size of the sliding window size used for the calculations,
1w = 400 years.

decreasing trend in the decay rate for the 3 kyr prior to the transi-
tion. This corresponds with the theory of critical slowing down for
slowly approaching a fold bifurcation, e.g., Ashwin et al.,44 Ditlevsen
and Ditlevsen,43 and Kuehn.68 However, in both examples, we do
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not observe a significant trend since the uncertainty band (repre-
senting the signal variability) always overlaps with itself (i.e., the
upper boundary of the signal variability does not drop below the
lower boundary) in the 3 kyr period prior to the transitions. We find
this is the case for a number of choices of the parameters 1t, 1τ ,
and1w used to compute the EWS, but we do not present a detailed
sensitivity analysis here.

For the DO onset examples in Fig. 7, we do not see a clear
trend in the decay rate as the transition is approached. Moreover,
the middle panel shows that the sea ice extent oscillates. Therefore,
there is no clear linear increase (that is observed for the DO off-
set examples) in the approach to the transition. Hence, the decay
rate, shown in the bottom panels, shows multiple increases and
decreases prior to tipping, spoiling extrapolation.44 We conjecture
this is related to the presence of a singular Hopf bifurcation69 upon
the subsurface water temperature changing (TNAW). As C slowly
evolves close to the fold of the critical manifold, the eigenvalues
become complex at a singular Hopf bifurcation in a neighborhood
whose size scales with the timescale separation; see, for example,
Kuehn63 (Section 13.3).

To date, few studies have examined early warning signals in
the context of Hopf bifurcations. Bury et al.70 applied spectral EWS
methods to a range of bifurcation types and demonstrated the ability
to distinguish between oscillatory and non-oscillatory bifurcations.
While this work makes progress in characterizing bifurcation types,
there remains a lack of early warning signals specifically tailored
to singular Hopf bifurcations.69 Future work is needed to address
this gap in effective EWS for bifuractions that appear in the singu-
lar limit. Figure 7 shows that in many cases looking for evidence of
tipping with variance and lag-1 autocorrelation may not be enlight-
ening, especially when it cannot be confirmed that the mechanism
behind the tipping is a fold bifurcation in a slowly varying subsystem
or whether the extrapolation is valid.44

V. DISCUSSION

Regularizing a continuous-time dynamical system with instan-
taneous switching39,55 creates a system that limits to the switching
system as some timescale ratio limits to zero. This is a singular
limit as the switching system is no longer a differential equation.
In this paper, we do this for the model of Boers et al. of the
Dansgaard–Oeschger events37 although clearly there is no unique
regularization, it is reasonable to assume that they will reflect similar
behavior in the singular limit.

We do not attempt to correct issues with the model of Boers
et al.37, though this would be possible. With an increasing number
of Earth system models reaching the complexity to reproduce DO-
like events,20,29 will present opportunities for improved conceptual
modeling, validated against ESMs and proxy records. A key aspect of
this will be to understand the physical mechanisms that determine
amplitude and characteristics (such as correlations, intermittency,
and state-dependence) of the natural variability.

To regularize the switching model, we propose that there is
a fast dynamic process λ(t) that switches between three different
stable branches. This represents the three possible modes of evo-
lutions of total sea ice extent C(t) in Boers et al.37 The fast process
λ parametrizes processes that govern sea ice growth and decay

in order to regularize the switching behavior expressed as (4) in
Boers et al.37 As such it includes information about the robustness
of the ice shelf such as buttressing and ice thickness. The func-
tional form of the equation for the λ dynamics (see Appendix A)
is constrained by the interconnection of the branches at switching
but leaves many details open to choice. The branches interconnect
similarly to the switching model of Paillard71 for the Pleistocene ice-
age cycle, which has been regularized in Ashwin and Ditlevsen.72

However, the dynamics on the three branches in our model have dif-
ferent timescales as illustrated in Fig. 2. The λ dynamics is assumed
faster than timescales of C on each of the branches, as determined
by Eq. (5).

This approach is successful in that it can produce comparable
statistics to Boers et al.37 for the timing of DO events in response
to the non-autonomous driving from a proxy benthic record of the
global climate state. It attributes the stochastic variability to stochas-
tic differential equations that govern the fast–slow system, rather
than introducing observational noise.37 This means there is the
potential for the system to show early warning signals of approach-
ing tipping points in a fast system. We note that the abrupt changes
in the model of Boers et al. have a different mechanism to studies
such as de Verdière14 and Sévellec and Fedorov.15,16 These assign rel-
atively rapid changes to a salinity feedback mechanism that does not
rely on interaction with the ice sheet.

We examine examples of onset and offset of interstadials for
evidence of EWS. The comparatively rapid dynamics of λ are chal-
lenging for this—indeed, for the chosen noise and parameters, we
find cases where there is very little warning evident. This is despite
regularizing the model to have abrupt transitions caused by instabil-
ities rather than artificial switches. We conjecture that the presence
of a singular Hopf bifurcation69 is an obstruction to reliable EWS.
Different methods for calculating EWS and significance testing (e.g.,
Ben-Yami et al.73) may provide different conclusions. Note that EWS
need to have a relevant observable to have any chance of a skillful
prediction45,74 and may be obscured by using other types of noise
such as alpha-stable Levy noise.31,32
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APPENDIX A: DERIVATION OF EQUATION FOR λ

DYNAMICS

We choose g to be a fifth-order polynomial in C and λ that
has

• A hysteresis loop between stable branches at high and low val-
ues of λ corresponding to rapidly growing and retreating sea-ice
states. This has one-fold bifurcation at C ≈ 0 and one at C small
but close to zero.

• There is an additional stable branch for low C that ends at a fold
bifurcation at C = 0.5.

• There are no intersections between these branches on exit from
the folds the transitions are as in the model of Ref. 37.

g(λ, C) =

(

−
8λ3

135
+

4λ2

45
+

16λ

45
+

11

27
− C

)

×

(

2(λ−
1

2
)(λ−

3

2
)+ C

)

. (A1)

APPENDIX B: REGULARIZED MODEL PARAMETER

VALUES

Table I lists parameters and the values used in the regularized
model consisting of Eqs. (1)–(3) and (5)–(8).

TABLE I. Table of parameters used in the regularized model.

Parameter Value (units) Description

p0 5.56 (kyr−1) Inverse timescale of temperature
variables

τ 10 (◦C) Critical threshold in TNAW for sea ice
growth

ε 0.01 (kyr) Timescale separation between λ and C
σ 0.15 (—) Noise amplitude on λ
β 1 (—) Scaling parameter between λ and IG

FIG. 8. Two-dimensional Gaussian kernel density estimate of the joint probability
density function (PDF) of the speed at which theGreenland ice shelf grows—taken
as the inverse of the interstadial duration—and the benthic δ18O. The red circles
denote the observed values. From this KDE, 99 PDFs were calculated corre-
sponding to a range of 99 evenly distributed benthic δ18O values. The function
f(B) takes the current value of benthic δ18O and identifies the closest benthic
value from the array and samples from the corresponding PDF to produce a sea
ice growth speed.

APPENDIX C: KERNEL DENSITY ESMIMATE

Figure 8 illustrates the kernel density estimate used to generate
values of f(B) and details how it is used in determining sea ice growth
speed—see Boers et al.37
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