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ARTICLE INFO ABSTRACT

Keywords: Reliable prediction of groundwater flow dynamics is often hindered by the assumption of uniform aquifer pa-
Analytical solution rameters, leading to biased estimates of hydraulic head. Despite their well-established depth-dependence rela-
GITT

tionship, most analytical solutions remain restricted to homogeneous or single-layer aquifer systems. This study
develops a two-dimensional transient analytical model for a multilayer regional aquifer driven by a fluctuating
water table, explicitly incorporating depth-dependent hydraulic conductivity and specific storage while ac-

Depth-dependent hydraulic properties
Chaotic advection

Pathline

Pumping counting for pumping. The analytical solution is derived using the Generalized Integral Transform Technique
Finite time Lyapunov exponent (GITT), ensuring implicit continuity of head and flux across layer interfaces without requiring iterative eigen-
Batchleor scale value estimation, providing a rigorous framework to capture the complexities of stratified aquifers. Model

verification is performed against a benchmark single-layer solution, and independent validation is carried out
with COMSOL Multiphysics simulations, showing excellent agreement. Parameter influence and reliability are
further assessed through global sensitivity analysis and uncertainty evaluation. A novel contribution of this work
is the identification of chaotic flow behaviour within a three-layer Téthian basin, analyzed using the Finite-Time
Lyapunov Exponent (FTLE). Results show that chaotic dynamics are most pronounced near the upper boundary,
where FTLE values are significantly higher than in deeper zones and further enhancement is observed under
periodic injection. Moreover, specific storage is found to enhance the swirly motion of particle trajectories,
increasing residence times near pseudo-stagnation zones. The proposed analytical framework bridges a critical
gap in multilayer transient flow modeling, advances the theoretical understanding of stratified aquifer systems,
and provides a robust benchmark for numerical and field-scale groundwater investigations.

such as spatially variable hydraulic properties, and time-dependent
boundary conditions. The accuracy of such models depends critically
on the representation of aquifer properties and boundary conditions. In
natural settings, porosity, hydraulic conductivity, and specific storage
generally decrease with depth due to increasing effective stress, matrix
compaction, and reduced pore connectivity. Numerous field and labo-
ratory studies have consistently documented this depth-dependent
variability (Amthor et al., 1994; Budd, 2001; Jiang et al., 2010; Wang
et al., 2009). The decline in porosity and hydraulic conductivity with
depth has long been recognized (Rushton and Chan, 1976; Saar and
Manga, 2004), while more recent quantitative formulations by Shesta-
kov (2002) and Kuang et al. (2021) have refined the description of
depth-dependent specific storage.

The conceptual foundation for regional groundwater flow was
established by Toth (1962), who introduced the concept of nested flow
systems within homogeneous, isotropic basins. Building on Té6th’s
foundational studies (To6th, 1962; Toth, 1963), subsequent analytical

1. Introduction

Groundwater models play a crucial role in water resource manage-
ment, contaminant transport prediction, and sustainable decision-
making. Their reliability depends on accurate parameterization, as er-
rors in key parameters like hydraulic conductivity and specific storage
can lead to serious misinterpretations (Li et al., 2024). Overestimating
hydraulic conductivity may over-predict contaminant spread, while
underestimation can delay cleanup efforts by falsely assuming slower
contaminant migration. Similarly, inaccurate estimation of specific
storage may distort assessments of aquifer sustainability, leading to
overexploitation or overly conservative management strategist
(Chowdhury et al., 2022).

Over the decades, mathematical modeling of groundwater flow has
evolved considerably, advancing from simple conceptual representa-
tions to sophisticated models that account for real-world complexities
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Nomenclature tq Duration of the pump active phase
Tp The time period between consecutive pulses

L Length of the domain N, The total number of pulses
By, By, B Thickness of the first layer, Thickness of the first and 6o The surface porosity

second layer, and total thickness of the aquifer, kst Steady state solution, i =1, 2, 3

respectively ® Dimensionless response time
H; Amplitude of the local undulation V; Filter function, satisfy the non-homogenous boundary
Hp Amplitude of the regional undulation conditions for each layer,i=1, 2, 3
P Seasonal variation period U Transient solution, satisfy the homogenous boundary and
Qo Pumping rate inhomogeneous initial condition

Kyp,, Kym,, Ky, Vertical hydraulic conductivity atz =0, 2= By, and z
= By, respectively

Kyg,, Kxp,, Kxg, Horizontal hydraulic conductivity at 2 = 0, 2 = By,
and z = Bs, respectively

Ssr15> Ssr2, Ssr3 - Residual specific storage for the top, middle, and
bottom aquifer layer, respectively

SsBy> SsB,» SsB, Specific storage at z = 0, 2 = By, and 2 = By,
respectively

M, A2, A3 Decay index for the top, middle, and bottom aquifer layer,
respectively

Aj, Ay, A3 Decay coefficient for the top, middle, and bottom aquifer

layer, respectively

Specific yield

Domain of each layer of aquifer,i =1, 2, 3

Damping coefficient

Number of local topographic undulation

Pump starting time

SR e B

Cki Dx;  Spatial coefficients of filter function, k =0, 1, 2...c0 and i
=1,23

Ry Temporal Coefficients of filter function, k =0, 1, 2...c0
andi=1,2,3

Yki Vertical Eigenvalues, k =0, 1, 2..coandi=1, 2, 3

om, and B, Orthogonality conditions of the eigenfunctions along x
and z direction, respectively,m =0, 1, 2...coandn =1, 2,

3... ©

Tinn Transient coefficients, m =0, 1, 2...coandn =1, 2,
3... ©

v Darcy flux (vy,v;), along x and z direction, respectively

Iz Batchelor scale

IR Characteristic length

So Initial filament thickness

Y Stretching rate

Dp, Molecular diffusion

studies examined steady-state flow structures (Jiang et al., 2011; J. Z.
Wang et al., 2017; Wang et al., 2015; X. S. Wang et al., 2017; Zlotnik
et al., 2015, 2011), while others have examined transient responses to
periodically fluctuating water tables under constant hydraulic parame-
ters (Das and Sarmah, 2025; Vandenberg, 1980; Zhao et al., 2018).
Recognizing the stratified nature of aquifers, later studies extended
these models to multilayered systems under steady-state conditions
(Craig, 2008; Freeze and Witherspoon, 1966; Selim, 1975; Selim et al.,
1975), offering more realistic representations of geological heteroge-
neity. To further enhance model realism, several investigations have
incorporated depth-dependent hydraulic conductivity to reflect vertical
variability (Das et al., 2026; Jiang et al., 2011; Wang et al., 2017; Wang
et al,, 2015; Zlotnik et al., 2011) under steady-flow assumptions.
Recently, Zhang et al. (2025) developed a three-dimensional analytical
model assuming uniform aquifer properties to analyze
pseudo-stagnation points, providing new insights into groundwater flow
behavior under simplified yet analytically tractable conditions.

While several studies have incorporated depth-dependent hydraulic
conductivity under steady-flow conditions, most continue to treat
hydrogeological parameters as constants under transient forcing. This
simplification primarily stems from the mathematical challenges asso-
ciated with deriving transient analytical solutions for layered aquifers,
which require explicit enforcement of head and flux continuity at layer
interfaces for all times. Solving such problems is inherently complex
because conventional analytical techniques, such as the separation of
variables method, demand iterative procedures to determine eigen-
values and coefficients for each layer (Aryeni and Ginting, 2022; Liu and
Si, 2008; Sarmah et al., 2022). Alternatively, Laplace transform-based
approaches demand solving partial differential equations in the Lap-
lace domain and performing numerical inversion to recover temporal
solutions. The analytical complexity increases rapidly with the number
of layers and becomes even more formidable when aquifer properties
vary spatially within individual layers, as in systems characterized by
depth-dependent hydraulic properties. Consequently, transient analyt-
ical formulations incorporating both layering and depth-dependent

hydraulic properties remain scarce.

Transient groundwater flow models developed for Téthian basins
under periodic top boundary forcing (Das and Sarmah, 2025; Zhang
et al., 2025; Zhao et al., 2018) have primarily focused on particle
pathlines and stagnation point dynamics to interpret subsurface flow
behavior. Beyond Téthian systems, periodic (tidal) boundary forcings
have been employed in groundwater models to investigate the emer-
gence of chaotic advection (Hazas et al., 2023; Tajima and Dentz, 2025;
Trefry et al., 2019), a phenomenon first introduced by Aref (1984) to
describe the intricate motion of fluid particles in laminar flows through
repeated stretching and folding. In two-dimensional incompressible
flow fields, the stream function serves as the Hamiltonian, rendering the
system mathematically analogous to classical Hamiltonian dynamics.
Under steady conditions, particle trajectories remain confined to
streamlines, exhibiting regular motion; however, time-dependent forc-
ing makes the system non-integrable, enabling the development of
chaotic particle trajectories (Aref, 2002; Bagtzoglou and Oates, 2007).

The potential emergence of chaotic advection in natural ground-
water systems is of growing interest, particularly due to its implications
for solute transport and in situ remediation, where effective contami-
nant degradation depends on the mixing efficiency between treatment
solutions and ambient groundwater. Since natural groundwater flow is
predominantly laminar, inherent mixing is limited, constraining reac-
tion rates. To overcome this, Sposito (2006) proposed engineered well
configurations to enhance mixing under laminar conditions. Bagtzoglou
and Oates (2007) demonstrated that oscillatory pumping from a
three-well system can induce chaotic advection, significantly improving
solute mixing and plume dispersion. Similarly, Trefry et al. (2012)
showed that a rotating dipole well arrangement can generate
time-dependent potential flow fields that promote efficient mixing,
while laboratory experiments by Zhang et al. (2009) confirmed that
oscillatory pumping enhances plume interface area and mixing effi-
ciency in porous media.

Despite these advances, the possibility of naturally induced chaotic
advection resulting from periodic water table oscillations coupled with
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depth-dependent hydraulic properties remains largely unexplored in
regional groundwater basins. Understanding such naturally driven
mechanisms is critical for improving predictions of solute transport,
reactive mixing, and residence time distributions, as well as for opti-
mizing aquifer remediation, and geothermal recovery (Faybishenko,
2005; Lester et al., 2025).

Analytical solutions remain indispensable in hydrogeological
research because they offer conceptual clarity, computational efficiency,
and serve as critical benchmarks for validating numerical models. This
study develops a two-dimensional transient analytical model for
groundwater flow in a multilayer regional aquifer subjected to periodic
boundary forcing and pumping, while incorporating depth-dependent
hydraulic conductivity and specific storage. The formulation satisfies
continuity across layer interfaces without iterative eigenvalue estima-
tion. To the best of our knowledge, it provides the first analytical
treatment that combines multilayer stratification, depth-varying prop-
erties, and pumping under transient regional conditions. By unifying
these elements, the model addresses a longstanding gap in analytical
hydrogeology and provides a robust benchmark for transient flow sim-
ulations in heterogeneous aquifers.

A key contribution of this work is the identification of chaotic flow
behavior in a layered regional groundwater system, a phenomenon not
previously reported. This result offers new insights into the dynamic
responses of stratified aquifers under transient stresses.

The remainder of the paper is organized as follows: Section 2 pre-
sents the model formulation and derivation of the analytical solution,
Section 3 discusses the results and their broader implications, with
future perspectives and Section 4 concludes with key findings.

2. Conceptual and mathematical formulation
2.1. Conceptual framework and physical domain

The present study advances the classical concept of nested ground-
water flow systems in topographically driven basins, originally formu-
lated by Toth (1963), by introducing a heterogeneous, layered aquifer
subjected to an unsteady water-table boundary. The heterogeneity arises
from depth-dependent variations in porosity caused by mechanical
compaction of sediments under increasing lithostatic stress (Jiang et al.,
2010) which induces systematic declines in both hydraulic conductivity
and specific storage due to their porosity dependence.

The flow domain extends horizontally from a regional topographic
valley to an opposing summit, separated by a distance L. Owing to
topographic symmetry, both the valley and summit act as no-flow di-
vides. The water table generally follows the land-surface profile but
coincides with it at the valley bottoms, representing perennial stream
channels that anchor the phreatic surface. Vertically, the domain ex-
tends from the transient water table to an underlying impermeable
bedrock located at depth B, measured from the minimum water-table
elevation. Since the undulating water-table surface introduces geo-
metric irregularity that complicates analytical derivations, a simplifying
assumption is adopted following Zlotnik et al. (2015): the amplitude of
the water-table undulation is small compared to the total aquifer
thickness. Under this assumption, the flow region can be idealized as a
rectangular computational domain, obtained by neglecting the shallow
portion above the leftmost valley point.

Accordingly, the two-dimensional rectangular cross-section shown
by the dashed outline in Fig. 1 defines the computational domain. The
coordinate origin is located at the left valley, with the x-axis extending
horizontally to the right and the z-axis directed vertically downward.
The regional aquifer is conceptualized as a three-layered system, each
layer characterized by distinct hydrogeological properties and intra-
layer heterogeneity represented by depth-dependent variations in
Ky(2),Kx(2), and Sy(2). The layers are denoted as I, II, and III, arranged
from top to bottom, defined by the region:
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Q ={(x,2)0<x<L, 0<2<B}, Q
{(x,2)|0 <x <L, B <z2<By}, Q3 ={(x,2)|0<x<L, By<z<B},

where B; and B, represents depth to the layer interfaces [L], measured
from the top surface of the flow domain. Hence, the entire flow domain
is expressed as Q = (J? Q.

Aquifer systems and hydrogeologic basins are typically composed of
layered sediments or rocks, where small variations in material proper-
ties such as grain size or clay content can produce orders-of-magnitude
differences in permeability (Gassiat et al., 2013). In the present model,
the second layer represents a low-conductivity layer with hydro-
geological properties distinct from the upper and lower layers, reflecting
a common structural feature in multilayer groundwater systems. Similar
aquifer-aquitard-aquifer arrangements have been used in several
studies (Cihan et al., 2022; Feng et al., 2021; Sedghi et al., 2018; Souvik
et al., 2020).

2.2. Topography and water-table configuration

The land-surface topography is represented as a periodically varying
profile, characterized by alternating depressions and summits occurring
at regular intervals (Zhao et al., 2018):

Zis(x) = Hg [1 - cos(nJL—c)] +H, [1 - COS(fﬂ%)}, @

where Hg and Hj, are the regional and local topographic amplitudes [L],
respectively, and f > 3 is an odd integer ensuring that the right boundary
corresponds to the maximum elevation (Jiang et al., 2011). Since the
water table typically mirrors the land surface but with reduced ampli-
tude, its spatial variation is expressed by applying a damping coefficient
€(0 < € < 1). In this study, ¢ = 0.85 is adopted, while in field applications
it is a fitted parameter obtained from observed water-level data. Sea-
sonal fluctuations are superimposed on the spatially damped water-table
surface following Zhao et al. (2018) giving:

hwr(x,t) = Hg [1 — cos (7[%)] 4 eH;, [1 —cos (fﬂ'%):l sin? (ﬂ%) 2

where P = 365 days represents the annual period of water-table oscil-
lation [T].

2.3. Governing equation

Let the position vector be r = (x, 2), and the pumping-well location be
ro = (xo, 20). Transient saturated flow within a heterogeneous, layered
aquifer system is governed by the continuity equation and Darcy’s law,
which, in compact tensor form, can be expressed as:

si(2) ahig:’ H_ V.[Ki(2)Vhi(r,1)] — 8Q(t)8(r —10), T € &, i
€1, 2, 3}. (3)
Here, hy(r, t) denotes the hydraulic head in layer i; Si(2) is the depth-
0
dependent specific storage in the ith layer; V = 0(;( is the nabla
0z

0 K, (Z
conductivity tensor. The Dirac delta function 8(r — rg) localizes the
pumping influence in the spatial domain (Suk et al., 2022), while the

operator, and K;(z) = { )} is the anisotropic hydraulic

Kronecker delta & ensures that the sink term is active only within the
layer containing the well (i = j) and vanishes elsewhere.
The temporal pumping schedule is defined as:



S. Maurya et al.
Np—1

Q) =Q Y {H[t— (t+pT,)] —H[t— (& +pT, +ta) ] }, @
p=0

where Qpis the constant pumping rate magnitude [1.2/T] and H( - ) is the
heavy side step function, t; represents the pump starting time [T], t; is
the duration of the pump active phase [T], Tp is the time period between
consecutive pulses [T], and Nj, is the total number of pulses applied.
The initial and boundary conditions, consistent with the schematic
shown in Fig. 1, are given by:
Initial condition

hi(x, z, 0) = K'(x, 2), ()]

where hif(x, 2) represents the initial condition of the flow problem. It
corresponds to the steady-state solution of Eq. (3), obtained under a
regional water table imposed at the upper boundary, neglecting tran-
sient surface undulations and pumping stresses.

No-flow boundary conditions are imposed along the lateral and
bottom boundaries:

0hi(0, z, t)

= 6

x 0, (6)

ohi(L, z, t) o, %)
0x

ohs(x, B, t) —o. (8)
0z

The head and flow continuity conditions at the interfaces between
layers are given by:

hi (X, B;v t) = h”l (x’ B:r’ t)’ ©
oh;(x, By, t) ohi1 (x, B, t)
0z R

A Dirichlet boundary condition is applied at the top boundary to
represent the water table variation:

h.l(.)('7 0, t) :hwr(x, t). (11)

K.i(B;) = Ky (BY) (10)

With increasing depth, aquifer properties such as porosity, hydraulic
conductivity, and specific storage generally decline due to enhanced
effective stress from overburden pressure. These trends have been
widely reported in field and theoretical studies (Amthor et al., 1994;
Jiang et al., 2010; Saar and Manga, 2004; Wang et al., 2009). Following
the semi-empirical model based on Athy’s law, the porosity variation
with depth is represented as (Jiang et al., 2010):

0(z) = Ooexp (—%), (12)

where 6 is the surface porosity [-], A is the decay coefficient [L '], and
n is the permeability—porosity power-law exponent, typically ranging
from 3 to 5. Here, n = 4 is adopted for pathline and travel-time analyses.
The corresponding depth-dependent hydraulic conductivities within
the i layer are expressed as (Jiang et al., 2010; Jiang et al., 2009):

Ki(2) = Kypr exp[— Ai(z—Bi-1)], 13)
Ki(2) = Kyp: exp[ — Ay(z—Bi1)], (14

where K,p: and K,p- are the horizontal and vertical conductivities at
the top surface of the i layer, respectively, Ais layer-specific decay
coefficient, and B; _ 1 is the depth to the ith layer top measured from the
top boundary (with By = 0 for the upper most layer).
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Field data also indicate a systematic decrease in specific storage with
depth (Kuang et al., 2021; Shestakov, 2002). Following Kuang et al.,
(2021), this relationship is represented as:

log(S;) = log(Ss,) + [log(Sso) — log(Ssy)] [(1 " ﬁ) ] . 1s)

where Sy represents the specific storage at the top of the aquifer, which
corresponds to the maximum storage capacity due to low effective stress
and larger pore spaces [L™']. The parameter S denotes the minimum or
residual specific storage attainable at great depth [L™!], where
increasing confining stress causes pore compression and reduced matrix
compressibility (Kuang et al., 2021), and A is an empirical fitting coef-
ficient [-].
Expressed directly in terms of Sg for a layered system, becomes:

z—Bi_1 B
Ssp: (” 1000 >
Ssi(2) :Sm{ SI_I} ) (16)

where Ssp is the specific storage at the top surface of the ith layer, Sgyiis
the residual specific storage for the ith layer, and ; is an empirical fitting
coefficient for the i layer.

The depth-dependent variations of the hydraulic parameters, along
with the temporal pumping schedule considered in this study, are
illustrated in Fig. 2, and the corresponding parameter values are sum-
marized in Table 1 and Table C1.

2.4. Dimensionless transformation

To facilitate analytical development, the governing equations are
expressed in dimensionless form as:

h
hpi = —,
-Di HR'
X
Xp = A
b4
Zp = A
Ko
tp = t
P SsrlL2 ’
Ap; = AL,
B
Bp = T
B;
Bpi = —,
A a7)
__Q
K.oHg'

1+L(ZD’BD(x'—1)> o
s (32) ) [
sDi\#D) = o )
Ssrl an'

K B+
K.pi(2p) = (—Iz‘ 1)exp[ — Api(2p — Bp(i-1))],
20

K+
K.pi(zp) = ( K. 1>9XP[ — Api(2p — Bpi-1))],

20

_ Ssrl ﬂLz
Kzop ’

The parameter ® in Eq. (17) is a dimensionless measure of the

aquifer’s response time, comparing the diffusive response time S-‘,gl;z with
the period P of the imposed water-table fluctuations. The ratio ¢ char-

acterizes the ability of the upper aquifer layer to follow and transmit the
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periodic water-table variations (Vandenberg, 1980; Zhao et al., 2018).

Substituting these dimensionless variables into the governing flow
equation [Eq. (3)], along with the initial and boundary conditions [Eqs.
(5)-(11)]1, gives the following non-dimensional form:

oh, i (D, L ;
Spi (ZD)%: V. [Kpi(2p) Vphpi(tp, tp)] *(iQD(tD)é(rD —T'po), Ip €,
D
9
()XD . .
where Vp = 3 and Kpi(zp) = diag[Kypi(zp),Kzpi(zp)].with the cor-
ozp

responding initial and boundary conditions:

hDi(XD7 2p, 0) :hi)li(xDv ZD)7 (19)

ohpi (0, 2p, tp) —o. 20)
0xp

ohpi(1, 2p, tp) —o, (21)
0xp

ohps(xp, Bp, tp) —o0, (22)
02p

hpi(Xp, Bp;, tp) = hpgi1) (Xp, By, o), (23)

ohp; , By, & ohp; s Bt—, t]
Kopi (Byy) —-2 =oi ) (x0: By 1) _ KzD(iJrl)(B;i)M (24)

0% D azD

hp1 (xp, 0, tp) = hpwr (Xp, tp) = [1 — cos(mxp)] + 5(%) 1- cos(fﬂxg)]sinz(wtp).

In Eq. (19), k% (xp, 2p) represents the dimensionless initial condition
of the flow problem. The explicit form of h;; is presented in the following
section, where the analytical solution of the flow problem is developed.

B,
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2.5. Solution for hydraulic head

The transient flow within the stratified basin, subjected to water-
table fluctuations and depth-dependent aquifer properties, is analyzed
using the Generalized Integral Transform Technique (GITT), which re-

18

quires homogeneous boundary conditions (Deng et al., 2014; Liu et al.,
2000). Since the top boundary condition [Eq. (25)] is
non-homogeneous, the dimensionless hydraulic head is decomposed as:

hpi(rp, tp) = U(rp, tp) + Vi(rp, to), (26)
where V; satisfies the non-homogeneous Dirichlet condition at the top
and no-flow elsewhere. In one-dimensional cases, V; can be expressed as
a simple linear function meeting both end conditions (Deng et al., 2014).
However, for two-dimensional domains, constructing such a function
that meets all boundary constraints is non-trivial and requires a more
systematic approach. Once V; is defined, the residual component U = hp;
— V; inherently satisfies homogeneous boundary conditions and thus
serves as the transformed variable in the GITT framework. Here, V; acts
as a filtering function that extracts the non-homogeneous influence of
the upper boundary, ensuring a homogeneous formulation for U.

In this study, V; is defined as the steady-state solution of the gov-
erning equation (with Ssp = 0), subject to the prescribed transient upper
boundary while neglecting pumping effects. This choice preserves the
mathematical consistency of the formulation while simplifying its con-
struction. The remaining component U is subsequently solved through
the GITT procedure.

The governing equation for V; in the dimensionless form is given by:

(25)

V. [Kpi(2p) Vo Vi(rp, tp)] =0, 1p € Qp;, 27)

subjected to the boundary conditions:

K;1(2)| S51(2)

B,

T e

Ko@) S,(z)

KxS(Z)
K;3(2)| Ss3(2)

L

Fig. 1. Two-dimensional representation of three-layered regional groundwater flow basin.
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Fig. 2. Layer-wise spatial variation of (a) horizontal hydraulic conductivity, (b) vertical hydraulic conductivity, (c) specific storage, and (d) temporal pumping

schedule considered in the present study.

0‘/1(0v Zp, t) _

28

N 0, (28)

Wl 5 1) o 29)
0.)('[)

9Vs(xp, Bp, tp) _ 0, (30)
0ZD

Vi(xo, By, to) = Vit (0, By, 1), @D

0Vi(xp, By, tp)

Vi1 (xp, By, to)
0ZD ’

32
0 (32)

Kapi (BBi) = Kup(i+1) (Bgi)

under the imposed transient boundary condition. Substituting tp =
0 into Eq. (34) provides the hydraulic head distribution corresponding to
the water table configuration at the initial instant. Alternatively, h}}(rp)
can be interpreted as the steady-state solution of the flow system under
the regional water table, which coincides with the initial state of the
upper boundary, as indicated by Eq. (25), when tp = 0. Thus,

hy,(rp) = Vi(rp, 0). (35)

The subsequent step entails deriving the analytical expression for U
(rp, tp) subject to homogeneous boundary conditions. This is achieved
by reformulating the dimensionless governing equation [Eq. (18)] in
terms of U(rp, tp) using Eq. (26), given by:

Vi(xp, O, tp) = hpwr(xp, tp) = [1 — cos(axp)] + e(%) 1- cos(fﬂxD)]sinz(th)A (33)

The analytical representation of V; is obtained by solving Eq. (27)
subject to Egs. (28)-(33). Closed-form solutions are derived for indi-
vidual layers and then coupled through continuity of head and flux
across interfaces. The explicit solution is expressed as:

2

Api N .
Vi(rp, tp) = exp (—DZD) ZRk(tD)COS(kﬂ'XD)[Ckicosh(ykiZD) + Dy;sinh(y2p)],

k=0

where Ri(tp) are the temporal coefficients, yi; are vertical eigenvalues,
and Cy; and Dy; are constants determined from boundary conditions
(details in Appendix A).

It is noteworthy that the initial condition for the flow problem,
ht(rp), is obtained by setting tp = 0 in the expression for V;, since this
function originates from the steady-state form of the governing equation

oUu  oV; i
SsDi(zD) +—-—1 = VDA[KDI'(ZD)VDU] — d‘QD(tD)(s(rD 71‘D0)7 I'p € QDh
atD 6tD
(36)
subjected to
34
U(xp, 2zp, 0) = hgi(XD-, 2p) — Vi(xp, 2p, 0) =0, 37)
aU(O Zp, tD) —0, (38)
0XD
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Table 1
Model parameter values used in the analysis.

1 Length of the domain (L) 10,000 m

2 Thickness of the aquifer (B) 1,000 m

3 Thickness of the first layer of the soil (B) 400 m

4 Thickness of the second layer of the soil (By — B;) 200 m

5 Thickness of the second layer of the soil (B — Bz) 400 m

6 Amplitude of the local undulation (H;) 50 m

7 Amplitude of the regional undulation (Hg) 50 m

8 Seasonal variation period (P) 365 days

9 Pumping rate (Qo) 100 m?/d
oU(1, zp, t

Q. 5. ) 39
axD
oU(xp, Bp, t;
(xp, Bp, D):07 (40)
aZD
U(xp, Bp;, tp) = U(xp, By, to), (41)
_ ou Xp, B, tp ou Xp, BJr~7 tp
Kpi(Bpy) 7( b 1) = Kapiir1) (By) 7( = )7 (42)
OZD BZD

U(XD., O7 tD) =0. (43)

While, V; is derived layer-wise, solving Eq. (36) for U separately in
each layer is mathematically cumbersome due to interfacial coupling
through time-dependent terms. Prior studies indicate that this typically
requires iterative determination of eigenvalues and coefficients (Aryeni
and Ginting, 2022; Liu and Si, 2008; Sarmah et al., 2022). To overcome
this, a unified domain-wide formulation is adopted (Deng et al., 2014;
Bashist et al., 2026), where the layer-wise parameters (Ssp;,Kyp; and K,p;)
are defined as piecewise continuous functions in the form:

Si1, Tp € Qpy,
Soo(2p) = ¢ Sep2, Tp € Qp2, (44)
Sip3,  Tp € Qp3

K1,  Tp € Qpy,
Kip(2p) = { K2, Tp € Qpo, (45)
Kiwps  1p € Qp3,

and

Ky, Tp € Qp,
Kap(2p) = K2, Tp € Qpo, (46)
Kips  Tp € Qp3.

Using these definitions, Eq. (36) is reformulated for the full domain
as:
ou ov
So(2p) (0T+GT> = Vp.[Kp(2p)VpU] — Qp(tp)s(rp —1po), Tp € Qp,
-D D
(47)

subject to the initial and boundary conditions defined in Egs. (37)-(40)
Vi, 1 eQn
and (43), where V. =< V,, r1p € Qpy .
V3 Ip € QD3
It is noted that Eq. (47) reproduces Eq. (36) within each layer
through the definitions in Eqgs. (44)-(46). Since the spatio-temporal
variation of U is identical in both formulations, the interface condition
given in Eq. (41) is inherently satisfied.
The corresponding dimensionless vertical flux is expressed as:
JzD (1'1)7 tD) = _KZD(ZD) ::—U (48)
ZD
When the pumping location lies within a layer and not at the inter-
face, the dimensionless vertical flux across the interface can be written

Advances in Water Resources 208 (2026) 105215

as:
Jo (X0, By, to) =Jz, (Xp, By, to)- (49)

Substituting Eq. (48) into Eq. (49) and incorporating Eq. (46) dem-
onstrates that Eq. (49) is equivalent to Eq. (42). This confirms that the
interfacial conditions [Egs. (41) and (42)] are implicitly satisfied within
Eq. (47). Therefore, while solving Eq. (47), there is no need to explicitly
impose interface conditions, which provides a distinct advantage of this
approach over existing methods.

The analytical expression for U(rp, tp) is obtained by solving Eq. (47)
using the GITT (Deng et al.,, 2014; Mikhailov and Ozisik, 1983).
Employing the orthogonality property of eigenfunctions, the solution for
U(rp, tp) is expressed as:

sin {(1 —2n)m }
U, 20 )= 33 Tom(t) COS(mﬂlxD) 2B[i (50)
=T @k o

where a, and B, arise from the orthogonality conditions of the eigen-
functions in the horizontal and vertical directions, respectively, ensuring
the proper normalization of the basis functions. These are defined as:

am = | cos?(maxp)dxp, (51)

O\H

Bp
B = / sin? {wzp} dzp. (52)
0

To determine the transient coefficients Tp,u(tp), the integral operator

1 Bp sin |20,

/ / ( )cos (mzaxp) { P
: 1/2

LI ()

2Bp
in a system of ODEs for Tpn(tp):

T )1 7 dxpdzp is applied to Eq. (47), resulting

ET { FI(0) = Gltn) 53)
tp

where the matrices for E, F and the vector G(tp) are defined in Egs.

(B16), (B20), and (B22) in Appendix B. The solution of Eq. (53) is given
by:

T(tp) = exp( — E'Fp) /exp(—E’lFr)E’lG(r)dT. (54)
0

Substituting Eq. (54) into Eq. (50) yields the final expression for U
(rp, tp). The detailed derivation steps leading to this result are presented
in Appendix B.

2.6. Assessment of particle trajectories and associated travel times in
groundwater flow

The flow trajectories and travel times of water particles within the
domain are governed by the advection equation (Ottino, 1989):

or

— =v(r, t), (55)
FramiU)

where v = (v, V) denotes the Eulerian Darcy velocity components in the
horizontal and vertical directions [LT], respectively. Since ground-
water moves through the pore spaces of an aquifer, the actual particle
(pore) velocity must account for the effect of porosity (Bear, 1972):

Vpx = @7 Vpz = 9(2)7 (56)

where 6(z) is the depth-dependent porosity, as defined in Eq. (12).
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A particle released from an initial position (x;, 2) is advected by the
local pore velocity components (Vpy, Vps). After a time increment At, its
new position is determined as:

X141 = X| + Vpx AL, 2141 = 21 + Vp At (57)

This step is repeated iteratively, updating the particle position at
each time interval until the particle exits the domain through the
discharge boundary. The total travel time is then obtained as the cu-
mulative sum of all incremental time steps At. The sequence of
computed positions delineates the particle pathline. In this analysis, the
value of At is determined through a convergence test to ensure that both
the pathline and travel time remain unaffected by further reductions in
At. Based on this criterion, a time step of 5 days is adopted in the present
study.

2.7. Sensitivity analysis

Global Sensitivity Analysis (GSA) was performed to assess the in-
fluence of hydrogeological parameters on simulated hydraulic head.
Unlike local sensitivity methods, which evaluate the response to small
perturbations around a nominal value, GSA quantifies parameter influ-
ence across the full input space, capturing both individual effects and
higher-order interactions.

The analysis employs the variance-based Innovative Algorithm
Estimator proposed by Azzini et al. (2021), which enhances computa-
tional efficiency while maintaining the accuracy of sensitivity index
estimation. Based on Sobol’ variance decomposition (Saltelli et al.,
2010), the total variance of the model output Y (hydraulic head) is
decomposed into contributions from each parameter and their in-
teractions. The main-effect (S;) and total-effect (St;) sensitivity indices
are defined as:

E(V(YIX.:))

_ V(E(Y]X)) _
S,- = W and STi = W, (58)

where X; is the i input parameter. X.; denotes the remaining parame-
ters, V( - ) is the variance operator, and E( - ) is the expectation operator.

The main-effect index S; quantifies the fraction of output variance
explained solely by parameter X;. The term E(Y|X;) represents the con-
ditional mean of the output when X; is fixed and all other parameters
vary over their distributions; the variance of this conditional mean, V(E
(Y]X), reflects the strength of the main effect (Kumar and Sonkar,
2025).

For the total-effect index Sy;, the term V(Y|X.;) denotes the condi-
tional variance of the output when all parameters except X; is fixed. This
variance captures the contribution of X; (including all interactions) to
the uncertainty in Y. Taking the expectation E(V(Y|X.;)) averages this
contribution across the full range of the remaining parameters. The
denominator V(Y) is the total output variance when all parameters vary
simultaneously. A complete description of the numerical procedure used
to compute these sensitivity indices is provided in the Supplementary
Material S1.

For the present study, the following hydrogeological and pumping
parameters were treated as uncertain inputs: Kyg, ,, Kz, ,, Ai, Ssg.1, 4is
and Q. This parameter set accounts for aquifer heterogeneity, through
depth-decaying hydraulic and storage properties, and external forcing
through pumping, enabling a comprehensive sensitivity assessment of
hydraulic head dynamics.

2.8. Evaluation of recharge/discharge distribution along the top boundary
The spatial and temporal variation of recharge/discharge along the

top boundary is evaluated using the hydraulic head function while ac-
counting for aquifer storage effects, as given by (Zhao et al., 2018):

Advances in Water Resources 208 (2026) 105215

()hl 6h1

RD(x, 1) = |8, 25~ Ka(2) 51| . (59)
2z=0

where Sy denotes the specific yield of the basin at the top boundary [-]. It
is important to note that the application of Eq. (59) inherently assumes a
linearized free water table boundary, valid under the condition that the
recharge/discharge rate is much smaller than the vertical hydraulic
conductivity at the surface (Zhang et al., 2022). A positive value of RD
indicates recharge, whereas a negative value represents discharge. The
computed recharge/discharge function thus quantifies both the spatial
extent and temporal evolution of recharge and discharge zones along the
aquifer length, governed by periodic fluctuations in the water table
boundary.

2.9. Finite time Lyapunov exponent

To further investigate the characteristics of particle motion and
mixing within the flow domain, the degree of chaotic behavior was
quantified using the finite-time Lyapunov exponent (FTLE). The Lya-
punov exponent provides a rigorous measure of the system’s sensitivity
to initial conditions by describing the rate at which neighboring tra-
jectories diverge. The FTLE quantifies the deformation of an infinites-
imal fluid element dr(t, ty: R) from its initial configuration dR = dr(ty, to:
R) as (Trefry et al., 2019):

1
Alt, t:R) = mlnvd7 (60)

where A is the Lyapunov exponent [T, r is the Eulerian frame of
reference, R is the Lagrangian spatial coordinates at initial reference
time ty, vq is the largest eigenvalue of the Cauchy-Green deformation
tensor C:

C=F(t, to: R)"F(t, t, : R). (61)

Here, F = & is the deformation gradient tensor.

A positive Lyapunov exponent (A > 0) signifies exponential trajec-
tory divergence and chaotic advection, A < 0 denotes convergence and
stability, and A = 0 corresponds to a marginally stable or neutral state.
Further theoretical insights into the FTLE framework can be found in
Trefry et al. (2019).

In practical groundwater flow applications, trajectory data are
available only over finite time intervals; hence, the FTLE is computed.
The FTLE characterizes local stretching and separation of fluid trajec-
tories over a finite integration time and serves as a diagnostic measure to
identify transport barriers, coherent flow structures, and regions of
enhanced mixing within the subsurface flow domain.

3. Results and discussions

This section is divided into two subsections. Subsection 3.1, Verifi-
cation of the developed model, presents the validation of the proposed
analytical model through comparison with existing analytical and nu-
merical solutions. Subsection 3.2, Discussion, explores the variations in
pathlines, chaotic advection, and parameter sensitivity derived from the
proposed formulation. The parameter values used in the analysis are
summarized in Table 1 and Table C1 and are not reiterated unless
modifications are introduced for specific cases.

3.1. Verification of the developed model

The proposed analytical model is validated through comparison with
the model developed by Zhao et al. (2018). While Zhao’s model assumes
a simplified single-layer aquifer with uniform hydraulic conductivity
and specific storage, the proposed model accounts for a three-layer
aquifer system characterized by depth-dependent hydraulic properties
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Fig. 3. Comparison of the dimensionless hydraulic head contour lines obtained from the proposed analytical model and the model of Zhao et al. (2018) at four time
instances: (a)0.25P, (b)0.50P, (¢)0.75P, and (d) 1.00P. In Zhao’s model, the aquifer parameters are specified as L = 7000 m, B = 2500 m, K, = K, = 1 m/d, and S; =

0.0001 m™.
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Fig. 4. Comparison of dimensionless hydraulic head contour profile obtained from the proposed analytical solution and the COMSOL Multiphysics finite element

model at different time instances: (a)0.04P, (b)0.164P, (c) 0.50P, and (d) 0.75P.

under pumping condition. For validation, the parameterization of the
proposed model is tailored to replicate Zhao’s assumptions. Specifically,
the decay coefficients in all layers are assigned sufficiently small values
so that the exponential terms in the hydraulic conductivity expression
converge to unity, thereby producing constant hydraulic conductivity
throughout the system. Hydraulic conductivity is fixed at 1 m/d across
all layers. Similarly, residual specific storage is set to 1 x 10° m’l, the
specific storage at the top of each layer to 1 x 10* m™, and the decay
index of specific storage to zero. These settings ensure that specific
storage remains constant throughout the domain, consistent with Zhao’s
formulation. In addition, the boundary condition is modified by
replacing the sin? (ﬂ' },) term with cos? (77,' f,), aligning with Zhao’s use of
the cosine function at the top boundary.

Fig. 3 compares the dimensionless hydraulic head contours obtained
from the proposed model and from Zhao et al. (2018) at four-time in-
stances: 0.25P, 0.50P, 0.75P, and 1.00P. The two models exhibit strong
agreement overall, with minor deviations near the top boundary. This
discrepancy arises because Zhao’s formulation separates the solution of
the governing equation into two components: a steady-state solution
that represents the regional groundwater table at the top boundary, and

a transient solution that imposes seasonal fluctuations of the local water
table at the surface under a zero-head initial condition. The transient
solution was obtained via Laplace transformation, followed by inversion
to recover the temporal response. While this methodology successfully
captures the influence of temporal hydraulic head variability on the
aquifer, but it does not reproduce boundary variations exactly at the
surface. A detailed discussion of this limitation is provided in Das and
Sarmah (2025). Notably, the discrepancy vanishes at t = 0.50P, when
the cosine term in the boundary condition reduces to zero, eliminating
local head variations and leaving only the regional component.

The analytical solution was further validated through cross-
comparison with the corresponding numerical solution of the flow
problem, obtained using COMSOL Multiphysics based on the finite
element method. The flow domain was discretized using a mesh with a
maximum element size of 5 m and a minimum element size of 0.2 m, and
the maximum time step was set to 1 day. Time integration was per-
formed using the Backward Differentiation Formula (BDF), a multi-step
implicit scheme that advances the solution by solving a system of
equations based on a backward-weighted average of previous time steps.
The BDF method is particularly suited for stiff problems, systems of
differential equations in which certain components evolve much more
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Fig. 5. Temporal variation of global sensitivity indices of hydraulic head along vertical profiles at the horizontal mid-span (xp = 0.50) of the flow domain: (a) Main-
effect sensitivity indices (S;), (b) Total-effect sensitivity indices (St).
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rapidly than others, such as those commonly encountered in heat
transfer and groundwater flow. To handle this stiffness, adaptive time
stepping was employed, allowing the time step size to automatically
adjust for numerical stability and computational efficiency.

Fig. 4 presents the dimensionless hydraulic head contour plots from
both the analytical and numerical models at four different time in-
stances: 0.04P,0.164P,0.50P, and 0.75P. The red contour lines denote
the analytical solution, while the black dotted lines represent the
COMSOL-based numerical solution. A pumping well, located at xpy =
0.5 and zpg = 0.01 (marked as a green dot in the figure), was operated
intermittently, 20 days of pumping followed by 20 days of rest, in an
alternating pattern for a total period of 140 days from the initial refer-
ence time, at a discharge rate of 100 m2/d. The contours demonstrate
that the numerical solution closely reproduces the spatial and temporal
trends of the analytical solution. The values of the model parameters
used in this analysis are summarized in Table 1 and Table C1.

3.2. Discussions

3.2.1. Global sensitivity analysis of hydraulic head function

The sensitivity of the dimensionless hydraulic head was analyzed
with respect to several key parameters, including horizontal and vertical
hydraulic conductivity, hydraulic conductivity decay coefficients, spe-
cific storage at the top surface of the layers, specific storage fitting co-
efficients, and the pumping rate. The parameter ranges considered in
this analysis are as follows: Kyp, €[550], Ky, €[0.01 5],
Kyp, € [111.15], Ky, € [0.55], K, € [0.001 0.5], K., €[0.11.11],
A; €[0.0001 0.005], Az € [0.0001 0.005],  As € [0.0001 0.005],
Ssp, € [0.00001 0.0005], Ssp, € [0.0001 0.005], Sss, € [0.00001
0.000021], Ss1 € [0.000001 0.00001], Ssr2 € [0.00001 0.0001],
Ses € [0.000001 0.00001], 41 € [9 20], 4, €[920], A3 €[920] and
Qo € [0 100]. These parameter ranges are consistent with field-observed
values (Jiang et al., 2009; Cai et al., 2023; Das et al., 2026; Kuang et al.,
2021; Zhuang et al., 2024).

Parameter sampling was performed using MATLAB’s built-in
‘sobolset’ function, which generates quasi-random (QR) Sobol se-
quences. QR Sobol sequences provide superior, space-filling coverage of
the p-dimensional unit hypercube compared to traditional Monte Carlo
sampling, as each successive point reduces gaps in the existing distri-
bution (Saltelli et al., 2010). To further enhance uniformity and reduce
structural artifacts, MATLAB’s ‘scrambled’ function was used using
MatousekAffineOwen scheme (Hong et al., 2003). The QR samples in the
unit hypercube were then linearly mapped to the physical parameter
ranges using their respective minimum and maximum bounds.

A total of 19 parameters were included in the sensitivity analysis. A
uniformly distributed sample of 1,000 data points was generated for
each parameter. The total computational cost of the analysis can be
expressed as 2n(p + 1), where n represents the number of samples and p
the number of parameters, yielding a total cost of 40,000 model evalu-
ations in this study. The detailed methodology used to compute the
global sensitivity indices is described in sub-section 2.7.

Fig. 5a and b illustrates the variation of global sensitivity indices of
hydraulic head over time along vertical profiles located at the horizontal
mid-span (xp = 0.5) of the flow domain. This location was selected
because the influence of the lateral no-flow boundaries at xp = 0 and xp
=1 is minimal at the mid-span, ensuring that the sensitivity results are
not biased by boundary effects. Moreover, the mid-span lies sufficiently
close to the pumping well located at (xpo, 2po) = (0.51, 0.01), enabling
the sensitivity analysis to capture the combined effects of periodic
recharge and localized pumping stresses without being dominated by
boundary-induced artefacts.

Fig. 5(a) presents the main-effect sensitivity indices (S;), which
quantify the contribution of each parameter to the variability of the
output, while Fig. 5(b) shows the total-order sensitivity indices (St),
which capture the combined influence of both the individual effects of
each parameter and their interactions with other parameters.
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The analysis was conducted over the interval between two consec-
utive peak water table configurations to represent conditions between
successive monsoon events, with the water table attaining its maximum
levels at 0.5P and 1.5P. Pumping commenced at 0.5P and followed an
alternating pattern of 20 days of pumping and 20 days of rest,
continuing for a total of 140 days from the start of pumping. This
configuration allowed evaluation of how transient recharge and episodic
pumping jointly influence parameter sensitivities in the system.

In this study, the discussion primarily focuses on parameters for
which the sensitivity of the dimensionless hydraulic head is significant,
defined as having total sensitivity indices (S7;) greater than 0.2. The
analysis revealed that the hydraulic head is most sensitive to variations
in Ky, Kim,, A1, Ssp,, and Qp, whereas the remaining flow parameters
exhibit low to mild sensitivity, with Sy; values below 0.2.

From the analysis, it is evident that the hydraulic head is sensitive to
the top-surface vertical hydraulic conductivity values of the first and
second layers. The top-surface vertical conductivity of the first layer
(Kz,) predominantly influences the hydraulic head within the upper
layer, with its impact diminishing progressively with depth and
becoming minimal in the bottom layer. However, under pumping con-
ditions, the sensitivity to Kyp, varies depending on the position of the
water table boundary. At t = 0.5P, when the water table reaches its
maximum elevation and pumping begins, the hydraulic head exhibits
high sensitivity to K.z, and relatively low sensitivity to the discharge
rate (Qo). As t progresses towards P, the water table concurrently con-
tinues to recede, leading to increased sensitivity of the hydraulic head to
Qo during the pumping period, and reduced sensitivity to vertical hy-
draulic conductivity Kyg,, as shown in Fig. 5a and b. This behavior is
attributed to the reduction in hydraulic head gradients as the water table
declines; during such periods, the gradient induced by pumping be-
comes more dominant than the gradient driven by water table
fluctuations.

The dimensionless hydraulic head exhibits the highest sensitivity to
the top-surface vertical conductivity of the second layer (K,g, ) within
the bottom layers, while showing minimal sensitivity in the top layer.
Temporally, within the bottom layers, the main-effect sensitivity to K.z,
is lowest around t = 0.75P and t = 1.25P. However, the total-order
sensitivity is highest at these times, indicating a substantial contribu-
tion of interaction effects, where other flow parameters act in combi-
nation with Kzp, to influence the hydraulic head, as observed in Fig. 5b.
The pumping effect on sensitivity to Kz, is almost negligible throughout
the domain.

The hydraulic conductivity decay coefficient of the first layer (A;)
exhibits strong main-effect sensitivity within the upper 200 m of the
domain, particularly around t = 0.75P and t = 1.25P, and shows a
moderate effect in the second layer at all times except at these two in-
stances (refer to Fig. 5a). Given the substantial variation in conductivity
with depth in the upper 200 m, the sensitivity is primarily concentrated
in this zone. Under pumping conditions, the sensitivity to A; becomes
negligible, as indicated by the nearly vanishing main-effect and total-
effect responses.

The top surface specific storage of the middle layer (Ss,) exhibits
moderate sensitivity to the hydraulic head in the top and middle layers,
and weak sensitivity in the bottom layer. Under pumping conditions, its

Table 2
Model parameters with their lower and upper bounds, and average values used
in the MCS uncertainty analysis.

Parameters Lower bound Upper bound Average value Units
Kg, 5 50 10 m/d
Kis, 0.01 5 0.05 m/d
K, 0.5 5 1 m/d
KB, 0.001 0.5 0.01 m/d
SsB, 0.00001 0.0005 0.0001 m!
SsB, 0.0001 0.005 0.001 m!
Q 0 100 50 m?/d
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influence diminishes within the upper 200 m, reducing the sensitivity to
nearly zero. The total sensitivity response is pronounced across the
spatio-temporal domain, with peaks near t = 0.75P and t = 1.25P, as
evident in Fig. 5b. The elevated sensitivity spanning the first and second
layers suggests that the storage capacity of the middle layer significantly
influences hydraulic head variations in the overlying layers.

The hydraulic head exhibits high sensitivity to the pumping
discharge rate (Qp), particularly during the pumping intervals in the
vicinity of the pump location. With successive pumping cycles, this
sensitivity increases progressively. The total sensitivity is enhanced by
approximately 70 % compared to the main effect, primarily due to
strong interaction effects with other flow parameters, which collectively
amplify the influence of pump discharge on the hydraulic head response.

It should be noted that in Fig. 5(a-b), the sensitivity fields display
noticeable non-smooth variations at certain time intervals. This
behavior can be attributed to two main factors. First, the imposed water-
table boundary condition follows a sinusoidal function, which inher-
ently introduces periodic changes in slope. At the inflection points of the
sinusoid, approximately at t =~ 0.75P and t ~ 1.25P, the slope of the
boundary head reverses direction, leading to abrupt transitions in the
governing vertical gradients. These instants correspond to moments
when the rate of change of the water-table fluctuation is minimal
(during the falling limb near t ~ 0.75P) or maximal (during the rising
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limb near t ~ 1.25P), causing the main-effect sensitivities to diminish or
approach zero.

Second, an additional source of irregularity arises between 0.50P and
1.00P due to intermittent pumping. The on-off pumping schedule in-
teracts with the periodic boundary signal, intensifying nonlinear
parameter interactions. As a result, the total-effect sensitivities remain
significant during these intervals, even when the main-effect sensitiv-
ities are reduced. This combination of transient boundary forcing and
parameter interaction naturally leads to the non-smooth patterns
observed in the sensitivity plots.

3.2.2. Model uncertainty analysis

Stochastic simulation was employed to quantify the uncertainty in
model predictions arising from variability in input parameters, which is
largely attributed to the geological heterogeneity of subsurface forma-
tions. In this study, uncertainty analysis was conducted to assess the
influence of parameter variability, specifically hydraulic conductivity,
specific storage, and pumping rate, on the simulated hydraulic head
values, as these parameters exert a dominant control on subsurface flow.
Previous studies (Govindaraju and Koelliker, 1994; Hoeksema et al.,
1985; Srivastava et al., 2002; Zhao and Illman, 2021) have reported that
both hydraulic conductivity and specific storage typically follow a
log-normal distribution, which aligns with the assumptions adopted in
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Fig. 6. Depth-wise variability of the dimensionless hydraulic head at xp = 0.50 at four selected time instances under (a) non-pumping and (b) pumping conditions.
The solid blue line represents the mean head, while the shaded region represents the 95 % confidence interval.
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this study, while pumping rate was assumed to follow a normal distri-
bution. A Monte Carlo Simulation (MCS) framework was used to
incorporate spatial variability in these parameters and evaluate their
impact on model outputs. The uncertainty in output variables was
quantified using a non-parametric bootstrap technique (Efron, 1979).
Across the three layers, ten parameters (Kyg, ,, Kz5,,, SsB.,, Qo) Were
defined based on their 95 % distribution bounds, and approximately 1,
000 realizations were generated for each, as summarized in Table 2.

The hydrogeological properties of the first and bottom layers were
assumed to be identical, considering both represent the same geological
formation; therefore, the same depth-decaying trends in hydraulic
conductivity and specific storage used for the first layer were extended
to the bottom layer. Input parameter data for the MCS were generated
using the upper, and bottom values (Table 2) based on their respective
probability distributions at the layer surfaces. The parameter fields over
the full depth domain were then obtained by applying the specified
depth-decay relationships for hydraulic conductivity and specific stor-
age [Egs. (13)-(16)].

Model output variability in dimensionless hydraulic head (hp) was
evaluated at xp = 0.5 along the full depth at four time instances: t =
0.50P, 0.75P, 1.00P, and 1.25P. These time steps correspond to the
imposed pumping schedule, which begins at t = 0.50P and alternates
between 20 days of operation and 20 days of shutdown, continuing until
= 0.884P( ~ 140days). This time window captures both active pumping
and recovery phases, enabling the assessment of variability during and
after pumping events.

Fig. 6a presents the 95 % confidence intervals of dimensionless hy-
draulic head variability at four time instances: (i) 0.50P, (ii) 0.75P, (iii)
1.00P, and (iv) 1.25P. The results indicate that across all water table
positions, the maximum head variability occurs in the bottom layer
under both pumping and non-pumping conditions, with variability
increasing with depth. At the surface, head variability is zero due to the
water table boundary, whose magnitude remains invariant to aquifer
properties. Moving downward from the surface, the influence of this
boundary diminishes, leading to progressively greater uncertainty in the
predicted hydraulic head. Additionally, the uncertainty in head pre-
dictions amplifies within the middle layer, which is attributed to its
relatively higher specific storage compared to the other layers. A higher
specific storage enhances the capacity of the layer to store and release
water, thereby increasing its potential to modulate head variability
under a broad spectrum of hydrogeological properties.

The influence of pumping is illustrated in Fig. 6b. Pumping begins at t
= 0.50P operates intermittently until t = 0.884P. The effect is most
pronounced at t = 0.75P, during the active pumping interval, where the
mean head decreases near the pumping location and the variability in-
creases. Outside the pumping period, head variability remains largely

(a)
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unchanged.

3.2.3. Recharge/discharge variation along the top boundary

The spatial distribution of recharge and discharge along the upper
boundary reflects the continuous seasonal fluctuations of the water
table, which cause both the location and magnitude of vertical fluxes to
vary over time. To evaluate how these zones respond under varying
hydrogeological conditions, three hydraulic configurations are exam-
ined: (i) depth-decaying hydraulic parameters without pumping, (ii)
equivalent hydraulic parameters without pumping, and (iii) depth-
decaying hydraulic parameters with pumping.

The first configuration incorporates the vertical variation of hy-
draulic conductivity and specific storage as described in Egs. (13)-(15),
with the pumping rate set to zero (Qop = 0). In the equivalent homoge-
neous case, each layer is assigned constant hydraulic properties. The
equivalent vertical hydraulic conductivity (K;7) is computed using the
harmonic mean, whereas the equivalent horizontal hydraulic conduc-
tivity (K;7) and specific storage (Sg!

1) are determined using arithmetic

xi T

B;
1
means (Das et al., 2026), expressed as K%q = (&le) / md& K
zi Zi
Bi1

B; B;
(&’—17&—1) / Kyi(z)dzand S = (Blf—B”) / Ssi(2)dz. The third config-
Bi1 Bi1
uration is identical to the first in terms of aquifer heterogeneity but in-
cludes a nonzero pumping rate to assess its influence on the
recharge/discharge dynamics. Pumping commences at t = 0.75P and
continues for a duration of 0.50P, after which the well was shut down at
1.25P; this cycle repeats annually. The pumping well is located at co-
ordinates (1550, 200) m. The procedure for evaluating the recharge/-
discharge function is detailed in Sub-section 2.8.

A positive value of the recharge/discharge function (RD > 0) rep-
resents recharge, whereas a negative value (RD < 0) indicates discharge.
For the analysis, four representative time steps, (a) 0.75P, (b) 1.00P, (c)
1.25P and (d) 1.50P, are considered to delineate the temporal evolution
of recharge and discharge zones. In the corresponding figures, the
dashed grey lines depict the temporal fluctuations of the water table.

The results show that the magnitude of recharge and discharge is
consistently higher in the depth-decaying hydraulic-conductivity
configuration than in its equivalent homogeneous counterpart
(Fig. 7a—c). Because the equivalent model uses depth-averaged proper-
ties, it assigns lower hydraulic conductivity near the surface and higher
values at depth relative to the depth-decaying profile. Since the
recharge/discharge function is evaluated along the upper boundary,
where the depth-decaying profile attains its highest conductivity, the
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Fig. 7. Spatial variation of the recharge/discharge (RD) function along the top boundary under heterogeneous and equivalent homogeneous aquifer conditions, with
and without pumping, shown at different simulation times: (a) 0.75P, (b) 1.00P, (c) 1.25P, and (d) 1.50P. The gray dashed line represents the water table boundary.
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Fig. 8. Comparison of stagnation zones SP1-SP3 under no pumping (i), and three pumping configurations (ii-iv). Wells are placed at (0.1500, 0.010), (0.5100, 0.010)
m, and (0.7500, 0.010). Zoomed panels (ii)-a to (iv)-c highlight the distortion of loop and lateral displacement of stagnation points produced by water-table os-
cillations and pump-induced horizontal fluxes. Blue curve represents the water table.

depth-decaying configuration produces stronger vertical fluxes. In
contrast, the homogenized model underestimates near-surface conduc-
tivity and therefore yields weaker recharge and discharge magnitudes.
During the low water-table phase (typically post-monsoon), much of
the domain functions as a discharge zone. Storage-induced lag causes
the deeper portions of the aquifer to retain higher hydraulic head from
earlier high-water-table conditions, generating upward vertical gradi-
ents and enhanced discharge toward the surface. Pumping intensifies
this response by further lowering the local water-table head, generating
sharp recharge peaks near the well as water is drawn downward (refer to
Fig. 7b). This influence is subdued during high water-table conditions,
when regionally driven hydraulic gradients exceed the localized draw-
down effects, limiting the pumping radius of influence and reducing the
contrast between pumping and non-pumping cases. Once pumping
ceases, its effect is rapidly overridden by ongoing water-table fluctua-
tions and the elevated upstream hydraulic head, which restore the
regional flow field and diminish residual pumping-induced anomalies.

3.2.4. Evolution of stagnation points

The analysis of stagnation points is important in hydrogeology
because they exert a strong control on groundwater residence times,
mixing efficiency, and transport pathways. In transient flow systems
driven by periodic water-table fluctuations, true stagnation points,
defined by exactly zero velocity, do not always persist. Instead, locations
where the resultant velocity attains a local minimum are commonly

Fig. 9. Particle trajectories under a fluctuating water table considering aquifer
specific storage. Insets (a) and (b) provide magnified views highlighting path
curvature and intermediate particle positions at two different locations.
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observed and are referred to here as pseudo-stagnation points. Under
steady-state conditions, both stagnation and pseudo-stagnation points
remain fixed in space, whereas under transient forcing their positions
may migrate, appear, or disappear over time (Zhang et al., 2025).

As the water table oscillates, these stagnation points undergo peri-
odic migration, often tracing loop-like trajectories, creating zones of
very low resultant velocity in which fluid particles can remain for
extended durations. Similar stagnation-point dynamics have been re-
ported under a range of hydrogeological settings (Das et al., 2026; Das
and Sarmah, 2025; Zhang et al., 2025; Zhao et al., 2018). In the present
study, we specifically examine how pumping perturbs the location and
evolution of these stagnation points under transient boundary forcing.

Fig. 8 compares the temporal variation of stagnation points for four
cases: a no-pumping scenario [Fig. 8(i)] and three pumping configura-
tions in which wells are placed near identified stagnation zones SP1,
SP2, and SP3 [Fig. 8 (ii-iv)]. The corresponding pumping locations are
(0.1500, 0.010), (0.5100, 0.010), and (0.7500, 0.0100), respectively,
with pumping schedules identical to those described in Section 3.2.1.
The zoomed panels [Fig. 8(ii)-a to 8(iv)-c] highlight the distortions and
shifts of the stagnation points induced by pumping.

At the start of the simulation, when the water table is at its minimum
elevation, stagnation points are absent. As the water table rises, the
downward displacement of the vertical zero-flux contour caused by
increasing hydraulic head leads to the formation of stagnation points
along the upper-right side of each zone. These points reach their
maximum depth at peak water-table elevation (t ~ 0.5P) and subse-
quently move upward as the water table declines and vertical hydraulic
gradients weaken.

Pumping significantly modifies these migration pathways by dis-
locating the stagnation points. In the no-pumping case, the stagnation
point at t = 0.85P appears on the upper-left side of the zone, whereas the
introduction of a nearby pumping well shifts the point toward the right,
driven by the enhanced horizontal hydraulic gradients induced by
pumping. Similar behavior is observed in the other pumping configu-
rations. Notably, the migration is not uniformly directed away from the
pumping wells; at intermediate times (e.g., t = 0.63P and t = 0.74P),
some stagnation points move toward the wells. This behavior reflects the
complex interplay between locally enhanced horizontal fluxes and the
evolving vertical head distribution imposed by transient boundary
conditions.
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Fig. 10. Particle trajectories under a fluctuating water table neglecting the aquifer specific storage. Insets (a) and (b) provide magnified views highlighting path

curvature and intermediate particle positions at two different locations.

3.2.5. Particle flow dynamics influenced by water table fluctuations,
specific storage and pumping

Seasonal fluctuations of the water table and the aquifer’s specific
storage strongly influence particle flowpaths within the basin. Pathlines
and associated travel times were computed using advective transport
along the pore network, as outlined in Sub-section 2.6. Figs. 9 and 10
illustrate particle trajectories for two conditions: (a) when aquifer
storage effects are included and (b) under a quasi-steady assumption
where storage is neglected. Colored curves depict particle trajectories,
while dashed grey curves indicate seasonal variations in the water table.
The specific storage is generally understood as a parameter defining
ability of the aquifer to store/release water under head change, how-
ever, its influence on pathline dynamics remains insufficiently explored
in the literature.

To examine the role of specific storage on pathline behavior, water
particles were released from the recharge zone (RD > 0)at 10 m intervals
between 1400 m and 1600 m. At the initial time, when the water table
corresponds to the regional minimum configuration, the entire top
boundary acts as a discharge zone (Das and Sarmah, 2025; Zhao et al.,
2018). Therefore, particle release was initiated with a lag of 73 days
from the initial condition. To delineate the particle positions along the
pathline under varying water table configurations, a zoomed-in view of
the trajectory originating from (1570, 0) m is shown in the inset marked
as panel (b). The red dots correspond to the minimum water table
configurations obtained at 365-day intervals, while the black dots
represent intermediate positions between successive red dots, sub-
divided into five equal time steps of 73 days each, highlighting the
seasonal evolution of the pathline.

The analysis indicates a lateral divergence of flow trajectories, with
pathlines bifurcating toward opposite discharge zones when released

Fig. 11. Particle trajectories under a fluctuating water table considering the
effect of aquifer pumping. Insets (a) and (b) provide magnified views high-
lighting path curvature.
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from (1560, 0) m and (1570, 0) m. Particles introduced between x =
1400-1560 m migrate toward the left discharge zone, whereas those
released between x = 1570-1600 m advance toward the right discharge
zone, as shown in Figs. 9 and 10. The bifurcation of pathlines in opposite
directions leads to the formation of a zone characterized by near-zero
directional velocity components, denoted as S, representing a pseudo-
stagnation zone. Pathlines passing near S slow substantially, with both
horizontal and vertical velocities decreasing, causing particles to remain
in the vicinity for extended periods (years, as indicated by red dots).
Within each year, seasonal water table fluctuations induce alternating
vertical velocities, resulting in moving spiral motion of the pathlines
near S. This spiral criss-crossing is densest near S and diminishes with
distance.

The water table oscillates continuously between its maximum and
minimum elevations, causing the hydraulic head throughout the aquifer
to fluctuate correspondingly. These boundary-driven fluctuations
induce alternating vertical velocities: downward fluxes dominate when
the water table is elevated, upward fluxes occur when the water table
drops to its minimum, and transitional phases occur in between (Das and
Sarmah, 2025; Zhao et al., 2018). The specific storage of the aquifer
governs how these fluctuations propagate into the subsurface by intro-
ducing a temporal lag between boundary forcing and internal hydraulic
response.

When S; is appreciable, the aquifer retains a portion of the hydraulic
head from the previous boundary state. Thus, when the water table
reaches its minimum position, the aquifer still maintains comparatively
higher head values, resulting in stronger upward vertical fluxes. This
short-duration but intensified upward flow periodically deflects particle
trajectories upward from their main flow direction, generating pro-
nounced wavy patterns, as observed in Fig. 9. In contrast, when storage
is negligible, hydraulic head changes within the aquifer occur almost
instantaneously in response to boundary oscillations. The resulting up-
ward vertical flux is brief and weak, as the aquifer no longer retains
excess head during periods of falling water table. Consequently, path-
lines show only mild, smooth undulations and do not exhibit spiral or
intersecting patterns (as seen in Fig. 10). In this case, the trajectories are
governed solely by the imposed boundary oscillation, without the
additional complexity introduced by delayed hydraulic response.

The influence of pumping on pathline dynamics was further exam-
ined by placing a pumping well at (1550, 200) m. Pumping commenced
at 273.75 days and continued continuously for 182.5 days (until 456.25
days), coinciding with the lowest water table period. This pumping cycle
was repeated annually for 30 years. Particles were released from the
same recharge locations (x = 1400-1600 m) as in the previous cases.

Pumping substantially alters the particle trajectories compared to
natural conditions. Under unstressed conditions, particles bifurcate
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Fig. 12. Simulated particle flow trajectories corresponding to single and dual monsoon events. Insets (a), (b) and (c) provide magnified views highlighting

path curvature.

around the pseudo-stagnation zone S; however, continuous pumping
generates a strong and persistent head gradient that redirects particles
predominantly toward the left discharge boundary, as observed in
Fig. 11. The induced downward draw causes particles that would have
moved toward the right valley to instead descend vertically, effectively
eliminating the pseudo-stagnation zone. Once particles are pulled
downward, the regional gradient, from the upstream summit toward the
downstream valley, advects them laterally toward the right discharge
boundary. Since stagnation or pseudo-stagnation zones are regions of
very low velocity, sustained pumping can re-activate these inert regions,
mobilizing long-residing particles toward nearby surface-water bodies,

which may pose environmental risks. Moreover, the characteristic wavy
oscillations seen in natural trajectories disappear under pumping,
replaced by more linear paths. The spiral motion near S also vanishes,
demonstrating that prolonged anthropogenic stress overrides the natu-
ral oscillatory dynamics imposed by the fluctuating water table and
reshapes the local head field.

3.2.6. Influence of the bimodal monsoon on particle trajectories

The monsoon regime exerts a substantial influence on groundwater
flow behavior and particle trajectories in both surface and subsurface
flow systems. Nicholson et al. (2013, 2018) documented the occurrence
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Fig. 13. (a) Temporal evolution of forward FTLE values for particles released at selected locations. Insets emphasize intervals of rapid variation and peak FTLE
responses. (b) Spatial distribution of the corresponding particle release points within the modeled domain.
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of two distinct rainy seasons in the East African region, motivating an
investigation into flow dynamics under such bimodal climatic forcing.
Similarly India Meteorological Department (2022) reported that the
south East Asia experience two monsoon i.e. southwest and northeast.
To incorporate the influence of a bimodal monsoon pattern in the pre-
sent analysis, the total period P was divided into two equal phases: the
first representing the early monsoon event and the second correspond-
ing to the subsequent rainfall episode. For simplicity, both events were
assumed to have identical intensity, although Nicholson et al. (2013,
2018) reported that the first event generally corresponds to a longer
rainy season, while the second represents a shorter one.

Fig. 12 illustrates particle-tracking simulations performed under
both single- and dual-monsoon scenarios by releasing particles at four
locations along the top boundary, namely xp= 0.157, 0.45, 0.74, and
0.997. The flow pattern undergoes marked alteration under the bimodal
monsoon condition compared to the single monsoon case, particularly in
the local flow regime. The zoomed panels reveal that particle trajec-
tories during the dual monsoon period exhibit more frequent oscillations
with shorter wavelengths due to increases fluency of water table peaks
in bimodal monsoon scenario. This increased curliness reflects enhanced
temporal variability in the hydraulic gradient caused by the repeated
attainment of maximum and minimum water table elevations.
Furthermore, within the local flow regime, pathlines under the bimodal
monsoon penetrate deeper into the aquifer than those under a single
monsoon, consistent with the more frequent peaks in the velocity field
under bimodal forcing.

3.2.7. Flow separation and FTLE Analysis

The deformation of fluid elements in the regional aquifer is governed
by the periodic forcing introduced by seasonal water-table fluctuations.
The FTLE is employed to quantify the progressive stretching and sepa-
ration of fluid elements, which may eventually lead to chaotic flow
behavior. The FTLE represents the temporal rate of divergence between
two fluid particles initially separated by a finite perturbation distance.
The mathematical formulation for FTLE evaluation is presented in Sub-
section 2.9. The dimensionless FTLE can be represented as Ap =

S L2
( - >A.

Fluid particles were released from six representative locations, A
(0.1400, 0.0805), B(0.1500, 0.0005), C(0.4125, 0.0605), D(0.4500,
0.0050), E(0.1000, 0.0550), and F(0.1580, 0.0250), with an initial
dimensionless perturbation length of 0.00005 applied along both xp and
zp directions. For clarity, these particle release locations are illustrated
in Fig. 13(b). The selected particle positions span all three aquifer layers,
ensuring a comprehensive representation of the system’s hydrogeologic
characteristics. Particles A, C, and E are positioned near layer interfaces
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to capture inter-layer exchange zones where hydraulic contrasts
strongly influence particle deformation. Particles B and D are located
close to the upper boundary to represent the dominant influence of the
periodically varying water-table. Particle F lies within a flow-separation
region to examine the sensitivity of particle pathways to local diver-
gence and convergence zones.

Fig. 13(a) presents the temporal evolution of FTLE, depicting the rate
of fluid element stretching as the water table oscillates, thereby
reflecting the onset of chaotic flow characteristics. Particle A, initiated
from the bottom layer, exhibits FTLE values near zero, signifying min-
imal deformation. This behavior results from the dampening of bound-
ary head fluctuations during their downward propagation, caused by the
layered structure and depth-dependent reduction in hydraulic conduc-
tivity and specific storage; indicating that flow in the deeper region
remains relatively stable. As the particle migrates upward into the
middle layer, characterized by lower hydraulic conductivity and higher
specific storage, non-uniform head variations emerge, producing a
distinct spike in FTLE. However, the low conductivity limits overall
particle separation and stretching. Over time, FTLE values gradually
decline, partly due to the increasing denominator term in the FTLE
formulation and partly owing to the stabilization of particle deformation
as the flow field becomes less variable. A small kink is observed around
tp = 100, corresponding to the particle’s transition into the upper layer,
though the associated FTLE magnitude remains low and transient. A
similar trend is observed for particle C, which exhibits a sharp increase
in FTLE upon entering the upper layer, followed by a gradual decrease.
In contrast, particles B, D, E, and F show consistently higher FTLE
values, indicating stronger particle stretching and deformation near the
upper boundary of the aquifer, where the influence of water table
fluctuations is most pronounced compared to the deeper zones.

Most groundwater flow models assume homogeneous aquifer prop-
erties and neglect vertical variability in hydraulic parameters, poten-
tially underestimating the system’s intrinsic chaotic behavior. To
address this, FTLE analysis was conducted under two contrasting hy-
draulic configurations: (i) depth-decaying hydraulic parameters and (ii)
equivalent homogeneous parameterization. The definitions of the het-
erogeneous and equivalent homogeneous configurations are identical to
those described in Sub-section 3.2.3.

Fig. 14 compares particle dynamics under these two aquifer repre-
sentations. In both scenarios, particles were released from the same
initial locations, with particles B, D, E and F selected for detailed anal-
ysis, as the middle and bottom layers contribute less to the manifestation
of natural chaotic behavior compared to the upper layer. The results
demonstrate that particle separation is substantially greater in the
depth-decaying aquifer than in the equivalent homogeneous aquifer.
Chaotic advection is primarily driven by periodic water-table

— Depth decay
- - Equivalent

10 12 14 16 18 20
ip[-]

Fig. 14. Comparison of FTLEs for aquifers characterized by depth-decaying and equivalent homogeneous hydraulic parameters.
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Fig. 15. Comparison of FTLEs for aquifer systems simulated with (solid line) and without (dashed line) specific storage effects.
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fluctuations at the upper boundary, and the higher near-surface con-
ductivities in depth-decaying aquifers enhance vertical velocity gradi-
ents, promoting stronger stretching and folding of particle trajectories.
This results in more pronounced chaotic dynamics compared to the
equivalent depth-averaged aquifer. Notably, if a homogeneous aquifer is
assigned a uniformly high conductivity equal to the maximum near-
surface value of the depth-decaying profile, the resulting chaotic
behavior can approach that of the depth-decaying aquifer.

Further analysis was performed to examine the role of aquifer spe-
cific storage in governing flow separation and the emergence of chaotic
fluid-particle motion. Fig. 15 presents the FTLE results comparing two
configurations: aquifers with finite specific storage, and aquifers
without storage effects, represented by a quasi-steady-state condition.
As discussed earlier, flow separation predominantly occurs for fluid
particles originating from the upper layer; hence, the present analysis
focuses on particles released from points B, D, E, and F.

The results indicate that under quasi-steady-state conditions, the
FTLE values associated with particles released from the upper layer are
marginally higher than those in the case considering specific storage.
This behavior arises because instantaneous head variations induced by
water-table oscillations, when specific storage is neglected, generate a
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slightly more chaotic flow response compared to aquifers with storage
effects. This finding underscores the moderating influence of specific
storage on the transmission of water-table fluctuations through the
aquifer.

To further assess the extent of chaotic advection in regional aquifers,
an analysis is carried out to determine whether mixing in the aquifer is
controlled primarily by chaotic stretching or by molecular diffusion.
This is achieved by evaluating two characteristic length scales over time:
the Batchelor (diffusive) scale and the stretching thickness. The Batch-

elor scale is defined as Iz DT"‘, where Dy, is the molecular diffusion

coefficient in groundwater (10~° m?/s), and y is the time-averaged
compression rate, approximated by the time-averaged FTLE
(Batchelor, 1959; Brett et al., 2019; Gotzfried et al., 2019). The Batch-
elor scale represents the equilibrium between diffusive broadening and
advective thinning of fluid filaments.

The evolution of the stretching thickness is described by s; = spexp( —
yt), where sg is the initial filament thickness (Gotzfried et al., 2019;
Meunier and Villermaux, 2010). Chaotic advection elongates fluid ele-
ments along the stretching direction while compressing them in the
transverse direction, leading to progressive filament thinning until
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diffusion becomes dominant. The initial filament thickness sg is esti-
mated from the local characteristic deformation length [y = Idlym’ where

Vr is the resultant groundwater velocity. This scale quantifies the dis-
tance over which velocity varies significantly due to vertical shear and
represents the initial lamella size prior to deformation (Ottino, 1989).
The characteristic length was evaluated at the midpoint of the first layer
at t = 0.50P, corresponding to the maximum water-table elevation.
Although previous studies have adopted sy ~ L, the kilometer-scale
domain considered here yields unrealistically large initial filament
thicknesses. Therefore, we adopt sg ~ 0.05L, resulting in an initial
thickness of approximately 1.75 m, which is more representative of
subsurface mixing scales while preserving proportionality to local shear
intensity.

Fig. 16 shows the temporal evolution of s; and g for particles B, D, E,
and F. The crossover time, when s; ~ Ig, indicates the transition from
advection-dominated to diffusion-dominated mixing, occurring at
approximately 1230 days, 1445 days, 4760 days, and 3980 days, for
initial release points B, D, E and F, respectively. Prior to these times,
chaotic advection dominates mixing, indicating that sustained stretch-
ing induced by periodic water-table fluctuations can significantly
enhance solute dilution.

To evaluate whether chaotic advection substantially enhances mix-
ing compared to pure diffusion, we estimated the purely diffusive mix-
ing timescale over a characteristic filament length L ~ so ~ 1.75 m as

~

taiff = % ~ 3.5 x 10* days which is orders of magnitude larger than the

crossover times observed in the aquifer. This demonstrates that
stretching induced by chaotic advection accelerates mixing significantly
before molecular diffusion dominates.

The temporal evolution of s; shows an initial rapid decline for all
particles, indicating strong early-time deformation, followed by slower
decay. The diffusion scale I increases gradually as the FTLE diminishes
over time. The results further reveal strong spatial variability in mixing
efficiency. Particles E and F remain in the advection-dominated regime
for much longer durations, indicating zones of persistent velocity gra-
dients and enhanced mixing potential, whereas particles B and D tran-
sition earlier to diffusion-dominated behavior. These differences
highlight the heterogeneous nature of mixing in regional aquifers and
suggest that chaotic advection can be highly localized. The Péclet

. 2 . ;
number is evaluated as P, = %=, and corresponding Péclet number for
-

these particles are on the order of 10° — 10*, consistent with advection-
dominated transport in groundwater systems (Ghanbarian et al., 2023).
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3.2.8. Design of engineered extraction/injection to increase the chaotic
advection

Chaotic advection under natural water-table fluctuations demon-
strated that transient hydrodynamics alone can induce stretching and
mixing within the upper aquifer. Building on this behavior, the present
analysis investigates whether chaotic advection can be deliberately
enhanced through engineered pumping strategies to improve subsurface
mixing and potentially increase groundwater remediation efficiency.

Three pumping wells were installed at locations (0.730, 0.0050),
(0.740, 0.0075), and (0.7350, 0.0060), denoted as P1, P2, and P3,
respectively in Fig. 17(iv). These staggered positions were intentionally
selected to break spatial symmetry and promote stronger deformation of
flow paths. Four pumping configurations were examined: (a) injection
only in all three wells, (b) extraction only from all three wells, (c) two
injection wells combined with one extraction well, and (d) one injection
well combined with two extraction wells. All configurations were eval-
uated relative to a natural (no-pumping) reference case.

To introduce temporal variability, a cyclic pulsed-pumping strategy
was implemented, consisting of 20-day ON and 20-day OFF cycles.
Pumping pulses were initiated every 40 days, with phase-shifted start
times of 60, 140, and 200 days for the three wells, generating distinct
pumping histories over a two-year simulation period. This staggered
activation produces sustained temporal heterogeneity in the flow field,
promoting repeated stretching and folding of fluid elements and thereby
enabling an engineered mechanism for inducing chaotic advection.

Particles were released at locations (0.7190, 0.0100), (0.7530,
0.0005), and (0.7600, 0.0100) named as G, H, and I, respectively in
Fig. 17(iv), and the evolution of the FTLE was evaluated for each
pumping configuration. As shown in Fig. 17(i-iii), the injection-only
configuration consistently produces the highest FTLE values, particu-
larly at early times. Injection generates localized hydraulic head mounds
that oppose the natural downward flow direction, periodically inducing
flow reversals over the 40-day pumping cycle. These alternating flow
directions significantly enhance particle stretching and chaotic defor-
mation. In contrast, extraction-only pumping yields the lowest FTLE
values, in several cases falling below those observed under natural
conditions. Although extraction increases local flow velocities, it creates
a convergent sink that draws streamlines smoothly toward the well,
thereby suppressing flow deformation and reducing chaotic stretching.

The configuration with two injection wells and one extraction well
exhibits strong initial stretching due to pronounced flow asymmetry;
however, FTLE values decay rapidly as particles migrate away from the
high-gradient regions near the injection wells. Similarly, the configu-
ration with two extraction wells and one injection well shows weaker
chaotic stretching than the natural case, as extraction dominates the



S. Maurya et al.

local flow field and suppresses the deformation generated by water-table
fluctuations.

Overall, these results indicate that injection-driven perturbations are
the most effective mechanism for generating sustained chaotic advec-
tion when superimposed on naturally fluctuating water-table conditions
in a nested flow system. In contrast, extraction tends to suppress chaotic
deformation despite increasing local flow velocities. This distinction
highlights the potential for engineered injection strategies to be used as
a tool for enhancing mixing and transport efficiency in managed aquifer
recharge and in-situ remediation applications.

3.2.9. Model limitations and future scope

Although the present study advances analytical regional ground-
water flow modeling and enhance its physical realism, it still has certain
limitations, which are noted below.

i. The model assumes a deterministic, depth-dependent decline in
hydraulic parameters but does not capture their stochastic spatial
variability, which is common in natural aquifer systems.

ii. The model has not been calibrated or validated against laboratory-
scale sand tank experiments or site-specific field observations. In
regional-scale settings, field validation is particularly challenging
because:

m Limited spatiotemporal head observations: Validation of transient
flow dynamics requires long-term water-level monitoring from nes-
ted piezometer clusters distributed across the basin. Such dense,
depth-resolved datasets are rarely available in regional aquifers.

m Difficulty in obtaining depth-dependent hydraulic parameters: Reli-
able estimates of vertical hydraulic conductivity and specific storage
at multiple depths require multi-depth pumping or cross-hole tests.
These tests are logistically demanding in thick alluvial formations
and typically provide vertically averaged values, necessitating
additional drilling or geophysical methods to resolve vertical
variability.

= Complexity of representing the top boundary in real systems: The
analytical model assumes a smoothly undulating water table influ-
enced by uniformly spaced streams. In reality, water-table configu-
rations are shaped by complex surface topography, irregular stream
networks, heterogeneous water-body distribution, and varying
perennial/ephemeral behavior. Validating such a boundary would
require continuous and spatially distributed water-table measure-
ments across the basin, data that are generally unavailable at
regional scales.

iii. The model requires knowledge of hydraulic conductivity and
specific storage at the top of each layer. While high-resolution tools
such as direct-push permeameters, electrical resistivity imaging, and
borehole NMR can improve parameter estimation, obtaining reliable
layer-top values typically requires deep coring and laboratory
testing. Future work should integrate these advanced characteriza-
tion methods to better constrain layer-specific properties for
analytical model applications.

iv. The unsaturated zone, which significantly influences recharge
and vadose-saturated flow coupling, is not represented in the current
formulation.

In addition, the present study employs an exponential decay
formulation for depth-dependent hydraulic conductivity, which offers a
coupled representation of K(z) and 6(z) necessary for flow-line and
travel-time analysis. However, alternative empirical formulations such
as the integrated permeability-depth model proposed by Kuang and Jiao
(2014) may be more suitable in geological settings where field obser-
vations indicate a stronger power-law dependence with depth. Although
adopting such models would require re-derivation of the analytical so-
lution (through modified filter functions), their incorporation represents
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an important direction for expanding the model’s applicability to
diverse hydro-stratigraphic environments.

Future work should focus on coupling the present flow framework
with solute transport models to better quantify contaminant migration,
stretching-enhanced mixing, and dispersion under both natural and
anthropogenic stresses. Extensions to fully three-dimensional, transient
formulations and integration of dynamically varying surface-water
bodies would further improve the model’s capability to capture basin-
scale groundwater flow and surface-subsurface interactions.

4. Conclusion

In this study, a two-dimensional analytical model was developed for
a multilayer regional aquifer system incorporating depth-decaying hy-
draulic conductivity and specific storage, subjected to temporally fluc-
tuating water table boundary and periodic pumping. The model was
derived using the GITT, ensuring implicit continuity of head and flux
across layer interfaces without requiring iterative eigenvalue estima-
tion. Model performance was verified against a previously established
single-layer analytical solution and further evaluated through compar-
ison with COMSOL-based numerical simulations. Although the analyt-
ical solution involves nested matrices and series, it provides key
advantages over numerical methods. Once the eigenfunctions and co-
efficients are computed, hydraulic heads and fluxes can be evaluated at
any location and time without mesh refinement or iterative time step-
ping. The solution preserves exact continuity across layers, avoids nu-
merical dispersion, and enables precise evaluation of hydrologically
important features, such as stagnation points, while offering clear
physical insight into parameter sensitivity and boundary forcing. These
features highlight the practical efficiency and continued relevance of the
proposed analytical framework for groundwater studies.

The key findings of this study are summarized as follows:

(i) Sensitivity analysis identified the vertical hydraulic conductivity
of the upper and middle aquifers, the depth-decay coefficient of
the upper layer, the specific storage of the middle layer, and the
pumping rate as the most influential parameters governing the
hydraulic head response.

(i) Uncertainty analysis demonstrated that variations in specific
storage and hydraulic conductivity substantially affect head
evolution over time, with the middle aquifer amplifying head
prediction uncertainty due to its relatively higher storage
capacity.

(iii) The recharge/discharge distribution, evaluated under depth-
decaying, equivalent homogeneous and pumping scenarios,
revealed that equivalent parameterization tends to underestimate
recharge/discharge magnitudes. Pumping enhanced recharge
near the extraction zone, reflecting strong local-scale perturba-
tions to regional flow balance.

(iv) The analysis of particle flow dynamics underscored the critical
influence of aquifer specific storage on transient flow behavior
under fluctuating water table conditions. Storage effects intro-
duce temporal lag and spatially asynchronous head responses,
giving rise to spiral and oscillatory pathlines near pseudo-
stagnation zones where particles exhibit prolonged residence
times.

Under pumping conditions, the natural bifurcation and oscilla-

tory motion of flowlines are markedly suppressed. Continuous

extraction shifts the position of stagnation zones and generates
predominantly unidirectional flow patterns, thereby attenuating
the intrinsic dynamism of the groundwater system.

(vi) The FTLE analyses illustrated that transient boundary forcing
induces chaotic advection in the aquifer system Chaotic advec-
tion is further enhanced under intermittent injection with shorter
time periods, highlighting its potential application in in-situ
aquifer remediation.

W)
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Appendix A: Derivation of the Analytical Form of Vy(rp, tp) from Eq. (27)

The analytical expression for Vi(rp, tp) is derived by solving Eq. (27) subject to the interface and boundary conditions specified in Eqs. (28)-(33),
using the separation of variables approach. Incorporating the dimensionless depth-dependent hydraulic conductivity defined in Eq. (17) into the
governing equation for V; (Eq. (27) leads to:

K)( + 21/ I<Z -+ 2. s
(L) I Vi + ( BH) (0 Vi *Aniﬁ> =0, rpeQyy (A1)

Kz() dle) Kzo 022:9 aZD

Eq. (A1) is solved using the separation of variables approach (Haberman, 2013), assuming V; can be written as the product of two independent
functions of xp and zp, i.e., V; = X(xp)Zi(zp). Substituting this into Eq. (A1) yields:

X”(XD) _ I<ZB;1
X(XD) I<xB;:1

where A2 is a positive separation constant. The function of xp, is then governed by:

X”(XD) + /12X(XD) =0. (A3)

Z;,(ZD)i ZIi(ZD):| _ 2
Zi(2p) AD‘Zi(zD) =4 (A2)

The general solution of Eq. (A3) is:
X(xp) = Reos(Axp) + Ssin(Axp), (A4

where R and S are arbitrary constants. By applying the boundary conditions given in Egs. (28) and (29), Eq. (A4) reduces to:
X(xp) = Rkcos(knxp), k=0, 1, 2, 3.... (A5)

where A = kr. It is important to note that the function V; is solved subject to the boundary conditions defined in Eqs. (28)-(33), among which Eq. (33)
prescribes a transient water-table condition. Consequently, in the subsequent derivation, the coefficient Ry is treated as a function of tp, thereby
incorporating the time-dependent boundary into the analytical framework.

Equating the middle term of Eq. (A2) to the separation constant — A2 gives:

K
Z,(20) — AnZi(20) — | ot | #2Zi(zp) = 0. (46)
Ky,
The general solution of Eq. (A6) can be expressed in hyperbolic form as:
Api .
Zi(2p) = exp <7DZD> [Cricosh(yy;2p) + Diisinh(yy2p)], (A7)
where
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ADi 2 KXBT 1 2
o= 1 . A8
e J (%) + (Km_l (k) *8)
Finally, combining Eqs. (A5) and (A7) and applying the principle of superposition for linear differential equations (Haberman, 2013), the solution
for V within the i layer is written as:

A

Vi(rp, tp) = exp (%ZD) ZRk(tD)COS(kﬂxD)[Ck[COSh(ykiZD) + Dy;sinh(y2p)].- (A9)
k=0

The next step is to determine the unknown coefficients Ry, in Eq. (A9). Applying the water-table boundary condition [Eq. (33)] gives:

©

Vi(xp, 0, tp) = hpwr(xp, tp) = ZRk(tD)COS(kﬁ'XD)Ckl- (A10)
k=0

To simplify the representation, we choose Cy; equal to 1, allowing Ry(tp) to represent the temporal dependence of water-table fluctuations directly.
Thus:

Cua =1, (A11)

and

howr(xp, tp) = ZRk(tD)Cos(kﬂxD). (A12)
=0

Substituting the water-table expression from Eq. (33) and applying a Fourier cosine series expansion over the range 0 < xp < 1, the coefficients
Ri(tp) can be obtained as:

Hp\ .
1+ 8(#) sin’(wtp) k=0

R

-1 k=1
Ri(tp) = . (A13)

76<%>sin2(wtp) k—f

R

0 k¢ {0, 1, f}

For getting the coefficients Cy; and Dy, it is needed to apply interface and boundary conditions, Eqgs. (31)-(32) to Eq. (A9).
Applying the head continuity condition between two adjacent layers i and i+1, as defined in Eq. (31), to Eq. (A9) and carrying out a Fourier
expansion along 0 < xp < 1 leads to the following interfacial relation:

Bp; . .
exp |:(ADi —Ap(is1)) %} [Cricosh(yy;Bpi) + Dysinh(y;Bpi)] = [Ck(i+l)C°Sh(}’k(i+1)BDi) + Dk(i+l)smh(}’k(i+1)BDiH- (A14)

Next, by applying the flux continuity condition between the adjacent layers, as given in Eq. (32), to Eq. (A9) and carrying out the Fourier expansion
along the same domain (0 < xp < 1), one obtains:

Ap; . Api .
K.pi(Bpi)exp (TDBDl) {Vki [Ciisinh (y4;Bpi) + Dricosh (y;Bpi)] + (71)) [Cxicosh(yyBpi) + Disinh(y,;Bpi)] }

Api . Api .
= Kap(i+1)(Bpi)exp (%“)Bm) {7k(i+l) [Ci(i+1ysinh(yyBpi) + Dici+1) cosh(riBpi)] + (%) [Ci(i+1yc08h(7x1)Bpi) + Dir1)SIND (7gi1)Bpi)] } : (A15)

Lastly, applying the no-flow boundary condition at the base of the bottom layer, as defined in Eq. (30), to Eq. (A9) and performing a Fourier
expansion over the domain 0 < xp < 1, yields the following relation:

. A .
[Crasinh(y,3Bp) + Discosh(y,sBp)] + <2y£> [Crscosh(ysBp) + Dissinh(y,3Bp)] = 0. (A16)
k3
For a three-layer aquifer system, there are six unknowns (Cy;,Dk;), while Ry(tp) has already been determined from Eq. (A13). These coefficients are
determined simultaneously from Egs. (A11) and (A14)-(A16) for each k using Cramer’s rule or another appropriate matrix-solving technique
(Piskunov, 1969). Substituting the evaluated coefficients along with Ry(tp) into Eq. (A9) yields the complete analytical solution for Vi(rp, tp).

Appendix B: Derivation of the Analytical Form of U(rp, tp) from Eq. (47)

The analytical expression for U(rp, tp) is derived by solving Eq. (47) under the boundary conditions specified in Eqs. (37)-(40) and (43), employing
the GITT (Cotta, 2020; Deng et al., 2014; Mikhailov and Ozisik, 1983). To address this boundary value problem, a two-dimensional generalized
integral transform pair is formulated by selecting appropriate Eigen-functions associated with auxiliary Sturm-Liouville problems along the xp-and
zp-directions:

V)zcn(pm(xD) + (Mm)zlpm(xD) =0, (B1)
V2 W,(2p) + (Na)*Wa(zp) = 0, (B2)
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where ¢, and ¥, represent the eigenfunctions of the auxiliary problems defined in Egs. (B1) and (B2), respectively. Eq. (B1) is solved subject to the
homogeneous Neumann boundary conditions d‘”"' =0 at xp = 0, 1; consistent with the representative boundary conditions in Eqs. (38) and (39).
Similarly, Eq. (B2) is solved considering ¥,(0) = 0 and ‘;Zl; = 0 at zp = 0, Bp respectively, in accordance with the representative boundary conditions in
Egs. (40) and (43). The corresponding analytical expressions for the eigenfunctions are obtained as:

@m(xp) = cos(Mpxp), m=0, 1, 2, 3--- (B3)

Y,(2zp) = sin(Npzp), n=1, 2, 3--- (B4)

with eigenvalues defined by M, = mr and N,, = (%) =

The eigenfunctions ¢, and ¥, of the Sturm-Liouville problems satisfy the orthonormal condition (Haberman, 2013), expressed as:

@ (X0)pp(xp)dxp = &, (B5)

mr/

ZD dZD = 511 (B6)

wm'f;/

where &, denotes the Kronecker delta, equal to 1 when m = p and 0 otherwise. The normalization coefficients are given by:

Om =

[@m (XD)] dxp, (B7)

o\:b_‘

/ n(20)]*dzp, (B8)
0

Here, p and g serve as dummy indices for m and n, respectively.
Using the orthogonality property of the eigenfunctions, the forward generalized integral transform is ansatz in the form:
Bp

1
1
Ton(t) / / Uo, 2, ) m(x0)a(20)dxodzp, B9
0

v Umpy

[

and the inverse relation reconstructs the solution as:

SR @m(Xp)¥a(2p)
U(xp, 2p, tp) = ; ;Tm(tn)i\/m : (B10)

1 Bp
The coefficient Tpy(tp) are determined by applying the transform operator / / )pm(%p)¥n(2p)dxpdzp to Eq. (47), yields:
0 0

N O/ 0/ Sole) G 50 a0 b+ 0/ O/ [ ey [Koton) g | ol ot sy = 0/ 0/ {
o [otao) 5| bontroaao)crndss

'D

[ Qp(tp)5(xp — Xpo)S(2p — 2p0 )] Pm (Xp) P (2p)dXpd2p. (B11)

tp YV amﬂ n

By substituting the expression for U(xp, 2zp, tp) from Eq. (B10) into Eq. (B11), replacing the indices (m, n) with dummy indices (p, ¢), and rear-
ranging the resulting terms, a system of coupled ordinary differential equations (ODEs) is obtained:

> iEx"’Z"dTpdthtD F3 Y By t) = 67 () (312)

The first term in Eq. (B12) originates from the first term of Eq. (B11), and the formation of subsequent terms follows analogously. Specifically,
substituting Eq. (B10) into the first term of Eq. (B11) gives:

_ 1 /0/SsD(ZD)g_V(/)m(XD)lP"(ZD)dXDdZD_ : 0/1

1 Bp
00 =) nd Ll Ll xD)‘I’ (ZD)
E ZESEI di‘ W // sp(2D) §0m (xp)¥n(2p)dxpdzp = 0/0/ p(2p) e [Z Zqu N @ (Xp)Pn(2p)dxpdzp.

(Zm/ p=0 g=1

(B13)
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By interchanging the order of summation and differentiation, Eq. (B13) simplifies to:

1 Bp
O & dTp(ty) = T, /(P (Xp)Pm(*p) Wn(2p)¥q(2p)
prnlpalfp) _ Alpg P—de/SSD(ZD)—quD‘ (B14)
LR R R [ [

By equating the coefficients of dTP" ) on both sides of Eq. (B14), the matrix element E”}l" is obtained as:

1 Bp
n _ (pp (XD)(pm (XD) / lIln (ZD)lIIq (ZD)
Eg; = 0/7011&"1 dX'D / SSD(ZD)i\/ﬁH_ﬂq dZD. (B15)
Using the orthogonality relation (Eq. B5) and the layered definition of Syp(2p) from Eq. (44), Eq. (B15) reduces to:
ST o ) ¥ola)
n(2p
Em = [ soen) ) g, (B16)
;Bn(x 1) ﬂ"ﬂq

with Bpg = 0 and Bps = Bp. Substituting the explicit expressions for ¥ and Sp;, and evaluating the integrals, yields the elements of the coefficient
matrix E;g‘.

Next, the equivalence between the second term of Eq. (B12) and the diffusion terms of Eq. (B11) is established. Applying integration by parts to the
second and third terms of Eq. (B11) yields:

St = o [ [ {5 [oten) 1] fonteotateorteoteo + / ?{_ajb{xw(mjz‘ﬂ bon (s

1 1
-1 / /62U / / aU ¥,
= Ko(2 —, (xp)dx 2p)dzp — Ko (2 K (2
\/m D( D) |:O axlz)(/lm( D) D ( D D amﬂn 2D D 2D D

a ZD D
0
Incorporating the expression for U into Eq. (B17), and noting that the boundary term K,p(2p) ;Z—‘;‘I‘n (2p) g" = 0 (due to the boundary condition along
the zp-direction), the equation reduces to:

(xp)dxp. (B17)

Bp 1 1 Bp
o o -1 o o dZ(p ) 0 d\_I_, d\P
F™T = K. (2p) T, / P o (Xp)Wq(2p)dxp | Wa(2p)d2p + / T, / Kp(zp) 5 (xp)dzp | @ (xp)dxp.
£ Somm - ok [t | 55 5o 59 | PR
(B18)
By interchanging the order of summation and differentiation, Eq. (B18) simplifies to:
Bp 1 1 BD
© = © &= &9, ¢,,(xp) W, (2p)¥a(2p) Kyp(2p) d¥q d¥, @p(Xp)@m(xp)
F™T, = T, 7/KX (2p) P Im2 dxp | 2 2 dy / z T dxp . (B19)
5 S5 S -t [ o] [ ]
By equating the coefficients of Tpgin Eq. (B19), the term F;" is expressed as:
I [E0y 0n00) | Waleo)aizn) [ [ Koo 2 @y ] g 0)0m (o)
Pp Pm (XD Zp)*n(Zp zD\ZD n @p\XD)Pm (XD
F'"":f/sz R dz+/ =1 Ldgy | L dxp. (B20)
A D<D>de,§¢ml’} VBB T VR da |,

Using Eq. (B1) along with the definitions of K,p(zp) and K,p(zp) from Egs. (45) and (46), and partitioning the integration over individual aquifer
layers, Eq. (B20) follows:

Bp; Bp;

3. ‘P(z) 3 Kopi(2p) ¥, d¥,
o 251’}:/1@, 7dz+5"§:/ ilZ0) d¥q d¥n ) B21
q ml Di(ZD H_/}"/} D ,,,l Tn/fq dzp dzp D ( )

Bp(i-1) Bp(i-1)
Finally, substituting the explicit forms of ¥, K,p; and K, p; into Eq. (B21) and evaluating the integrals yields the elements of the coefficient matrix
Ft are obtained.

Last step is to establish the correspondence between the RHS terms of Eqs. (B11) and (B12). Substituting the definition of Vi(xp, 2p, tp) from Eq. (34)
into Eq. (B22), and evaluating using the property of the Dirac delta function, yields:

1 Bp 1 Bp

1 oV 1

G™(tp) = — S50(2D) 5 (Xp) ¥n(20)dXpd2p — ——= [ Qo(t)8(xp — Xp0)8(2p — 2p0)| @ (Xp)Wn (2p)dxXpd2p
ot | |5 ] |

1 Bpi

1 3

- 7 / Z Ssm(zD){exp (—ZD> Z—cos (kmxp) [Ck,cosh(yk,zp)+Dklsmh(yklzD)]}(pm(xD) (2p)dxpdzp
mfn 0 i=1 BD((—])
- Qo (tn) @ (%p0) Pn(Zp0).- (B22)

v Umfy

Finally, Eq. (B12) can be expressed in matrix form as:
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Eg +FT(tp) = G(tp). (B23)
dtp
Operating E!on Eq. (B23) gives:
I BB T() = B 6 (t). (B24)
dtp

The above ODE, solved over the range [0, tpl, gives (Liu el al., 2000):
tp
T(tp) = exp( — E"'Fip)T(0) + exp( — E"'Fip) / exp(E'Fr)E"'G(7)dr. (B25)
0

The matrix exponential exp( — E™'Ftp) in Eq. (B25) is computed using the ‘expm’ function in MATLAB (2025). It is important to be noted that T(0)
represents the GITT coefficients T, at tp = 0. Thus, T(0) is evaluated by applying the initial condition given in Eq. (37) to Eq. (B10) gives:

U(xp, 2p, 0) = i i Ty(0) 2m X2 ¥050) _ o7 (0) — 0, (B26)

m=0 n=1 V amﬂn

Finally, the coefficients Ty,;(tp) obtained from Eq. (B25) along with Eq. (B26) are substituted into Eq. (50) to evaluate U(xp, 2p, tp). The solution U
(xp, 2p, tp), together with V(xp, zp, tp), is then incorporated into Eq. (26) to obtain the dimensionless transient hydraulic head distribution in the
layered regional groundwater flow basin subjected to a periodic water table boundary.

Appendix C

Table C1
Model parameter values used in the analysis.

1 Hydraulic conductivity at z = 0 along z direction (K, ) 1 m/d
2 Hydraulic conductivity at z = 0 along x direction (Kyg,) 10 m/d
3 Hydraulic conductivity at z = B; along z direction (K,s, ) 0.01 m/d
4 Hydraulic conductivity at z = By along x direction (Kyg, ) 0.05 m/d
5 Hydraulic conductivity at 2 = B, along z direction (Kz, ) 0.22 m/d
6 Hydraulic conductivity at 2 = B, along x direction (Kys, ) 2.23 m/d
7 Residual specific storage for the first layer (Sg1) 0.00001 m™!
8 Residual specific storage for the second layer (Sg2) 0.0001 m'*
9 Residual specific storage for the third layer (Ss3) 0.00001 m!
10 Specific storage at 2 = 0, (Ssz,) 0.0001 m’!
11 Specific storage at z = By, (S, ) 0.001 m™*
12 Specific storage at 2 = By, (S;s,) 1.56 x 10%° m!
13 Decay index for the top-layered aquifer (A1) 9.13
14 Decay index for the middle-layered aquifer (A2) 9.71
15 Decay index for the bottom-layered aquifer (A3) 9.13
16 Decay coefficient for the top-layered aquifer (A;) 0.0025 m!
17 Decay coefficient for the middle-layered aquifer (Az) 0.0013 m™!
18 Decay coefficient for the bottom-layered aquifer (As) 0.0025 m!
19 Specific yield (S,) 0.2
Data availability Bagtzoglou, A.C., Oates, P.M., 2007. Chaotic advection and enhanced groundwater

remediation. J. Mater. Civ. Eng. 19, 75-83. https://doi.org/10.1061/ASCE0899-
1561200719:175.

Data will be made available on request. Bashist, V., Sarmah, R., Sonkar, 1., 2026. Analytical solution for inverse estimation of
groundwater recharge from transient thermal response in stratified media. J. Hydrol.

Eng 31, 04025060. https://doi.org/10.1061/JHYEFF/HEENG-6716.
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