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Foundations and domain

 �: prediction

 �: observation

 �� � ���, … , ��
�: vector of predictions in train or test set

 �� � ���, … , ��
�: vector of observations in train or test set

 
 �, � : loss function when we predict � and � realizes

 
� ��, �� � �1/�
 ∑ 
 �� , ��
�
��� : average loss in train or test set when we predict ��

and �� realizes

 � �, � : identification function when we predict � and � realizes

 �� ��, �� � �1/�
 ∑ � �� , ��
�
��� : empirical identification function in train or test set 

when we predict �� and �� realizes

 With monotonicity and convexity hereinafter referring to the domain �, � � 0

Predictive mean

 Bregman loss function:


�� �, �; � � � � � � � � �′��
�� � �
, with:

� convex implying 
 consistent and � strictly convex implying 
 strictly consistent

 For � � � |�|!, � � 0, we have the following family of loss functions:


�� �, �; " � �1 "�" � 1
⁄ 
 �! � �! � �1 " � 1⁄ 
�!$��� � �
, " ∈ ℝ\(0,1)

 Special cases arise for specific values of ":


�� �, � �


��*+,-. � �/0123
 �, � � ��/�
 � log��/�
 � 1, " � 0


��*+,-. 7 �8-99:.
 �, � � � log��/�
 � � ; �, " � 1


��*+,-. < �=>?-�*
 �, � � �1 2⁄ 
�� � �
7, " � 2


��*+,-. A �, � � �1 12⁄ 
 �A � �A � �1 3⁄ 
�<�� � �
, " � 4

 A special case of the Bregman loss function for evaluating predictions of extremes:


��*+,-. D �-++-�9  EF ∈ ℝG �, � � �� � H
7I � J H ; E�� � �
7��� � H
7GI � J H

 Mean identification function:

�,*-. �, � � � � �

Predictive median

 Generalized piecewise linear (GPL) loss function for the median:

1
K80 EL�M.DG �, �; O � |O � � O � |, with:

O non-decreasing implying 
 consistent and O strictly increasing implying 
 strictly consistent

 Special cases arise for specific functions O:


K80 � EL � M.DG �, �; O � log��
 � |log��
 � log��
|


K80 7 L � M.D  �-P=:Q?9*
 �, �; O � � � |� � �|


K80 < EL � M.DG �, �; O � �7 � |�7 � �7|


K80 A EL � M.DG �, �; O � �< � |�< � �<|

 A special case of the GPL loss function for the median for evaluating predictions of extremes:


K80 D ��-++-�9
 EL � M.D, R ∈ ℝG �, � � � � H I � J H � � � H � J H

 Quantile identification function for the median:

�,*ST-. �, � �  I � J � � 0.5

Predictive τ-quantile

 GPL loss function:


K80 �, �; O, V � I � J � � V O�� � O��

, with:

O non-decreasing implying 
 consistent and O strictly increasing implying 
 strictly consistent

 Special cases arise for specific functions O:


K80 � ELG �, �; O � log � � I � J � � V �log � � log � 



K80 7 �WT.P-QQ
 L �, �; O � � � I � J � � V �� � �



K80 < EL G �, �; O � �7 � I � J � � V ��7 � �7



K80 A ELG �, �; O � �< � I � J � � V ��< � �<


 A special case of the GPL loss function for evaluating predictions of extremes:


K80 D ��-++-�9
 EL, X ∈ ℝG �, � � I � J � � V � � � H I � J H � � � H � J H 


 Quantile identification function:

�>?-.9TQ* �, �; V �  I � J � � V

1. Loss and identification functions

2. Toy modelling

3. Predictive performance

4. Key findings and takeaways
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Overall calibration

 The models were well-calibrated, as indicated by the computed identification functions.

Objective alignment

 A model trained with a specific loss function consistently achieves the best performance (rank 1) when evaluated using the same loss function.

 There is no "universally best” model across loss functions. There are only "fit-for-purpose" models.

 A specific directive (target functional) during calibration is not sufficient on its own for optimal performance. The target loss function is needed. 

Performance on extremes

 Loss functions stemming from higher-order φ and g functions consistently demonstrate better performance on extremes.

 This aligns with established intuition in hydrological literature.

 However, in this work, the transformations are introduced directly into the Bregman and GPL functions rather than their special cases, resulting in 

consistent loss functions for pre-specified target functionals of engineering relevance (e.g., mean, median, other quantiles).

The value of abstraction

 Toy models serve as essential tools for building the core intuition needed to effectively engage with more complex, real-world hydrological systems.

Experimental design

 Model: Linear with one predictor

 Dataset: dutchboys

 Predictand: Height

 Predictor: Age

 Target functionals: Mean, median, 0.90-quantile

 Calibration: Using all non-extreme loss functions

 Evaluation: Using all loss and identification 

functions

 Extremes: Defined through specific thresholds 

for the Taggart loss functions (a = 180, 185, 190, 

195 mm)
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