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1. Loss and identification functions

Foundations and domain

z: prediction

Predictive median

= Generalized piecewise linear (GPL) loss function for the median:
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3. Predictive performance

Train Test

= y:observation 1LGpL [r=0.51(2, ¥; 9) = |g(2) — g(¥)|, with: = Is Bregman 1 (QLIKE, » = 0) loss | NN 0 0 0.01 0 0 0 0.01
T e : S : : : : o : . : @M © Bregman 2 (Patton, » = 1) loss 0.41 0.41 0.55 0.43 0.43 0.58
= 2z, =1(24,...,2y) :vector of predictions in train or test set g non-decreasing implying L consistent and g strictly increasing implying L strictly consistent o S Rank
] o | o IR = 2 Bregman 3 (square, b = 2) loss 110.88 100.28 112.79 114.68 103.18 117.18 (1 = best)
" Yn = (¥1, -, ¥n)": vector of observations in train or test set special cases arise for specific functions g: S Bregman 4 (» = 4) loss  1468793.86 1200074.7 106098068 1530566.69 1236232.79 10836344 [EIALC XL
= L(z, v):loss function when we predict z and y realizes Lopr1r=051(2y; g = log(t)) = [log(z) — log(y)| g § Bregman 5 (Taggart) [« = 180] loss 51 .51 36.55 27.82 57 11 40 38 30.53 19 64 O ;_
— u py =
* L(z,,y,) = (1/n) X1 L(z;,y;): average loss in train or test set when we predict z,, LgpL2 [z = 0.5] @absolute) (2, Y; 9 = t) = |z — Y| "5’ +=  Bregman 5 (Taggar) [a = 189] loss 45.31 31.09 22.49 50.68 34.28 24.77 14.19 3
and y,, realizes LGpL3[r = 0.5] (z,y; g =t%) = |z% — y?] ,E g Bregman 5 (Taggart) [a = 190] loss 37.52 23.99 16.25 41.28 26.36 17.62 8.11 4
= V(z, vy):identification function when we predict z and y realizes LopLaje=05(ZY; g = t3) = |23 — y3| 2 s  Bregman 5 (Taggart) [.a = 1?5] I?ss 27.31 15.95 9.69 29.68 16.69 9.64 2.93 NA
- _ n _ ical identification function . A b Mean identification 0.69 0 0 1.04 0.35 0.35 1.9
V(zn, yn) = (1/n) Li=1V(2;, y;): empirical identification function in train or test set = A special case of the GPL loss function for the median for evaluating predictions of extremes: Q e _
- - — Quantile identification [r = 0.5] -0.04 -0.06 -0.05 -0.03 -0.04 -0.04 0.03
when we predict z,, and y,, realizes
With q b " ’ be d 0 LgpLs (Taggart) [t = 0.5, a € R] (zy) =lz—a)l{z=a} - (y —a)ly = a} N o o N N o o N
m it tonicit it inaft ing to t inz,y > o e : :
ith monotonicity and convexity hereinafter referring to the domain z, y = Quantile identification function for the median: @é‘//@\ @,bo//,\\\ @fo°//‘l>\ @’0{\/)‘\\ @é‘//@\ (Q@*\//'\\\ @foﬁ/‘b\\ (Q@*\//bc\\
Vinedian(z¥) = 1{z =y} — 0.5 > L P F P FE A PO F P E P
Predictive mean median12, Y} = Rz = Yi— L S E S SAF RN RN S E I SAF RN RN
W &P > & & & W &P > & NG &P
. . . \O‘ & 8 O \9 & O \O— O @ O \@ O O
= Bregman loss function: Predictive T-quantile
Ler(z,y;0) = ¢(y) — 9(2) — ¢'(2)(y — 2), with: " GPL loss function: = S GPL 1 [z = 0.5] loss 0.07 0.07 0.08 0.07 0.07 0.08
@ convex implying L consistent and ¢ strictly convex implying L strictly consistent LepL(z,v;9,7) = (M{z =y} —1)(9(2) — g(¥)), with: E *§ GPL 2 [ = 0.5] (absolute) loss 7.97 7.96 8.52 8.16 8.13 8.68 mank
an
= For¢(t) = |t|?,t > 0, we have the following family of loss functions: g non-decreasing implying L consistent and g strictly increasing implying L strictly consistent 8 = GPL 3 [r = 0.9] loss 2229.81 2114.17 2123.71 2275.38 2144.6 2143.65 (1 = best)
c —
Lox(z,y; ) = (1/b(b — 1)(y" — 2%) — (1/(b — 1)z (v — 2), b € R\(0,1) «  Special cases arise for specific functions g: g o GPL4[r=05]loss  522458.38 481917.63 | 462145.57 [EZEPARCEN  535411.61 489478.31 | 466944.05 WAJLPEN m
Bris 7 ’ ’ . (2,y; 9 = log(®) = (1fz = y} — 1) (log(2) — log()) o 8 GPL5(Taggart)[r=0.5, a=180] loss 2.24 1.82 1.56 1.34 2.51 2.02 1.72 1.48 ,
" Special cases arise for specific values of b: GPL1[]\% Y § = 106 =7 5 5L 2 £ GPL5(Taggart) [r = 0.5, ¢ = 185] loss 1.72 131 1.05 0.84 189 142 114 0.91
LgpL 2 (pinba) [1](ZV; 9 =) = Mz =2y} —1)(z—y) = 5 _ _ 3
) ( B ] 1p=o0 (pinball) @ 3 GPL5(Taggart)[r = 0.5, a = 190] loss 1.15 0.8 0.58 0.41 1.26 0.87 0.63 0.43
Bregman 1 (QLIKE)\Z, y) - (y/Z) og(y/z) U= L (Z _ _ tz) _ (ﬂ{Z > } _ T)(Zz _ 2) m = B B 4
LBregman 2 (Patton)(zi y) =ylog(y/z) —y +zb=1 GPL3[t]\%)Y; 9 = = =Yy y 8 8 GPL 5 (Taggart) [ = 0.5, a - 1?5] Ic?ss 0.67 0.4 0.25 0.14 0.71 0.41 0.24 0.13 NA
Lg(z,y) =< Lpregman (Square)(Z’ Y) = (1/2)(z — y)2,b = 2 LepL a7 (z,y; g=t3) = {z =y} —1)(23 —y3) < @ Mean identification 1.61 1.31 1.55 2.5 1.96 1.66 1.89 2.83
: : : . = Quantile identification [r = 0.5] 0 0 0.02 0.06 0.01 0.01 0.03 0.06
\LBregman 4(2,¥) = (1/12)(y* —z*) — (1/3)z3(y — 2),b = 4 = A special case of the GPL loss function for evaluating predictions of extremes:
= A special case of the Bregman loss function for evaluating predictions of extremes: LepL 5 (Taggart) [r,a e R)(2,Y) = (Hz 2y} —1)((z - a)liz 2 a} = (y — a)ly = a}) /g‘f-’ze} /Q(-’f\@\ /Qc.'-’ze} /Qc.'-’ze} /Q%Q} /Q(.’f\\e\\ /Q%Q} /Qc.'-’ze}
/4 7 7 7 7 7 /4 7
N2 N2 (N2 = Quantile identification function: <P C P E NI <P C Y O ® NI
LBregman s (Taggart) [a € R] zy)=@-a)Ny=at+[y—2)—@—a)]l{z = a} v D) = 1z ) -1 éz\/:o éz\/q’ @Q%%(QO é? (3005’ 62\{069 éz\,':ocg éz Vv @Q‘Z@O éz\:ioéo é?\/toéo
» Mean identification function: quantile\%, Y T) = =Y QD N N
—
v Z,y) =7 — -
mean(2:) ’ = O GPL 1 [ =0.9] loss 0.01 0.01 0.01 0.01 0.01 0.01
g & GPL 2 (pinball) [z = 0.9] loss 152 153 16 1.54 153 16 Rank
-]
== GPL3[r=009]loss 44951 434 434.16 452.8 43337 432.42 (1= best)
2 TO mOdellin S ..% GPL 4 [r =0.9] loss 110142.3 104387.87 = 100362.5 99171.27 111200.53 104555.54 | 100362.66 REciloFgR s
] y 5 g &  GPL5 (Taggart) [ = 0.9, « = 180] loss 0.52 0.46 0.42 0.39 0.56 0.51 0.47 0.44
_ _ o o _ o _ O S GPL5 (Taggart) [r = 0.9, a = 185] loss 0.43 0.38 0.33 0.3 0.46 0.41 0.36 0.33
Experimental design Predictive mean Predictive median Predictive 0.90-quantile > 2 GpL5 (Taggart) [r = 0.9, a = 190] loss 033 098 554 001 036 031 056 023
o
= Model: Linear with one predictor ':;:3 ? GPL 5 (Taggart) [ = 0.9, a = 195] loss 0.24 0.2 0.16 0.13 0.27 0.22 0.17 0.14
= Dataset: dutchboys 200 - 8 3 Quantile identification [r = 0.9] 0 0 0.01 0.02 0 0 0.02 0.03
. : 1
. : N N N N N | ™ >
Predictand: Height o ) bee} ‘0(2}\6@} ) stbe} ) nge} ) stbe} *0(2}\6@} ) nge} ) stbe}
. . <O \(\O <O <O <O °\<\O <O <O
= Predictor: Age NS L VRS VRN NS NES N & VRS
™M Q\:L & ™M ™M ™M Q\:L & ™G ™M
= Target functionals: Mean, median, 0.90-quantile G N Cogcg,\\ O N G N O N Cogcg,\\ G N O N
/ /
= (Calibration: Using all non-extreme loss functions € 150 - < <
= Evaluation: Using all loss and identification S Model Model
functions c
R
= Extremes: Defined through specific thresholds :cl':’ /
for the Taggart loss functions (a = 180, 185, 190, ' i i
195 mm) 100 - 4. Key findings and takeaways
Overall calibration
600 = Mean = 130.96 mm = The models were well-calibrated, as indicated by the computed identification functions.
. | i Objective alignment
Median = 143.2 mm = . . o . . . . .
50 = = A model trained with a specific loss function consistently achieves the best performance (rank 1) when evaluated using the same loss function.
& 400 7 0l I I I j I I I I I I I I I I » There is no "universally best” model across loss functions. There are only "fit-for-purpose” models.
c
0 L 0 5 10 15 200 5 10 15 20 5 10 15 20 = A specific directive (target functional) during calibration is not sufficient on its own for optimal performance. The target loss function is needed.
g 111 M Age (years) Age (years) Age (years) Performance on extremes
H- 200 4 L - o o o = Loss functions stemming from higher-order ¢ and g functions consistently demonstrate better performance on extremes.
M Data and predictions Data and predictions Data and predictions = This aligns with established intuition in hydrological literature.
Actual data Actual data Actual data = However, in this work, the transformations are introduced directly into the Bregman and GPL functions rather than their special cases, resulting in
[ ® Bregman 1 (QLIKE, » = 0) loss model GPL 1 [z = 0.5] loss model o GPL 1 [z = 0.9] loss model . . . . . . . .
04 ! ' ' consistent loss functions for pre-specified target functionals of engineering relevance (e.g., mean, median, other quantiles).

Bregman 2 (Patton, » = 1) loss model
Bregman 3 (square, » = 2) loss model
Bregman 4 (» = 4) loss model

| |
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GPL 2 [r = 0.5] (absolute) loss model
GPL 3 [r = 0.5] loss model
GPL 4 [r = 0.5] loss model

GPL 2 (pinball) [ = 0.9] loss model

@ GPL 3 [ = 0.9] loss model

GPL 4 [r = 0.9] loss model

The value of abstraction
= Toy models serve as essential tools for building the core intuition needed to effectively engage with more complex, real-world hydrological systems.




